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Pretwisted Beams and Columns 


By JOHN ZICKEL,? SCHENECTADY, N. Y. 


A theory is developed for the behavior of pretwisted 
structural members of thin-walled section with slight 
initial bending. The stresses are at first determined along 
and perpendicular to the fibers and are then transformed 
to stresses in the cross section and along the axis. Al- 
though the development is perfectly general the integra- 
tions are only indicated for doubly symmetric sections. 
The buckling of doubly symmetric columns which are 
initially straight but are pretwisted at a constant rate is 
treated in detail. The results show that columns of de- 
cidedly unequal principal moments of inertia can be 
strengthened up to 90 per cent, but columns of equal 
moments of inertia are weakened by initial twist. In 
analogy to the Euler load of the buckling theory for 
straight, untwisted columns, a reduced Euler load is de- 
fined. The buckling load is the product of this reduced 
Euler load and a stiffening factor. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= area of cross section 
6"? - 
1 + —= (2GCp? — EJ,p? + EJ;) 
GC 
= 1— 36'Us/J; + 6" /J; — GO,/E Ap? 
(Ele, — 4Z;6’2)— 
(Ely 47:45?) - 
additional curvature 
initia] curvature 
torsional rigidity 
Young’s modulus 
unit vectors in nonorthogonal co-ordinate system 
vector of stressed fiber 
vector of unstressed fiber 
shear modulus 
stress couple (n= g, ", o) 
= moment of inertia 
additional curvature 
initial curvature 
ratio of buckling load to modified Euler load 
Ziegler’s ratio of buckling load to Euler load 
= co-ordinate along center line of stressed beam-column 
length of beam-column 


= applied moment (n = 2, y, z) 


1 The results presented in this paper were obtained in the course of 
research sponsored partly by the Office of Naval Research under 
Contract N7onr-358, and partly under a grant from the Column Re- 
search Council, and the Rhode Island Department of Public Works. 

? Knolls Atomic Power Laboratory, General Electric Company; 
formerly, Research Associate, Graduate Division of Applied Mathe- 
matics, Brown University, Providence, R. I. At present with Atomic 
Products Department, General Electric Company, San Jose, Calif. 

Contributed by the Applied Mechanics Division and presented 
at the Diamond Jubilee Annual Meeting, Chicago, Ill., November 13- 
18, 1955, of Tue American Society oF MecHanicat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1956, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, December 29, 1954. Paper No. 55—A-28. 


= normal to middle curve of cross section 


= radial distance (r = 


E, 7, 5) 
point in cross section (n = 1, 2, 3, 4) 


Vity=VE+ 7) 


stress resultant (n = 


(1 + 85")>" 


co-ordinate along middle curve of cross section 


= co-ordinate along center line of unstressed beam- 


u,v, Ww = 


Uo, Ve 
Zz, Y, 2 
Zo, Yo, 20 


X,Y,Z = 


a. = 
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= (a,? + 


column 
thickness of section 
additional displacements 
initial displacements 
co-ordinates of unstressed beam-column 
stationary co-ordinates 
applied forces 
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= additional twist 


angle in f, Ge, On co-ordinate system 
1, 2, 3) 


Wagner torsion constant 


direction cosines (n = 


initial twist 


= constant rate of initial twist 


total initial twist 

strain in stressed fiber 

angle between middle curve of cross section and &£- 
axis 


= co-ordinates of stressed beam-column 


Iq /A 
I; /A 
polar radius of gyration 
J/A 


radius of gyration about £ or n-axis 


= normal stress(n = f, [) 


additional twist per unit length 
initial twist per unit length 
shear stress 

torsion function 

stress function 


= warping displacement 
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When 6 is zero everywhere along the beam-column then some 
of these integrals reduce to standard engineering terms, such as 
= A = cross-sectional area 
= € = C = torsional rigidity 
= moment of inertia about £-axis 
= moment of inertia about 7-axis 


J = polar moment of inertia 


= I = Wagner’s torsion constant 
INTRODUCTION 


In buckling or bending of ordinary beam-columns the major de- 
flections occur in the direction perpendicular to that of the axis 
about which the cross section has the smallest moment of inertia. 
When a beam or column is pretwisted, this axis of least moment of 
inertia is no longer perpendicular to the direction of deflection at 
all times and greater moments of inertia are taking effect. Be- 
cause the deflection in a given direction is a function of the in- 
verse of the moment of inertia about an axis perpendicular to the 
deflection, it would seem reasonable to expect the deflection of a 
pretwisted beam-column to be a function of the average of the 
reciprocals of the affected moments of inertia. Ziegler (1)? has, in 
fact, shown that pretwisted columns of rectangular cross section 
can be strengthened up to a factor of 2. 

The deformations of thin-walled beam-columns can be more 
easily visualized if these structural members are considered to 
consist of a great many longitudinal fibers. Wagner (2), Kappus 
(3), and Goodier (4) have applied this analysis to untwisted col- 
umns and thus found a simple derivation of the Wagner constant 
T for nonuniform torsion. In this paper an investigation is pre- 
sented in which pretwisted beams and columns are analyzed in 

3 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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terms of stresses along the direction of each fiber and perpendicu- 
lar to it. 


KINEMATICS 


The configuration of the beam-column is described in terms of 
three co-ordinate systems, the stationary zo, yo, zo-system, the z, 
y, z system of the unstressed beam-column and the £, n, {-system 
The o, yo, z, y, &, n-directions are 
taken along the principal axes of the cross sections and the 2, z, 
¢-direction is taken tangent to the line through the shear centers 
The three systems are so chosen that they will coincide at one end, 
Fig. 1. 
used in this development 
the center line are up and vy and the additional displacements are 


of the stressed beam-column. 


The unstressed beam- column For sake of simplicity doubly symmetric sections are 


The initial displacements of a point on 
uandv. The projections of the principal axes of one system unto 
the other, form the angles 6 and 8, respectively, Fig. 2. The 
displacement in the z-direction is w if it is due to bending or axial 
force and w if it is warping due to torsion. It is assumed that u, », 
w, B, uo, vo, and 6 are functions of are length only and that all but 
the last quantity are of small order, so that their products or 
products of their derivatives are negligible. Tables of direction 
cosines connecting the three systems are shown in the Appendix 
Also described there in terms of displacements and rotations are 
the initial curvatures cy and kp and the additional curvatures c 


yo 
The stressed beom-column 


1 PRETWISTED 


BeamM-Co_tumn WITH 


Irs Co-OrnpINATE 


and k, 
Differentiation with respect to the stressed arc length / is de- 


noted by ’, the unstressed are length is called¢. Goodier (4) and 
Sokolnikoff (6) have defined the warping function w as the prod- 
uct of 8’ and the torsion function g. The latter is a function of the 
cross section only and is related to the stress function by Equation 
[12]. 

A differential length of an unstressed fiber between cross sec- 


SysTems 


tions di apart, Fig. 3(a), is 


Rrk Ryco)dt 


Er 
L 


with 





=Vr+y 
R = (1 + r%6’2)-! 
The same fiber, after it has been stressed, Fig. 3(b), is of length 
- R( 726/28’ + w’ + w’ 


lf] = R-*{1 


STRESSES 
RELATIONSHIP OF Co-ORrDINATE Systems Prosectep Intro 
THE Zo, yo-PLANE—SCHEMATIC 


Fic. 2 
Thus the particular fiber has been strained by an amount 
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(yz-plane not shown.) 
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errt3'p’ 


4a. interection stress. 4b. Tension stress. 





a 


4d. Bending stress 


4c. Warping stress. 

Schematic representation of the existing fiber stresses. Actually the 

cross-section is warped and the fibers are inclined with respect to 
the center line 


Fic. 4 Freer Srresses in Cross Secrion or a PRETWISTED 
Bream-CoLuMN 


A 
€, = i —1 = R(6’B’r? + w’ + w— Ek + 17¢).... [3] 
0 


and the corresponding fiber stress is 
a, = ER(6'B'r? + w’ + w’ — Ek + ne)........[4] 


This stress consists of five components, which are shown sche- 
matically in Fig. 4, as follows: 


(a) The “interaction stress’ ER 5’B’r? is due to the interaction 
of initial and additional twist. 

(b) The “tension stress’ ERw’ is uniformly distributed over the 
cross section. 

(c) The “‘warping stress” ERw’ is antisymmetric in both co- 
ordinates. In an I-section it varies in each flange from tension to 
compression. 

(d) The “bending stresses” EREk and ERne are due to bending 
about the 7 and £-axes, respectively. They vary linearly from 
tension to compression but are antisymmetric only with respect 
to the axis of bending. 


The initial twist causes the fibers to be inclined to the center 
line in proportion to their radial distance. Under uniform com- 
pression, therefore, the fiber stresses are concentrated toward the 
center, and because of their orientation the fibers resist additional 
twist more effectively. 

Wagner (2) and Goodier (4) have shown that the variation of 
the fiber stress along the length of the beam-column gives rise to 
secondary shear stresses. In Fig. 5 the secondary shear stresses 
are pictured in accordance with their correspondence to the 
components of the fiber stress. They are assumed to act in a 
surface perpendicular to the direction of the fibers. The primary 
shear stresses, which are those of the Saint Venant theory of tor- 
sion, are likewise presumed to act in that surface but along direc- 
tions which are the projections of the principal axes of the 
corresponding cross section. These directions and the direction 
of the fiber define another co-ordinate system. It is nonorthogo- 
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5a. interaction stress, 
symmetric sheor stress, 
no force-resultant, 

no moment-resultant. 
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Sc. Warping stress, 
antisymmetric shear stress, 
force-resultont in ( -direction, 


moment-resultent about { -oxls. 
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Bb. Tension stress, 
symmetric sheor stress, 
no force resuitent, 
no moment resuitent. 
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Gd Bending stress, 

antisymmetric about €- axis 
cheer strese symmetric about H-ox!s , 
force-resultant in 2- direction, 


momeant- resultent about » - exis. 


Fie.5 Scuematic REPRESENTATION OF SECONDARY SHEAR STRESSES 








% 


Fic.6 Stress TeTRAHEDRON 


nal with the angle y between the g¢ and g,-axes, Fig. 6. The 
transformation from fiber stress and its corresponding shear 
stresses to stresses in the orthogonal &£, n, {-system is given by 
Equation [20] in the Appendix. 

Equations or EquILIBRIUM 


The stress resultants N¢, Ny, Nz, and stress couples Gg, Gy, Gr, 
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(The apparent strengthening shown here is actually offset considerably by the modified Euler load.) 
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(a) Cruciform (b) 


- beam 


b20 


(ec) Thin strip 


Fie. 8 Cross Secrions 


shown in Fig. 1, are obtained by integrating stresses and stresses 
with moment arms over the cross-sectional area. From these the 
three equilibrium equations are found by equating the stress 
couples to the external moments and moments due to external 
forces. Similarly, the stress resultants can be equated to the 

The equation for N¢ then permits the elimina- 
tion of both Ny and w from the equilibrium equations. The 
latter reduce to a set of three simultaneous equations in the 
variables of displacement u and v and the twist 8. 

No genera! solution of the equilibrium equations is obtainable, 
because, in addition to being nonlinear, they have coefficients 
which are functions of the independent variable 1. A number of 
problems can be solved, however, with comparative ease, and 
their results give an insight into the effect of pretwisting beams 


external forces. 


and columns. 


EvLER oR TRANSVERSE BUCKLING 


Perhaps the simplest such problem is a column on spherical 
seats which is initially straight but pretwisted at a constant rate of 


twist 69’. One end is prevented from rotating about the column 
axis to avoid rigid-body motion and both ends are held so that no 
warping stress exists there. With these conditions one of the 
equations of equilibrium becomes an equation in only the depend- 
ent variable 8, and its solution shows that the additional twist is 
proportional to the initial twist. This solution also precludes 
warping at any section. At the same time it makes the other two 


equations independent of the additional twist. Their solution 


leads to a characteristic equation 
cos a, L cos aol, + as sin aL sin ab = 1.......[5] 
in which the a’s are integral functions of load, pretwist, and cross- 


The buckling load is the smallest (nonzero) char- 
The equation ap- 


sectional area. 
acteristic value which satisfies Equation [5]. 
pears to be identical with Ziegler’s (1) Equation [14]. 
the use of fiber stresses causes the a’s to be entirely different. As 
a consequence, Ziegler finds the stiffening effect due to rotation of 
the cross section, but he does not show the marked and very im- 
portant weakening effect of rotation per se. The ratio K, of 
Ziegler’s buckling load to the least Euler load for cross sections 
with ratios of principal moments of inertia of 1, 4.063, and 400 is 
In the following sections thin-walled columns 


However, 


shown in Fig. 7. 
with the same ratios of principal moments of inertia are investi- 
gated in terms of fiber stresses and stresses perpendicular to them, 
and the pronounced weakening effect due to the inclination of the 
fiber is demonstrated. 


Cross Section or Equat PrincipaL Moments or INERTIA 


For columns whose cross section is identical in the z and y- 
direction, such as the cruciform section, the integrals of Equation 
[5] in the z and y-direction become identical. As a consequence 


it is possible to solve the equation explicitly for the buckling load 
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* MOMENT OF INERTIA 


Te * MODIFED MOMENT OF INERTIA, 
Ze * EVLER LOAD 


Zer* SUCKLING LOAD, 


Fie. 9 Bucxiine Loap or Pretwistep Co_umNn or CruciFroRM 
SECTION 


rT? 


Ler = L? 


Els, . . , [6] 

where /¢; is the modified moment of inertia about the ¢-axis. The 
adjective “modified” defines the effect of pretwist to otherwise 
well-known section properties. Hereafter, the expression 
“buckling load” refers to pretwisted columns only, and “Euler 
load” to similar untwisted columns. 

The ratio of buckling load to Euler load for a cruciform section, 
with dimensions as shown in Fig. 8(a), is plotted in Fig. 9 against 
A/(L/pn), the ratio of total initial twist A and the slenderness ratio 
L/py. The ratio of the modified moment of imertia and the 
moment of inertia about the same axis, called the relative modi- 
fied moment of inertia, is represented by the same curve for a 
cruciform section only. This graph demonstrates the weakening 
effect of appreciable initial twist, but it also shows the insignifi- 
cant effect of small accidental initial twist on the elastic buckling 
load. For a slenderness ratio of 50 and a pretwist of 27 the 
buckling load is 90 per cent of the Euler load. For an initial 
twist of 107, however, the buckling load is only 21 per cent of 
the Euler load. 

All other columns of equal principal moments of inertia behave 
like columns of unequal principal moments of inertia, which are 
treated in the next section. 


Cross Section Wirth UNEQUAL PRINCIPAL MoMENTs OF INERTIA 


Columns of equal moments of inertia about both principal axes 
cannot be stiffened by pretwist. A column of unequal moments 
of inertia, however, should become stiffer with initial twist. 

A wide-flange I-column, 14 X 12 — 84 lb, is chosen as the first 
example, but its cross section is idealized to three rectangles, Fig. 
8(b). Its ratio of principal moments of inertia is 4.06. The 
ratio of buckling load to the Euler load for slenderness ratios of 
50, 100, and 200 are shown in Fig. 10 with the ratio of total initial 
twist and slenderness ratio as abscissa. The strengthening effect 
of total pretwists up to 27 is obvious, however, for larger pre- 
twists the buckling load decreases steadily and eventually be- 
comes even less than the Euler load. The curves are not smooth 
but show the effect of the various buckling modes. 

The ratio of buckling load to Euler load, which may be termed 
the relative stiffness, is found to increase with slenderness ratio. 
For L/py = 50 the maximum relative stiffness is 1.27, for L/p_ = 
100 it is 1.48, and for L/p, = 200 it is 1.64. Although there is a 
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Fie. 11 


variation in the strength due to slenderness ratio, the buckling 
load becomes less than the Euler load when the ratio A/(L/p») 
becomes greater than 0.2. 

Added to Fig. 10 are the ratios of the modified moments of 
inertia to the smallest moment of inertia. These curves bracket 
the curves for relative stiffness but the latter approaches the curve 
of weakest modified moment of inertia for larger pretwists. 

As another example, consider a column of a very high ratio of 
principal moments of inertia, such as a thin strip, Fig. 8(c), with a 
ratio of 400, which may be found useful in instrument design. 
The relative stiffness of strips of slenderness ratios 100, 200, 500, 
and 2000 are plotted in Fig. 11. Possibly contrary to expectation, 
the column with a slenderness ratio of 100 is not stiffened at all. 
The one with L/p, = 200 reaches a maximum relative stiffness of 
1.13, that of L/p, = 500 goes up to 1.62, and that of L/py = 2000 
reaches 1.90 which approaches the factor 2 of Ziegler’s investiga- 
tion. For large pretwists the curves of relative stiffness again 
approach the curve of the ratio of weakest modified moment of 
inertia and moment of inertia. 


Moptrtep Evter Loap>—SumMary OF TRANSVERSE BUCKLING 


The curve of relative stiffness for columns with equal moments 
of inertia demonstrates the weakening effect due to the increasing 
inclination of the fibers. As the pretwist increases, the fiber 
stresses concentrate toward the center line, and the flexural 
rigidity decreases. Columns of unequal principal moments of 
inertia, however, are strengthened somewhat by the rotation of 
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the cross section, whereby larger moments of inertia are brought 
into play. For pretwists greater than 27 very little additional 
stiffening can be expected because the effect of the larger moment 
of inertia has been fully utilized. 

The weakening of the column appears closely related to the 
modified moment of inertia about the weak axis. As a conse- 
quence, a modified Euler load may be defined by 


3? 
Zu = 7, Bln . [7] 
However, it should not be confused with the actual buckling load. 

The ratio K of the buckling load to the modified Euler load, for 
all columns which were discussed, is shown in Fig. 7. For initial 
twists up to 27 the factor K and the previously discussed Ziegler 
factor K, are identical. The deviation of K for larger pretwists is 
a function of the ratio of the modified moments of inertia, but it is 
small enough for pretwists up to 5a that the factor K, can be used. 

The two phenomena which influence the transverse buckling 
of columns with thin-walled section can best be summarized into 
the weakening effect which is expressed in the modified Euler load, 
and the strengthening effect K which can be read from Fig. 7. 
Thus the buckling load is given by 


Ze = KZy . [8] 


TORSIONAL FAILURE 


A straight, but pretwisted, column which is restrained laterally 
will fail in torsion when it is compressed. The limiting load is de- 
fined as that load for which the additional torsion 8 becomes in- 
finite, unless the yield point is reached earlier. if the initial twist 
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is of constant rate, then the limiting load is independent of the 
end conditions, except for freedom to rotate. It is of the form 
Z, - = Ay 19] 
prAs 


where CA, is the modified torsional rigidity and \ ‘BtAs is the 
modified polar radius of gyration. Expression [9] reduces to the 
torsional buckling load Zr for no initial twist. Consequently, for 
small accidental pretwist, the failure load is the torsional buckling 


load, 


Lamitine Loap or a Tun Srrip 


The thin strip which was investigated previously for trans- 
verse buckling is now examined for perfectly elastic torsional 
failure. 
be so held that only relative rotation is possible and that warping 


Assume an initial twist of constant rate and let the strip 


is not prevented. 

For an untwisted beam-column the torsional rigidity is only a 
function of the Saint Venant shear stress. The modified torsional 
rigidity of a pretwisted beam-column, however, has two com- 
The first, again, is the contribution of the Saint Venant 
The greater the 


ponents, 
shear stress, the second is due to the fiber stress. 
initial twist the greater becomes this second component, because 
the fibers are more inclined to the center line. 

The ratios of these components to the torsional rigidity of an 
untwisted column are plotted in Fig. 12(a). The first component 
decreases with initial twist but the second component increases 
The 


of gyration is also shown in the 


very rapidly. The sum is entirely governed by the latter. 
relative modified polar radiu 
same figure. 

The ratio of limiting load to torsional buckling load is plotted 
in Fig. 12(6). 
stiffness for a perfectly elastic column. 


This curve shows the expected increase in torsional 
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Appendix 


MATHEMATICAL DERIVATION 


The kinematics of pretwisted beams and columns involves 
three co-ordinate systems. The Zo, yo, 2e-system is stationary in 
space; the z, y, z-system, the system of the unstressed beam- 
column, rotates with respect to the first one, and the £, 9, {-sys- 
tem, the system of the stressed beam-column, rotates with respect 
to the second system, Fig. 1. The displacements and rotations, 
Fig. 2, are assumed to be functions of the center-line distance only 


and all except the initial twist 6 are considered to be quantities of 
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small order, so that their products and products of their deriva- 
tives are negligible. 
In accordance with Love’s Theory of Naturally Curved Rods 
(5), the curvatures and twist rates are found to be 
o = uo” sin 6 — v9" 6 
ko = ue” cos 6 + v9” sin 6 
T= 6’ 
c= —(v" 
k = u” — 2v'5’ — vd" — 
tr = B’ 
With these values the direction cosines relating the co-ordinate 
systems become 


+ 2u’d’ + ud” —vd’2) 
ud’? 


Zo Yo 20 

cos 6 sin 6 —tuy’ cos 6 — vo’ sin 8 

—sin 6 cos 6 uo’ sin 6 — v9’ cos 8 

ue Vo 1 

y z 

B —u' + vd’ 
1 —v’ — ud’ 
v’ + ud’ 1 


. [lla] 


Yo Zo 

—u’ + vd’ 
— uo’ cosd 
— vp sin 6 


£ cos 6 — B sin 6 sin 5 + B cos 6 


—v’— ud 
+ uo’ sin 6 
—Ypo COs 6 


n —sin 6 — B cos 6 cos 6 — B sin 6 


(u — vd’) cos 6 (u’ — v6’) sin 6 
¢ — (v’ + ud’) sind + ue’ + (v’ + ud’) X 
cos § +’ 


Together with the additional twist there will be warping of 
the cross section. This has been defined (4,6) in terms of the warp- 
ing function w, which, in turn, is the product of the torsion func- 
tion ¢ and the twist rate 8’. The torsion function is also related 
to the stress function y by 








In evaluating some of the integrals use is made of either the tor- 
sion function or the stress function. 

Let P; and P2, Fig. 3(a), be two points along the same unstressed 
fiber whose cross sections are an infinitesimal distance dt apart 
at the center line. The corresponding fiber distance is then 


| fol = R-/*(1 — Rrko + Ryco)dt.... .. [13] 
R = (1 + r%6")-1 


r=V2i+y* 
Assume that the beam-column is stressed. Points P; and P; then 
become points P; and P,, Fig. 3(b), and the distance between them 
is 
[f] = R-*[1 — RY'B'r?* + w’ 
+ w’ — Ek — Eko + ne + neojdl.... [14] 
The strain in the fiber is given by 


. [15] 


= o- fe = R(5'B’r? + w’ + w’ — fk + ne). 
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and the corresponding fiber stress is 
a, = ER(8'B’r? + w’ + w’ — tk + n0e)....... [16] 


The variation of this fiber stress along the length of the beam- 
column gives rise to secondary shear stresses. These are shown in 
Fig. 13 for a slice of thickness T and infinitesimal length df in the 
direction of a fiber. The mean fiber stress over the thickness T’ is 
called o,, and the deviation from average along the thickness is 
0, By summing forces in the direction of the fiber, an equa- 
tion for the shear stress rT; is obtained 


"207, Jie / 
. ds =— | a,,'R-“*ds...... 1 
a o of $ . g,,'R 8 [17] 














Fie. 13 Stice Atonc Direction or a FIBER 


This stress is constant over the thickness T for any point s along 
the middle curve of the cross section. The additional shear stress 
T,, is parabolically distributed over the thickness 7. It is 


n , 
T= —f, R-"*0 yy dn. 


with n the co-ordinate in the direction of T. Because its integra- 
tion is limited to the half-thickness, the shear stress 7,, is fre- 
quently neglected. 

All shear stresses are assumed to act in a plane perpendicular to 
the direction of the fiber, at the same time the primary shear 
stresses are vresumed to act in the principal directions of the 
cross section. These directions are given by unit vectors g¢ and 
J», which lie in the &f and nf-planes, respectively, and which are 
also perpendicular to the fiber direction f, Fig. 6. The vectors 
§¢ and gy are not mutually perpendicular but enclose the angle y, 
given by 


[18] 


Y = sin=! (ese 7: csc Y2 cos Ys) 


The direction cosines between this system and the £, n, {-system 


are 
g ” f 

Ge cacy:cosy; 0 —cos Yi csc ¥2 

Qn 0 CSC ‘YY; COS Ya —CSC YY: COS Y2 


# cosy: COs Y2 COs Ys 


. [20] 


with 
cosy, = — 9 VRS’ + 8’ — RES'B'r? + w’ + w" 
— tk — fko + ne + nOeo)) 
cos ¥2 = —§ VR [8’ + B’ — R(S'B'r* + w' 
+ w’ — Ek — Eko + ne + 700)) 


cos 7s = WR [1 — R8’r(B’ — w’ 
—w’ + tk + Eke — ne — n0)] 
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The shear stresses, expressed in this system, are 


Try = op ( —n) + 7,, cos 9 — Tn, sin 6 
Ss 
. [22] 


Ty = GB’ (2 + ¢) + 7,, sin 0 + 7,, cos 0 


with @ the angle between the middle curve of the cross section and 
the -axis. The transformation to stresses in the £, n, {-system is 
given by 
Or = o, cos* Y3 — (TE, COB Yi CBC Y2 

+ Tay C8C Y; COS Y2)(1 + ese Y) cos Ys 
Tis = GO, COS Y; COS Ys + Té, (CBC Y2 COs* Ys; 

— cos? Y; csc Ya ese Y) 
— Tyy cot 7: COB Y2 csc Y 

Tat = 7, COS Y2 COS Y3 — TE; COB Y; cot Y2 csc Y 


+ Try (ese Y: cos? Y; — csc Y: cos* 2 csc Y) 





In calculating these stresses, products of Young’s modulus and 
small-order quantities were considered finite quantities, and con- 
sequently, simple products of small-order quantit:es when multi- 
plied by Young’s modulus are no longer negligible. 

With the stresses of Equations [23] the stress resultants 


Ne = 7 redA, Ny -f, ry dA, Ny -f, o¢ aA. . [24] 


and the stress couples 


G: = f, nord i, Gy = f, tor dA, 
~— fern sn ie AG cies [25] 


are obtained. The integrals simplify appreciably for double sym- 
metric sections, and only those were considered in this paper. 
Extension to any thin-walled section can be accomplished without 
too much difficulty. 
The stress resultant in the {-direction is 
Ny = Eé'B'J, + EAw' — 2E(J2 + Jid’2)6'B'w’ 
+ 2EI,, 5'*k (k + ko) + 2ET gb"? cle + co) 
— 2GC8’ B’ + 2ET.B’"'s’ 
— 2ET.B''5'%5"" + GC.B'w'd’ 


[26a] * 


In comparison with EAw’ all terms containing 8’w’ a> negligi- 
ble. Dropping these terms, Equation [26a] can be soi-ed for w’ 


w’ = ae — p°5'B’ — 273"? — 2 EG’? 
ae eo i 
—- 255 "%cco — 2EB"*kky + T 8'B 


2r 2r 
axe = Bs’ + ay 


é 


B’'5'%6"" 


The stress couple about the £-axis is 


Ge = Eluc — (2Elt, — 2EI 6’? — Gle)d'B'c 
— 4ED5'°B"k + 4ETe6'*w'e + (2ET 5" 
+ GI¢)6'B'co — 2ED5’*B" ko 
+ 2E]¢5'*w'co — 2ET75'k’ + 2ET6'6"k 


‘The symbols representing integrals are defined in the nomencla- 
ture. 


.. [27] 


In comparison with the first term all terms contain.ng products 
of 8’, 8", and B’”’ with c can be neglected. The last two terms, 
which are due to secondary shear forces, are also negligible be- 
cause deformations due to shear forces are usually neglected in the 
theory of bending of beams. By substituting Expression [26b] for 
w’ the final expression for the stress couple G¢ is obtained 


Ge = (Ela + 4Nyi'5'*)c + 2Nyi'5"%co 
— 48058" — 4ET H45'98'""co 

+ 4ET g'5"5"B'"'co — 2E(@ + 20 49°S'5')5"28"ky 
+ (2E1e5'? + Gles — 2Eleps’? + 4GC09S"2)B'S'co | 


27a] 


By similar reasoning the stress couples Gy and Gy are derived 
Gy= (Elm + 4NE’)k + 2N-ED hy 
1ED5'2B''c — 4ET E528" 
— 2E(@ + 21 .E%'5")5"2B"cq 
+ 4ETES'5'"B'ky + (2EI nd’? + GI ns 
— 2El gps’? + 4GTES’2)8'B'ko 


[o7h) 
\ [275] 


G; = —ET.\p’" + ET35'5"8" + GOB’ 
r Js L Gt, 
+ | Ne | p?—3 = 6” = 6'¢ + 
+[¥e(p ry. a oe 
+ (2GCp*— EJ,p* + Ers'| B’ — Ed'c%(1e, + Qegp*s"? 


— 1e¢5"*) — EB'k%( Ton + 20 gaB*B"? — Tye"? 
— Ed'cco( Its + 21 esp6’? — [e,6"2) 
— Ed'kko(Iqg + 2 qap?d’? — Ind") + N p*6' 





From equilibrium considerations the stress resultant N¢ can 
be evaluated in terms of the external forces 


Ny = — X[(u’ — 06’) cos 6 — (v’ + ud’) sin 5 + w’) 
—Y[(u’ — vd’) sin 6 + (v’ + ud’) cos bd + m’] — Z | 
[28] 
Likewise, the stress couples can be determined in tertns of the ex- 
ternal moments and moments due to external forces 


\ 


—G: = M, (cos 5 — B sin 6) + M, (sin 6 + 8 cos 4) 

— M,(u" — v6’ + uo’ cos 6 + 0’ sind X1(sind + 8 cosd) > 

+ Yi(cos 6 — B sin 6) — Z(v — uw sin 5 + 0 cos 6) } 
[29a] 

—G, = —Mr(sin 6 + B cos 6) + My(cos 6 — B sin 4) 

— Mv’ + ud’ — wo’ sin 8 + vm’ cos 5) — Xi(cos 5 — B sin ) } 

—YUsin 6 + B cos 6) + Z(u + wo cosd + w sin 6) 
[29] 

—G;= M, [(u’ — vd’) cos 6 — (v’ + wd’) sin b + wo’) 

+ M, [(u’ — vd’) sin 5 + (v’ + ud’) cos 6 + %’] 

+ M, — X[(u’ — vd’) sin 6 + (v’ + ud’)l cos 6 

— usin 6 — v cos 6 — m + ml] + Yi(u’ — vd’)l cos 6 

— (v’ + ud’)l sin 6 — u cos 6 + v sin 6 — wo + uo'l) 


(29¢] 
| 


If Equation [28] is substituted in Equations [27] and they are 
then equated to Equations [29], a set of three simultaneous 
equations is obtained which describes the action of a pretwisted 
beam-column. The simultaneous equations are in terms of the 
variables u, v, and B. 

For a beam-column which is initially straight and untwisted 
these simultaneous equations reduce to 


El; vo’ = M, + MB — Myu' — Zo ) 
El, u’ = —M,B + M, — My’ —Zu } ...[30) 
ETB’ + (Zp? — GC)B’ = M,u’ + My’ | 
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which are Goodier’s (4) Equations [2.1], [3.1], and [7.1]. These 
are the equations of the well-known theory of untwisted beam- 
columns. 

Because the simultaneous equations, which are here called 
“equilibrium equations,” are not explicitly solvable it is interest- 
ing to investigate some problems for which the complexity is some- 
what reduced. A convenient example is a column which is 
initially straight but twisted at a constant rate. 

The only external force is an axial load Z; the other forces are 


[31a] 
and the external moments are 


M, =M, . [310] 


The initial deformations are specified by 


ui = % = 0 
6’ = 6)’ = const 


O<I<L 
seeee }..mad 


These conditions determine the stress resultant 
[32] 
and the stress couples 


Ge = Zp, G, = —Zu, G; =0.... [33] 


The equilibrium equations are obtained by equating Expres- 
sions [27] to Expressions [33], substituting for N and, finally, by 
applying Conditions [31]. This results in 

Elyse — Z(v + 4i*%0"%c) — 4E®5)"*B"k = 0 ) 
Elmk + Z(u — 4€%o’*k) — 4ED5,"B"c = 0 } . 
ETB’ — (GCA, — Zp*A:)8’ = —Zp%’ |} 


[34] 


Rigid-body motion can be eliminated from the solution by 
specifying that there can be no lateral displacements at either end 
and that no additional twist is permissible at one end. If warping 
at the ends is not restricted, there will be no warping stresses at 
the ends. Consequently 


= 0 
| 
atl = L } [35] 
B” 
The solution to the last of Equations [34] with Conditions [35] 
is given by 


Zp’ 


5 ee [36] 
GCA, — ZptAs 


B’ 
This result shows that the additional twist is proportional to the 
initial twist and that no warping stress exists anywhere along the 
column. With Equation [36] the other two equilibrium equa- 
tions become 


v” + (ZA; — 6o’2)v + 2u’dy’ = 0 


u” + (ZAg — 5y’?)u — 2nd’ = 0 . [37] 


Ay = (Ely — 429%") 
Ag = (Elm — 4ZE*%’2)— 


The end Conditions [35] can only be satisfied if the determinant 


1 1 
-,sin al — = sin aol — cos ab + cos ak =0... [38] 


cos a, L — cos ach + a; sin wb — a sin aL) 
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The a’s, which are functions of the unknown axial load Z, are de- 
fined by 


1 
ar = 9 WAs + Ag) + 6y” 


1 
sks 1; Z*( As — Ag)* + 2Z60'( As + Aa) 


a? + bo’? — ZA, 


20:5,’ 
2060’ 


a? TT by"? — ZA; 
Zab,’ 
~~ ee 

a? + 5’? — ZA; 





a2? + bo’? — ZA, 
200250’ 


1 (« «) 
as =|— - = 
2\aq, a 


From the determinant the following characteristic equation is 
obtained 


cos aL cos a2L + as sin ML sin al =1 [39] 
The lowest characteristic value of Equation [39)} is the buckling 
load Zer. 

A special case is the column whose cross sections are identical in 
the £ and in the »-direction. Then integrals of the cross section 
are identical in both directions, e.g. 


Te = In, Ie = In, 


Consequently, also 


A; = Ag, a:= V/ 2A, + 5’, 


a, = +] 
and Equation [39] is reduced to 
cos (a; + a2)L = 1 


The smallest characteristic value of this equation is 


Elin? ote)" 
Ze = 1 a = | $1 } 
Lt ( L? 


For columns with a slenderness ratio of 50 or more the second 
term within the brackets becomes negligible and the buckling load 
reduces to 


Al 1? 
Zea = Ele, BR 
The ratio of buckling load to Euler load, the relative stiffness of 
the column, is thus found to be equal to the ratio of the modified 
moment of inertia to moment of inertia. 

When transverse displacements are prevented all along the 
length of the column, then the first two Equations [34] become 
identically zero. Solution [36] now leads to the limiting load in 
torsion for which 8 = 


GCA, 


[43] 
prAaz 


L = 
Slight deviations from a constant rate of twist do not change 
this limiting load appreciably, provided pd’’<< 6’. 
Let the initial twist be given by 


- 1 

6 = 51+ D> d, sin = 

nel 

With the condition on 6”, CA; and p*Ay are still constants for a 
predetermined twist, and the last Equation [34] becomes 
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ET,B’’ — (GCA, — Zp*A:)B’ = —Zpr’....... [44] 


Again, the limiting load is given by Expression [43]. 
If the initial twist is very small, then it may be expressed as 


@ 


1 - l l 
6 = 2: a,, COs = +- > b,, = sin = 


n=1 - n=1 


[45] 


The solution of Equation [44] for this pretwist results in the well- 
known buckling load in torsion 
Gc 


2 


p? 


tp = 


The modified torsional rigidity 


A E 
CA, = C + 2Cp%s’? + a 5% J, — Jip?) [47] 


can be separated into two parts in accordance with its derivation 
The first two terms are due to the Saint Venant shear stress, and 
the last term is due to the existing fiber stress. If Expression [47] 
is divided by the torsional rigidity C, then the relative torsional 
rigidities I and II are obtained. They are plotted in Fig. 12(a), 
together with their sum. The latter demonstrates the decided 
increase of torsional rigidity for increasing initial twist. 





The Solution of Multiple-Branch Piping- 
Flexibility Problems by Tensor Analysis 


By J. W. SOULE,! SWARTHMORE, PA. 


A general method of flexibility analysis is presented 
which, by the use of tensors, makes it possible to derive 
the equations of performance of highly complex piping 
systems by a routine procedure. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
E = Young’s modulus of elasticity of the pipe material 
= moment of inertia of pipe cross section 
line moment of inertia about z-axis 
line moment of inertia about y-axis 
line moment of inertia about z-axis 
line product of inertia in zy-plane 
line product of inertia in zz-plane 
line product of inertia in yz-plane 
line statical moment about z-axis 
line statical moment about y-axis 
line statical moment about z-axis 
line length 
force in z-direction 
force in y-direction 
force in z-direction 
moment in ry-plane 
moment in xz-plane 
moment in yz-plane 
deflection in z-direction 
deflection in y-direction 
deflection in z-direction 
angular deflection in ry-plane 
angular deflection in xz-plane 
angular deflection in yz-plane 


My, 
| D, 
| Dy 
Dozy 
Doz 
Dey. 


INTRODUCTION 

The two-anchor piping-flesibility problem has been the subject 
of numerous articles and technical papers over the past 15 or 20 
years, so that today the solution of such problems is common- 
place. The next question which naturally suggests itself to the 
engineer is as follows: Given the equations expressing the perform- 
ance of several independent piping configurations, is it possible to 
combine them to obtain the equations of performance for the 
given configurations combined into a new and more complicated 
system in any chosen manner? Fortunately the answer is yes. 
Electrical engineers have been solving electrical networks in this 
manner for several years, by tensor analysis. Mechanical and 
structural engineers have also found tensor analysis to be a useful 
tool for the solution of highly complicated structures. The re- 


1 Designer, United Engineers and Constructors, Inc., Philadelphia, 


Pa. 
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at the Diamond Jubilee Annual Meeting, Chicago, Ill., November 13- 
18, 1955, of Tae American Socrety or MecHANICAL ENGINEERS. 
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ceived after the closing date will be returned. 
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understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, January 3, 1955. Paper No. 55—A-83. 


sults obtained by tensor methods are ideal for application to 
piping-flexibility problems because they are in a form which allows 
the given conditions of the problem (deflections) to be varied and 
the effect of such changes obtained without the necessity of re- 
peating pages of calculations. Once the equations of per- 
formance of the combined system have been obtained they may 
be used repeatedly by merely substituting in the various values 
for deflections and solving for the corresponding forces and 
moments at the terminals. It is recommended that the numerical 
work of solving the equations be carried out on computing ma- 
chines. 

It is not the purpose of this paper to instruct on tensor analysis, 
but rather to show how it may be applied to the more difficult 
piping-flexibility problems. The reader is referred to Kron’s 
work (1)? for the study of fundamentals of tensor analysis and 
manipulation of n-way matrices. The reader may also be inter- 
ested in the method of J. E. Brock (5), which uses matrix algebra 
but does not use the tensor approach to the problem ( Appendix). 


THEORY 


To illustrate the method, a piping system consisting of 6 
branches and 5 anchors, as shown in Fig. 1, is to be solved. 


2 Numbers in parentheses refer to the Bibliography at the end 
of the paper. 
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The first step is to divide the system into its component parts, 
labeled i, j, k, l, m, n. Considering each branch by itself, ref- 
erence axes may be set up and the equations for each branch ob- 
tained. Fig. 2 shows 4 of the individual branches with their 
reference axes. 

The author prefers to set up the reference axes in the same 
direction for each branch to avoid confusion. It will also be 
noticed that the z-axis always appears as abscissa, while the z-axis 
always appears as ordinate. With these conventions we define 
a positive moment or angular deflection as one which would ro- 
tate the positive abscissa toward the positive ordinate, and a 
negative moment or angular deflection as one which would rotate 
the positive ordinate toward the positive abscissa. The equa- 
tions of one branch, say the i-branch, as derived by the dummy 
load method (2) are as follows: (Note that the nomenclature is 
similar to that used by 8. W. Spielvogel in his book on piping 
stress analysis, reference 3.) 

ae ee ee 7 
EI * . ° El El 
Ia, r I, F u 


“Br? gr ® 


M =D, 


as 


” FP 
El 
Ca 

F, + 
ie 


a F, Dory 


De. 


S, 
F = Dey, 


.* El 
When computing the coefficients for Equations [1] to [6] it is 
assumed that, where necessary, allowance has been made for the 
in-plane and out-of-plane properties of bends or other special 
features by the application of suitable flexibility constants. 

The set of 6 equations for each of the 6 branches may be ex- 


pressed in matrix form as follows 


AF, = D,; A,F, = D,, ete. 


The elements of the matrices are shown in Fig. 3. (Throughout 
the paper bold-face capitals will be used to represent a matrix, a 
subscript being used to indicate which branch of the piping system 
is being referred to.) 

It should be noted that the forces and moments for the branch i 
as expressed in Equations [1] to [6] are the external loads applied 
to the branch 7 at e for given deflections at e. However, the same 
equations may also represent the forces and moments at e for 
given deflections at a if the forces and moments are understood to 
be applied from branch 7 at the point e. This reasoning has also 
been used for branches j, k, and 1, thus simplifying the connection 
tensor C and the final equation Z’F’ = D’, which then expresses 
the forces at points e and h corresponding to given deflections at 
a, b, c, and d. 

The equation of the “primitive’’ system which consists of the 
total 6 systems before interconnection, is ZF = D, where 
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The primitive system is illustrated in Fig. 4. 

The derived 
Z'F’ = D’, and is shown in Fig 5. 
the elements of Z’. To do this we must establish the connection 
tensor C, which expresses the manner in which the branches have 
been interconnected. Once C has been established the Z’ will be 
found from the formula Z’ = C,ZC. 
throughout the to indicate the transposed matrix, a 
standard convention in matrix algebra.) 

In setting up the tensor C it will be necessary to express the 
teferring to Fig. 


interconnected) system will have the equation 
The problem is now to find 


(The subscript ¢ is used 


paper 


forces and moments at h in terms of those at e 
an be seen that the relationship is as follows 


- Poe 
= F,. 


= 15F,,+ 8F,, + Moye ( 
= 10F,, + + 8F 


x ae 
Mis © 10F,, — 15F,, 


+ M,,, | 


Using the foregoing tabulation, we may express F, in terms of 
F, as follows: F, = BF,, where 
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(11) 


Referring to Figs. 4 and 5 and writing the old forces in terms of 
the new, we obtain | "+ "+ ‘or’ 
BF+BF+F,+F, 

= IF,’ 


IF,’ + IF,’ 
BF,’ + BF,’ + IF,’ + IF,’ | 


m 


n 





in which I is the unit matrix. 

Using the relation F = CF’, we can now establish C and Z’ as 
shown in Fig. 6. 

The variables of the derived system must be chosen so that the Fic. 5 Derivep SysTem 
number of equations equals the number of unknowns. This is 
the reason for choosing the axes i’, 7’, k’, and l’ as the variables for 
the interconnected system, as shown by the connection tensor C 
in Fig. 6. 

Each element of Z’ isa 6 X 6 matrix. For the general case it is 
obvious that for a system of n-anchors the equation Z'F’ = D’ 
will express the interconnected system as a set of 6(m — 1) simul- 
taneous equations. For the usual problem F’ is unknown and D’ 
is known from the conditions of the problem, for the present case 
being the deflections at the ends a, b, c, and d. 





The elements of F’ and D’ are as follows: 




















D, 








A. + 
> = 
D, + BAB A,.* BAB 8 A, 




















Each element of F’ and of D’ isa 6 X 1 matrix. 

In closing it should be emphasized that the method is a per- 
fectly general one, and may be applied to any piping configuration 
by the following routine procedure: 


1 Draw the diagram and establish the equation of performance 
of the primitive system as ZF = D. 

2 Draw a force-flow diagram of the manner in which the sys- 
tem is interconnected, and from it establish the connection tensor 
C, using F = CF’. 

3 Establish Z’ from Z’ = C,ZC. 
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4 Expand the matrix equation Z’F’ = D’, and solve for the 
unknowns. 


Appendix 


The tensor method uses matrix algebra, as does Mr. Brock’s 
method. The difference between the two methods of analysis is 
perhaps more fundamental and more important than would ap- 
pear on superficial examination. The key to the problem is the 
connection tensor C (not to be confused with the C-matrix used 
by Brock). Having at hand the equations of performance of 
several individual systems, the user of the tensor approach can 
always derive an interconnected system of any degree of com- 
plexity, since he can easily fill in the elements of the C tensor by 
inspection. The derivation of the equations for the new (inter- 
connected) system is performed automatically by merely perform- 
ing the multiplication C,ZC. One who uses the matrix method 
when confronted with the same problem, has no connection 
tensor to work with and therefore must derive each new and more 
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complicated system by laboriously tracing out the complicated 
interrelationships existing in the network. 
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Tensor-Flexibility Analysis of 
Pipe-Supporting Systems 


By J. W. SOULE,' SWARTHMORE, PA. 


A general tensor method of analysis is used to derive the 
equations of performance of a complete piping system, 
including effect of pipe weight, supports, and thermal ex- 
pansion. 


INTRODUCTION 


COMPANION paper by the author? develops a tensor 

method for obtaining the equations of performance of a 

general piping system subjected to given deflections. The 
purpose of the present paper is to extend the method to include 
the most general case possible in a piping system; namel:, that of 
a system including effects of pipe weight, hangers, guides, and the 
like, as well as the deflections due to thermal expansion. Hitherto 
this problem has been too complex to permit solution within prac- 
tical time limits, except for the extremely simple cases. In general, 
however, the more complex the problem, the greater the ad- 
vantage gained by the use of tensor methods. 


THEORY 


The method is best shown by solving a sample problem, which 
consists of a three-dimensional system with 2 anchors and 2 
supports, as shown in Fig. 1. The theory and sign conventions 
used in the previous paper (hereinafter referred to as Part 1), 
will also apply in the method which follows. As in Part 1, ma- 
trices will be represented by bold-face capitals. Subscripts will be 
used to indicate which branch is referred to, with the addition of a 
subscript w where the forces or deflections are due to the pipe 
weight 

The solution is begun by dividing the system into “branches,” 
starting a new branch at each change in direction or point of con- 
straint. In this problem there are the 8 branches i, 7, p, m, n, 0, 
l,r. Co-ordinate axes have been established for each branch, as 
shown in Figs. 1 and 2. 

The flexibility matrices for constraints, such as A, and A; may 
be easily written if it is remembered that each element repre- 
sents the deflection due to a unit force or moment. Which force 
or moment is meant will be apparent from the position in the 
matrix. A, and A, are shown in Figs. 3 and 4. 

In order to allow for the effects of the uniform load it will be 
necessary to consider each horizontal branch as composed of two 
component branches, one of which is a hypothetical branch which 
has the properties of a uniformly loaded cantilever, and the other 

1 Designer, United Engineers and Constructors, Inc., Philadelphia, 
Pa. 

?**The Solution of Multiple-Branch Piping-Flexibility Problems by 
Tensor Analysis,’"’ by J. W. Soule, published in this issue, pp. 176- 
180. 

Contributed by the Applied Mechanics Division and presented at 
the Diamond Jubilee Annual Meeting, Chicago, Ili., November 13-18, 
1955, of Tue American Socigety or MecHanicat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1956, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be under- 
stood as individual expressions of their authors and not those of the 
Society. Manuscript received by ASME Applied Mechanics Division, 
February 17, 1955. Paper No. 55—A-82. 


is the actual branch which acts in accordance with the theory of 
Part 1. 

The equation of performance for each cantilever can be written. 
At branch i for example, AjwFiw = Diw (deflections at a, forces 
and moments at >). These matrices are shown in Fig. 5. For 
branch j we will have AjwFj. = Dj» (deflections at b, forces and 
moments at c), and so on. 

For vertical members such as n the forces at the one end e may 
be considered to be the sum of two component branches, one of 
which is the hypothetical one exerting forces F,» (the concentrated 
weight), and the other is the actual branch exerting forces F,, as 


in Part 1. For branch n 














se Wala} 





and A,» = O (the zero matrix). 
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BRANCH Fr Fic. 6 Matrrx ELEMENTS FOR THE Primitive System 


The Z’ matrix can be constructed by using the relation Z’ = 
C,ZC, as shown in Fig. 11. 

Referring to Figs. 6, 9, and 11, we see that as a result of per- 
forming the matrix multiplication C,ZC, each element of Z’ is a 
6 X 6 matrix, as follows 























ae Ay + B,A,B, ss B.A,,B, + B,A,B, + B,A.B; T B, A By 
= B,A,B, + B.A,.B, + B.A,B, + BA,B, + Bu ABu 


























and soon. (Note: Tilde indicates transposed matrix.) 
The equation of the interconnected system is Z'F’ = D’, in 


whick 












































Fie. 3 FLexipitiry Matrix Fie. 4 Frexrsmiry Matrix 
FOR BRANCH p FOR Brancu | 


The equation of the primitive system is ZF = D and the ele- 
ments are shown in Fig. 6. 

Referring to Figs. 7 and 8, we can construct the connection 
tensor C by using the relation F = CF’ and considering the fic- 
titious cantilevers as part of the interconnected (primed) system. 
The elements of C are shown in Fig. 9. 

The B-matrices are constructed from the conditions of static 
equilibrium, as explained in Part 1. For example, the B-matrix 
expressing forces and moments at d in terms of those at b is 
shown in Fig. 10. Of course the number of B-matrices will vary 
for different problems. Number subscripts may be assigned to 
each while constructing the C-connection tensor. The elements 
of the B-matrices may be filled in later, since they are not needed 
until the final matrix multiplications are performed. 
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Tue C Connection TENSOR 


The elements of Fy’, Fjw’, Faw’, etc., are known from the 
cantilever formulas as before. For example 
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The new (primed) deflections of the hypothetical cantilevers 








are not needed for our solution, so the elements of Z’ which have 
the same row number as Dj’, Djw’, etc., need not be computed 
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The elements of D’ for the external members are found by re- 
leasing the structure at all external terminals except the fixed end 
g and computing the deflections necessary to return them to their 
known positions after the structure has undergone thermal ex- 
pansion. The original hypothetical cantilever deflections are 
subtracted from the deflections so found to form the elements of 
D’, as shown in Fig. 12. 


: o—, 
sl. sl sk 
O~ ger ~ oer ~ oer 


eel 6ti 


Fia. 12 


Certain elements of F’ are known to be zero from the conditions 
of the problem. In this problem, for example, all elements are 
zero except in the z-direction for hangers p and 1. These zeros 
will cause terms containing infinity (see A, and A,) to drop out in 
the expanded equations. 

For hangers such as p and | some of the elements of D’ will 
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be unknown. For p and / in this problem, D,’, D,’, Dezy’, 
Deozs’, and Dg,,’ are indeterminate and of no value in solving for 
the components of F’, and therefore these lines in the expanded 
equations may be crossed out. The remaining equations will con- 
tain the unique solution to the problem. For the present case the 
number of remaining equations will be [6(m — 1) — 10], in which 
n equals 4 anchors, so there will be 8 simultaneous equations to be 
solved. The 10 is subtracted because of the two hangers each 
having 5 indeterminate deflections. It should be noted that if F,’ 


for either of the hangers should turn out to act downward (plus 
sign for F,’), it means the assumed design will not work, since a rod 
hanger is incapable of exerting a downward force. 

Obviously, much time and labor will be saved by neglecting the 
effect of pipe weight whenever possible, but the method does pro- 
vide a solution to the problem when necessary. 
hangers in the solution usually will not cause too much difficulty. 


Including 


SuMMARY 


The tensor method of analysis as developed in Part | and in the 
present paper, solves all problems, from the very simple to the 
most complicated, by building up an interconnected (derived) 
system having equation Z’F’ = D’ from a collection of isolated 
branches having equation ZF = D (the primitive system). The 
fundamental relationships used to perform the interconnection 
and derive the final equations are 


F = CF’; Z’ = C,ZC. 





Bending and Torsion of Circular Cylinder 
Cantilever Beams of Cylindrically 
Aeolotropic Material 


By W. S. ERICKSEN,? WRIGHT-PATTERSON AIR FORCE BASE, OHIO 


This paper deals with the problem of determining the 
components of stress and displacement associated with 
the flexure and torsion of a cantilever beam in the form of 
a hollow circular cylinder of cylindrically aeolotropic ma- 
terial. A solution satisfying the conditions of the theory 
of elasticity is obtained by the semi-inverse method of 
Saint Venant. 

NOMENCLATURE 
The following nomenclature is used in the paper: 
= elastic coefficients 
Qa pg —— Qi Aig 
ay 
An + 2A + 2au 
Ag 
const 
Young’s modulus of an isotropic material 
components of strain 
26,Au(3 — B) (n + 1) 


diz ~~ Ais ay 


i@i2 T ay(n + | 


1 and 6; = 4, 0 
shear modulus of an isotropic material 
26,As(3 — B)(2ay3 — ay2) 
(ai2 — 15) 

+ (n+ 1)[(n + 

Ax + au))* 

= 1, i, j, where 6, = 1 and 6, = 5, 
W(r2* 


n = 1, i, j, where 5, = 


in + 2)Ays — (An 
=0 
-7r;*) 
4 
(1 + B)'’*—1 
{1 + B)'’/*—1 
(aee/ags)'/* 
anak, + a(n + 1) + an(n + 
1t,j; p = 1,2,3 
= length of cylinder 
= applied torsional moment 


In + 2) 


n= 


* The case in which ais = ai so that F; and A; are undefined is 
treated in Section 5 of the paper. 

1The present results were obtained in part by the author while 
employed at the U. 8. Forest Products Laboratory, Madison, Wis., 
and reported in reference (1).* 

* Associate Professor of Mathematics, USAF Institute of Tech- 
nology. 

3 Numbers in parentheses refer to the Bibliography at the end of the 


per. 
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at the Diamond Jubilee Annual Meeting, Chicago, Ill., November 
13-18, 1955, of Taz American Soctety or MecHanicat ENGINEERS. 
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ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
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= a summation index that ranges over the values 
1, i, andj 
= applied radial force 
inner and outer radii, respectively, of cylinder 
coefficients determined by Equations [44] 
54] 


axial, radial, and tangential components of 


coefficients determined by Equations 


displacen ent 
u, COS 4 
u, sin # + 


vg Sin 6 


ug cos 6, w = u, = components of 
displacement, rectangular co-ordinates 

reos@, y rsin #, z = rectangular co- 

ordinates 

= cylindrical co-ordinates 

= Poisson’s ratio of an isotropic material 

= a symbol indicating summation over indexes n 

= components of stress 


= stress functions 


1 INTRODUCTION 


The proble m that is considered here is that of determ ning the 
components of stress and displacement in a long hollow circular 
cylinder of cylindrically aeolotropic material, one end of which 
is fixed,‘ and the other subjected to a radially directed force and a 
torsional moment. 

An example of the material of which the cylinder is assumed to 
be composed is that formed by rolling thin sheets of an isot ropic 
covered with a bonding substance circular 


material upon 


cylindrical core. The axis of the core is evidently one about which 


the material is axially symmetric. Another example of a material 
which may be considered cylindrically aeolotropic, at least for 
purposes of approximate analysis, is wood with circular cylindri- 


cal growth rings. Specifically, a cylindrically aeolotropic material 
is one for which the stress-strain relations may be expressed in the 
forms of Equations [1] to [6] (2). 

It has been 


cylindrically aeolotropic at its axis of symmetry. 


pointed out by Carrier (2) that a nuwterial cannot be 
If the material 
is continuous to this axis, a transition in properties must take 
place in the vicinity of the axis such that at the axis it is isotropic. 
An analysis based on the assumption of cylindrical acolotropy 
throughout cannot, therefore, be accurate in the vicinity of the 
This 


characteristic of the results is exhibited in Formulas [67] and [68], 


longitudinal axis if this axis is contained in the material. 


for example, where, if k Z 1, stresses of infinite magnitude are ob- 
tained at the center if the inner radius of the cylinder is taken as 
zero. The present results are therefore, in general, applicable only 
if the inner radius of the cylinder is not zero. 

In the section which follows the various conditions imposed in 
the determination of the stress distribution are given together with 
an outline of the method of analysis. The determination of the 
stress components is carried out in Section 3 and in Section 4 the 
components of displacement are listed with results in each case 
given in terms of the solution of a system of linear algebraic 


4 With limitations discussed in Section 6. 
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equations. Results for the case aj: = a; (two equal Poisson’s 
ratios) are given in Section 5. A discussion of some of the results 
is given in the final section. 
2 FoRMULATION OF THE PROBLEM 

If the components of stress and strain in a cylindrically aeolo- 
tropic material are considered as functions of cylindrical co-or- 
dinates, and if the z-axis of the co-ordinate system coincides with 
the axis of symmetry of the material, the stress-strain relations of 
the material are of the forms (2) 


Cop = BT, + Ai2T-, + AisTog..... fl] 


Crp = AaiT ye, + G22T pp + AasTa9..... . (2) 


€00 = AsiTr, + Ga2T,, + AasTo9.. .. . [3] 
eo bis See i . [4] 
¢, = [5] 
Cer ows . [6] 


where the coefficients a,, are constants. These constants are such 
that a,, = a,,. For a material which is isotropic they are given 
as follows 
l 
Gu = G3 = Ga = = 


E 


a3 "= @y4 © Gee = 


E 


l 


ay = A55 = Qe = 
44 55 66 2G 


In general, each constant is defined by an expression of the same 
form that it is here, but differs in value from each other constant 
in the sequence in which it appears. 

With components of stress expressed as functions of cylindrical 
co-ordinates the equations of equilibrium take the well-known 
forms* 

1 OT+e 


Ty, Lae - 
<2 4 ie 0 (7) 


[8] 


[9] 


The equations of compatibility, with components of strain re- 
ferred to cylindrical co-ordinates, are less familiar. They may be 
expressed in the forms (4, 5) 


2, 2, 
OC, , Ws, 


9 Ors 
oz? Or? 


2 = 0.. {10} 
Oroz 
d 0*¢,. d*e99 2 


r? of? dz? 


2 [de de, 1 (de, 
dz | dz or r \o@ 


O*e9, 1 oe,, 


9 
~ =0..(11 
00dz2 r Ut] 


* Reference (3), p. 202. 
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Let the cylinder be fixed at the base z = 0,‘ and be subjected to 
a force P directed along the radius 8 = 0 and a torsional moment 
Matz =. Then with r; and r, denoting, respectively, the inner 
and outer radii of the cylinder, the stress resultants and couples 
must satisfy the following conditions 


re 2e 
J J, (7,, cos 9 — ro, sin 8)r dr d@ = P 
r 0 
r. 2r 
i) J 7,7? cos 6 dr d? = —P(l — z) 
ri 0 
r? 2r 
f To,r° dr d# = M 
rm 2 
f f (r,, sin 6 + T9, cos 6)rdrdé = 0 
n J0 


(16) 


(17) 


[18] 


{19} 


rT? 2r 
f f T,,r? sin 8 dr d8 = 0 
n J0 
ra 2 
f f T,,r dr d# = 0 (21) 
rm 0 


Finally, since the inner and outer curved surfaces of the cylinder 
are free of stress, the boundary conditions « 


= Qatr=r,andr [22] 


= Oatr=r,andr [23] 


= Oatr = randr=r . [24] 

Among the foregoing conditions, Equation [16] is redundant 
because its fulfillment is implied by Equations [9], [17], and [24]. 

The problem is solved by the use of the semi-inverse method of 
Saint Venant. After assuming forms of the stress components as 
functions of z it is found that the solution is separated into two 
parts. The first consists in the determination of T,,, 7,,, Tee, and 
T. This is carried out by applying the first two equilibrium 
Conditions [7] and [8] and the first four compatibility Conditions 
[10] to [13] with appropriate boundary and end conditions. The 
second part consists in the determination of the stress components 
Te, and 7,, which are linked to the previously determined stress 
components by the remaining equilibrium and compatibility 
Conditions [9], [14], and [15]. 


3 Te ANALYsIs 


The solution to the problem at hand is obtained by making the 
assumptions that 79, and 7,, are independent of z and that 7,,, 7,,, 
Tee, and 7,9 are linear in z. From Relations [1] to [6] it is seen 
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that the strain components ég, and e,, are likewise independent of z 
and that the remaining strain components are linear in z. 

On the basis of the foregoing assumptions, the compatibility 
Conditions [10], [11], and [12] reduce, respectively, to 


: 
d%e,, 


—= «= @ (25) 


[26] 
and 


r a 
orod 
A solution of this set of equations is taken in the form 


€,, = Cr(l — z) cos 6 [28] 


where the coefficient C remains to be determined. 
If 7, and 7,, are independent of z, the equilibrium Equations 


[7] and [8] reduce to 


OT,, 1 OT,¢ 
+ + 
or r 06 


190) 
[29] 


1 Oreg OTe 2 
+ + Ta = 0 
r 06 or Ven 


[30] 


These equations are solved by the use of a stress function ~ where 


1 31) 


1 o%y 
Tre = 
rT oroé 


It is found that the form 


¥ = R(r\l z) cos 0 [34] 


is appropriate for determining y. A differential equation for the 
function #(r) in this expression is obtained from compatibility 
Relation [13] by the following steps: Substitute Equation [28] 
into [1] and use the resulting equation to eliminate 7,, from Equa- 
Thus 


tions [2] and [3]. 


Cai2 
Awt,, + Autos + — (l—z)rcos 0 135) 
au 


Cay 
Agt,, + AssTo9 + - 
il 


C00 (l — z)r cos 6 [36] 
These two strain components and e,9, Equation [4], may now be 
expressed in terms of ¥ by the use of Equations [31], [32], and 
[33], and finally in terms of R(r), 8, and z by means of Equation 
[34]. With the use of these expressions Equation [13] yields 


aR 1 @R 1 dR R 
—B | ————- + 
dr r? dr? r? dr r‘ 
= 2C(ais _ a3) 


ray Ay 


aR 


dr 


The general solution for R(r) is 


R(r) = Sor log r + S-ir + Syr* + Sort? + Sypri* 


C(ay2 -— ais) 


2a,A3;(3 — B) 


= 38) 


This coefficient is now adopted as an unknown in place of its un- 
determined factor C. Among the remaining coefficients, S» is 
taken as zero because the term to which it belongs yields multiple 
valued components of displacement, and S—, can be set equal to 
zero without effect on the stress components, Equations [31], [32 
and [33]. The expression for R(r) may then be written 


> vg +2 
R(r) = apart” ** 


where ~, is used to denote summation over the indexes }, i 


j. In this notation 


t. = cos 6 


i 2,5, Fr" (l 2 


T,, = r,S,(n + J r*(] z) cos @ 
> 


T9 = 2,S,(n + 1)(n + 2)r%l — z) cos 6 


(n + 1)rX(l z) sin 6 
The first among these is obtained by using Equations [28], 
[41], and [42] in Equation [1]. 

The coefficients S, may now be evaluated by using Expressions 
[40], [41], and [43] to impose Conditions [17], [22], and [23]. 
They are thus determined as the solution of the following system 


of equations 


) 2s nS, F, (* ' 


and 


= Oforr = r, and forr = re 


~,S,(m + 1)r* 
The remaining compatibility Conditions [14] and [15] may be 
With the use of Ex- 


partially integrated by the following steps: 
und 4} 


pressions [40], [41], [42], and [43] in Relations [2], [3 
Ol rege) 
z) cos 6 5 
or 
where, for reference 
U(r) = 2,S.H,r" 16) 

Then, taking into account the forms of e,, and ¢,9 as functions of 
6, Equation [13] yields 
1 O¢,, O8€,9 C0 

2 = r yi z) sin @ 
r OO r 


and Equations [14] and [15] are reduced, respectively, to 


O(reg,) ey, t a 
or 00 lf 


Es a | t 
or = oo | f 


These equations imply 


1 OC rea, ) 0e,, aT in 8 D 
— —=_<— ) 
- or 30 r)sin @ + 


U(r) sin 6 


a0 ) U(r) cos 6 
, 


where D is a constant. 





The final equilibrium Condition [9], using Expression [40], is 
written 


or, 1 1 O76 
+ tet Se z,S,F,r* cos 6 


This equation is solved by the use of the stress function g where 


With the substitution of the foregoing expressions into Equa- 
tions [5] and [6] it is found that 


1 | O(reg,) 6 ,, ss dy 
r or 06 — 


1 o% 


By equating the right-hand member of this equation to that of 
Equation [47] after substituting Equation [46], the following 
o is obtained 

ke? oe 


r? a6? 
-¥.8.(22 


This equation has as a solution® 


equation for ¢ 


St 


or? r Or 


¢ =| Ty + T-r* 


er, 4, 

3. (# + Be) a 
55 

+X (n + 2)? —k 


With the use of this expression Equations [49] and [50] yield, re- 
spectively 


Dr* 





sin @ — 


Ty! + Tart 


‘on = 


s.| ( + 2)F, A, + He | ae 
455 


(n + 2)* — k* et) 


cos 6.... 





Ta = —kT r=! oa kT47*- 


‘“ | er, ‘ oom is 
as5 


ss (n + 2)? — k? 


Dr 
sin @ + — 
Qass 





The coefficients 7',, T-4, and D in these expressions are evalu- 
ated by imposing Conditions [18] and [24]. From the former 


and from the latter conditions 


* It is assumed that (n + 2)? + k*. If (mn + 2)? = k* for some 
index n, a modification in the form of ¢ is necessary. 


8,  n + 2)F, + — 
(n + 2)?— ke 





Ty) + Tar + 
forr = r, and forr = rz 


By noting the forms of Expressions [51] and [52] as functions of 
6, it is seen that Condition [19] is satisfied. Likewise r,,, Expres- 
sion [40], depends on @ in such a way that the two remaining Con- 
ditions [20] and [21] are fulfilled. All of the required conditions 
have thus been met and the solution, explicit in the solution of 
the system of Equations [44], [53], and [54], is exact. 


4 Components or DisPLACEMENT 


The components of strain are obtained from the stress-strain 
relations, Equations [1] to [6], by substituting Expressions [40] to 
[43], [51], and [52] for the components of stress, They are given 


as follows 
. [55] 


. [56] 


. [57] 


Cn = S:Kuril — z) cos 6. — 
é,, = 2,S,Kear™(l — z) cos 0 


coo = 2, S,Kaar"(l — z) cos 6... 


eg = 2,S,(n + l)aur™(l — z) sin 0 [58] 


— kT?" + kT * 


= Os 


S, | er, + — 
. (n + 2)?— k? 





beTs*=! + Tyr?! 


Cor = On5 


S,k? | + 2)F, + Bs | gat 
ass 
+ Lu (n + 2)? — k? 


cos 6....[6 





With these expressions the relations 





1 Ou, + Ou, 

2 Or oz 
yield the components of displacement. It is readily verified with 
the use of relations among the constants Ka,, Kan, H,, and ay ob- 


tained from Equations [13] and [45] that the components of 
displacement may be expressed as follows 


SiKu(— 2) SK." 


2 si j + 1)(n + 2) 


+ Qasy )kTyr*-? — kT-yr-*- 


H,, 
S, + 2)F, + — |p 
ass 
2)? — k?*} 
— p’rsin@d + y 


r cos 0 





2 
aie " (n+ 2)[(n + 





ERICKSEN—CANTILEVER BEAMS OF CYLINDRICALLY AEOLOTROPIC MATERIAL 


S, Kull — g)* 
_— eee ae 
S,Kinr** (1 — 2) 
aa es ae 


ania ==: mae ats 


S, [Kaa 
+>. 
asMer 


+ [B’z + a’} cos 8 + von 


+ Bz+a 


| oe o + (Bz + a’) sin 6... . [63] 


+ An + 1 )au) 
n+1 





ati (] — o| sin 6 
+ ¥'r 


The terms with coefficients a, 8, y, a’, 8’, and y’ represent rigid- 
body displacements, and the coefficients are determined by im- 
posing conditions on these displacements at the end z = 0. 


5 Resvutts ror MaTerRiAL WITH ay = ay 
The foregoing results require modification when the material is 
such that a;: = a,, because F, and H, are then undefined. In this 
case it is necessary to repeat the analysis starting with Equation 
[37] which is now homogeneous. The results are those given in 
Sections 3 and 4 with 
S, = S, = 8S, =0 


and with 


SiF; = —P/I, S.A, = —a.P/I 


and 
SiKy: = —aP/I 


Explicit formulas for the components of stress and displacement 
may then be given as follows 


T. = —P/Ir(l — z) cos 0... 
Tr = T = Te = 0 
3412 


kt + 


kr,3-* 


ds 
——— 2 

pi-s 
P aiz 
3+ -— 


Q55 


kr, = lao I kp, 1 +e 1-kypi +k) | gin @ 
pt gt hp te pt bp 1 +e (riSnt® + ryt Ort *) | ein 


+ Mr/2I 


ye = yer ee 
rq! tty, 1-& — na) 


( yt pines) | cos @...[68] 
rae 24 (aoe we) 
ay pi-s 


r3-* — 72-8 


9 — k? 
r;' thy 1 _ —_ r;! “by, 1 +k 


6ay ay 


kr? : 
anus 3 + rai th( pinky, 1th + p—itby,1-*) 


— Bt rcon 0 — Bir sin 8 + 7 


Pa,,| (1 — 2) - —_ 
u, = su] eee + Bz + «| cos 6 


+ (B’z + a’) sin 6 


- Bz — a Jain i] 


zr M 
+ (B’z + a’) cos 8+ y'r + — 71) 


6 2a 


Pay (l—2z)® r™li—z)ay 
ug = - — - — ——__—_- - 
I 6 


2ay 


The deflection of the cylinder is obtained from u, and ug in the 


(l — 2)(z? - 


2a 1 


| zy Mas 
T @ 
I 


. Ass E 
ay, = 1/E, Co > a 
ay au 2G 


- y* ai: 


+ Bz 


For an isotropic material 


and the formulas of this section reduce to those previously ob- 
tained.’ 


6 Duscussion or REesvutts 


In general, the elastic coefficients a,, are independent of 
The use of the present results to observe the 
of these 
take on certain limit values is therefore possible. 


one another. 


effect of making one or a combination coefficients 
Also, since the 
thickness of the cylinder is not restricted, applications to thin 
cylinders may be made. In the use of the results for these pur- 
poses, as well as in their application in general, the following 


limitations should be considered: 


1 A formula may not be suitable for use for some value of one 
of its parameters, such as for k = 3 in the formulas of Section 5. In 
this case, a revision of the analysis for the excepted parameter 
value is necessary. 

2 The results are based on a small deflection theory 

3 Theendz = 0 is not comy letely fixed. 


In regard to the end fixity it is observed that once the com- 
ponents of stress are determined the components of displacement 
are also determined except those that represent a rigid-body dis- 


placement. It is possible, for example, to impose the conditions 


u,=Oforz=0, r=a, OS 


r, Sa S ro, and 


u,=ue = Oforz =0, r= 
a, and two points on it, 


This is 
However, for a cylindri 


which fix the plane of the circle z = 0,r = 
but no further conditions can then be imposed at z = 0 
usual for solutions of the present type 
cally aeolotropic material the choice of the radius a may have a 
considerable effect on the deflection. Consider, for example, u 
Formula [72] with M = 0 and evaluated at z = | for the two 
Write 


values a = r; anda = fr». 


1 l 1 
Ga @s a: = a7, da = 
2Ge 


E. 2G,, 


where these coefficients may be interpreted by referring to Equa- 


7 Reference (3), pp. 231 and 254. 
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tions [1] to [6], and assume Ge, = G,, sothatk = 1. Thenifa = 
"1 
| 


PU(3r2? + r;?) 


PE Pl(r:?—n*)o, 
Goer(r2* — 74) © 


“| on” BET 2E,] 





. [74] 


and ifa = rz 


PR. Pir —1:*)o,, 
ent = 3E,] 


_Pi(rs? + 3n2) 
Gow(re* = r,*) ; 





. [75] 


. 2E,I 


The first two terms in each of these formulas represent deflections 
that are associated with bending, the second being small com- 
pared with the first if 

r2? — r,? 

—— 
is small. The last term in each formula represents a deflection 
due to shear deformation. When the cylinder walls are thin (r, 
nearly equal to rz), this term is substantially the same in both 
formulas. However, if r; is small compared with r2 the last term 
is three times greater in Equation [74] than it is in Equation 
[75]. When Go, is small compared with EZ, this difference in the 


JUNE, 1956 


last terms produces a large discrepancy between values of uz=,; 
obtained from the two formulas. Thus for thick-walled cylinder 
composed of a material that is weak in shear the choice of the 
radius a has a large effect on the deflection. 
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On the Torsion of Rectangular 


Sandwich Plates 


By PAUL SEIDE,' LOS ANGELES, CALIF. 


The torsional rigidity of rectangular sandwich plates 
of constant thickness is calculated, with cross sections as- 
sumed free to warp. The faces are isotropic and of equal 
thickness while the core may be orthotropic, the axes of 
orthotropy coinciding with co-ordinate axes of the struc- 
ture. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


A,,, B,,, C,, = constants in stress function 
a half-thickness of sandwich plate (h + 2) 
b half-width of sandwich plate 
C: arbitrary constants in boundary conditions 
c width of sandwich plate (25) 
D = flexural stiffness per unit width of solid isotropic 


( a 
12(1 — vy?) 


flexural stiffness per unit width of sandwich plate 
with isotropic faces, stiffness of core neglected 
(Azle + h/t)* — (h/t)*) 
3(1 — pv?) 


C; 


plate 


Young’s modulus of isotropic material 
shear modulus of isotropic faces 


is) 
2(1 + v) 


shear moduli of orthotropic core 

torsional stiffness or rigidity 

half-depth of core 

a function of {, given by Table 1 and Fig. 2 

length of sandwich plate 

integers 

applied torque 

thickness of solid plate; individual thickness of 

sandwich faces 

deformation in z, y, z-directions, respectively 
= co-ordinate axes (see Fig. 1) 

function of y in stress function 


1 Member Technical Staff, Guided Missile Research Division, The 
Ramo-Wooldridge Corporation; formerly Research Engineer, Struc- 
tural Research Section, Northrop Aircraft, Inc., Hawthorne, Calif. 

Contributed by the Applied Mechanics Division and presented at 
the Diamond Jubilee Annual Meeting, Chicago, Il]., November 13-18, 
1955, of Taz American Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1956, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, June 30, 1955. Paper No. 55—A-40. 
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2b/t or Gy > 
Giz h 


6 rate of twist of unrestrained sandwich plate 
v Poisson’s ratio of face material 

yz = shear stresses 

¢ = stress function 


Ten T 


Subscripts: 
c = pertaining to core 
f = pertaining to faces 


INTRODUCTION 


The present investigation came about as the result of a request 
for information on the torsional rigidity of sandwich beams and 
plates for correlation with the results of torsion tests of balsa-core 
sandwich beams. While the twisting stiffness of solid rectangular 
isotropic plates is given adequately by the expression 


GJ = 


1 
; Gc = 2D(1 — v)e 1] 


provided the ratio c/t is greater than about 10, and the ratio l/c is 
greater than about 4,3 it was not obvious that the stiffness of 
sandwich plates could be calculated accurately from the corre- 
sponding expression for sandwich plates with equal thickness iso- 
tropic faces 


SaNDWICH-PLATE NOTATION 


or that the same limits of validity would hold. Accordingly, the 
analysis of the present paper was carried out. Unfortunately, it 
was found that no realistic correlation between theory and experi- 
ment was possible because of excessive experimental errors owing 
to a faulty test setup, so that only the theoretical analysis is re- 
ported herein. Note that the analysis is for a core which extends 
to the edges of the plate, Fig. 1, corresponding to the test speci- 
mens. 


2“Torsion and Transverse Bending of Cantilever Plates,"’ by Eric 
Reissner and Manuel Stein, National Advisory Committee for Aero- 
nautics, Technical Note 2369, 1951. 

*“Theory of Elasticity,’’ by 8. Timoshenko and J. N. Goodier, 
McGraw-Hill Book Company, Inc., New York, N. Y., second edition, 
1951, p. 277. 
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Torsion Witn UNRESTRAINED WARPING 


In accordance with the Saint Venant semi-inverse method, the 
stresses 0, 7,, 7,, and r,, are assumed to vanish in both the core 
and faces, see Fig. 1. The remaining stresses r,, and 7,, are then 
independent of the co-ordinate z and must satisfy the relationship 
of equilibrium 

 . 


Eo es 
wal dir ied eRe 


Equation [3] is satisfied by stress functions ¢, for the core and ¢, 
for the faces (only one stress function is required for both faces be- 
cause of the symmetry of the cross section) such that 


Tiled = = ao aa : Tr [4] 


Tin = — 3S Tae ade 


f 
Tal) = dy 
The stress functions are functions of z and y only. 
Equations for ¢, and ¢, are found by considering displacements 
of the structure. For both the core and the faces 
Ou Ov Ow Ou 


~ ee (6) 
Ox oy oz oy Oz we fie 


by virtue of Hooke’s law and the assumption of vanishing ¢,, ¢,, 
g,,and 7,,. The equations for u and v are satisfied by assuming 
that 


u = —Oyz; v = Ozz.. rere oes ee 


which implies that each cross section rotates as a rigid body about 
its centroid so that the center line of the structure remains 
straight. The warping w is independent of z and must satisfy the 
following equations 

ow, 1 Ow, 1 


= G7 + By = G.” te) — Ox . [8] 


Ow, 
— = 


i 
Or G 


) 1 
Tex) + Oy a — Oz, . [9] 


For compatibility, then 


OF sa’e) 


Oy 


1 OT sss) eat) 
Cac alt) . 29 
2( Oy Or 


or, on substituting Equations [4] and [5] into [10] 


OY, G2, _ ang dy, 


dz? G,, Oy? a nia Oy 2 


Or”, 


< = —266.. 


.- (11) 


The boundary conditions to be satisfied by g, and ¢, are as 
follows: 


(@) Tete) = Texts) = OONT = +b Or 
(b) Ty) = 0 ony= +(h +t) or 


(C) Tyee) = Ty) ONY = tA or 
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Taste) Tasis) 


d = 
(d) wy = w, or C 


on y 
zs 


=A or 


Condition (a) is satisfied by 


(a) ¢,= Cy, ¢, =C: on x = +b 


Condition (6) is satisfied by 
(b’) ¢@, = Cz: on y= +(h+ bt) 


which takes continuity of g, around the face boundary into ac- 
count. Condition (c) is satisfied by 


(c') @ =¢,—C2 + Ci on y= +h 


which takes continuity of g, around the core boundary into ac- 
count. 

It will now be shown that the values of C, and C; may be taken 
arbitrarily as zero. The value of the applied moment is 


*b A 
¥ = | b f A (Tyelet aoe Tr(oy dz dy 


1) hA+t 

+ 2f f (Tra pz oe Teeipy dz dy 

—bJh 
--[f f. (2% Pr ye) de dy + 2 

hA+t 

f f (2% OF, + %) dz dy 

Oy 
 — Ci)dx dy 


b h 
= at 
a pe 
b hA+t 
safe f (ye, — Cs)dx dy 
~tJa ; 


where conditions (a’), (6’), and (c’) have been used. 

Equation [12] and the boundary conditions imply that the 
solution of the problem is unaffected by the actual values of the 
constants C; and C;. It is convenient to set these equal to zero, 
in which case Equation [12] and the boundary conditions (a), (b), 
and (c) reduce to 


sie Se ¢, dz dy + fe - ¢, dz dy. . [13] 


t= +b 





(a") g, = on 
(b”) g, = 0. on y = +(h + 0) 
(ec!) ¢, =, on y= +h 


The solution of Equations [11] subject to conditions (a”), (b”), 
(c”), and (d) is easily affected by the following method. Let 


a. 


n=1,3,5... 


@ 
* nTTr 
7; = 2 Y(c) cos ob 
n=1,3,5... ™ 


Substitution of Equa- 


£ nTz 
Y.«o(y) cos 


che 2b 


which satisfy conditions (a”) identically. 
tions [14] into Equations [11] yields 


>a 





SEIDE—ON THE TORSION OF RECTANGULAR § 


. (15) 
(con- 
tinued) 


cos 


nUz 
— = —2G6 
2b 


The multiplication of Equations [15] by cos (mmz)/(2b) and in- 
tegration over z from —? to b then gives 


d*Y ..¢c) (m= 2 G,, y 
dy? a74¢, ° 
m—1 


dy? 2b mar 


(1). 


mr 





om £2 6.6% 


The solution of Equations [16], noting that g, should be sym- 
metrical about the z-axis, is 
m—1 


Gus mITry 32(- 
Y nto = A,, cosh \o" : —_ > 
7 2b 


mr mt 


Ti 
=-+C,, 4 


4 = B I inh —— 
», COSn sinh 

aff) , COS 2h 

m—1 


32( =e © 
mrt 


Gb*0 





m-=13,5,... 


Substitution of Equations [17] into conditions (6"), (c”), and (d) 
yields three simultaneous equations for A,,, B,,, and C,, of which 


the solution is 


= G mrt 
m—1 Tye 

— 1 — cosh — 
32(- —l) *- G ) 2b 


Ag = yg 
m G.. G G ah 
I “u — sinh = = sinh — 
4 e,,, &,, G,, 2b 2b 


t 
mT [18a] 


m—1 


32(—1) ? 
32(—1) * Garg 
m*r3 


Wa 
7 a — 2 
— cosh [Gu 
Gy, G } f G,, 
s — om 8 
VG. G., inh ( G,, in ob 
G.. mh mrt 
+ cosh . — } cosh —— 
G,, 2b 2b 


m—1 


2 


B,, 








SANDWICH PLATES 
j G,, snk (y%: J G mah 
’ — sinh - on 
{ \ G., G,, 2b /LG,. 2b 
G mar(h + t) 
an’ Leonel kde 
+ (1 z) osh 2b | 
} le, , mth - 
cosh Ve G, ob 8 
la G G h 
\  — sinh in 8 mh 
G,, ¢.. G b 
+ cosh (y 


With ¢, and g, now known, substitution of Equations [14], 
[17], and [19] into Equation [13] yields 








T = GJ6@ [19] 
where after some rearrangement and transformation of terms is 
made 


192 |G, h 
mr YG. b 


an 1 
GJ = 3 Fae 2h)“ 2b) E = 


192 ¢/2 


1 
+2 15 2 E —s 


n=1,3,5... 


f ' - ° \ 
1G G nih nrt |" 
a tanh * + tanh 
G,, Gye 2b 4b 


| = 
G 7, nth nit 
= * tanh ; + coth 
Gy VG. G,, 2b 2b 


The function 


l nw 
= tanh 2 | 


has been computed and is reported by Timoshenko‘ as in Table 1, 
see also Fig. 2 

The first term of Equation [20] is the twisting stiffness of the 
orthotropic core alone; the second term is the sum of the tor- 
sional rigidities of the two isotropic faces alone. 
part of the total rigidity, however, and may be neglected in most 
cases. The third term gives the effect of the interaction between 
the faces and core and, although rather complex in appearance, 


can be easily calculated in most cases since the series involved 


These are a small 


‘Strength of Materials—Part I,"’ by S. Timoshenko, McGraw- 
Hill Book Company, Inc., New York, N. Y., second edition, 1940, p. 
270. 
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TABLE 1 VALUES OF ¢; AND &i(g) 


ft ka(t) 

0.1406 
0.166 
0.196 
0.214 


DDD G9 BD BS et et ee 
SSSSSSESUSEE 
ecocecosco 















































Fig. 2 Torsionat Stirrness CoEFrriciENT 


converges rapidly. For the limiting case of an infinitely wide 
plate, Equation [20] can be shown to reduce to 


~- 8 h\? G,, h\? 3 
ai = §| (1+ *) + (S—1)(7)'] arco [21] 


which is identical with Equation [2] except for the term giving 
the effect of the core. 


ILLUSTRATIVE EXAMPLE 


As an illustration of the relative magnitudes of the twisting 
stiffnesses involved in Equations [2], [20], and [21], consider a 
sandwich plate with the following properties 


h/t = 10 


—* = 0.00158 
G 

The material properties are those for a balsa sandwich core 
(specific gravity = 0.19) and aluminum faces, the core being 
oriented so that the grain is parallel to the faces. Then 


883 (from Equation [2] ) 


GJ : = natn 
~ = 547 (from Equation [20}) 


G(2b)) —_gg7 (from Equation [21]) 


It is thus seen that the use of Equation [2] or [21] can be quite un- 
conservative for a sandwich plate with a b/h ratio as low as 10 
when the core extends to the plate edges. 
CONCLUSIONS 

The computed torsional rigidity of sandwich plates of moderate 
width-thickness ratio can be quite unconservative if the twisting 
stiffness constant of sandwich-plate theory is used, since the 
lower limit of the width-thickness ratio of a sandwich plate for it 
to be considered infinitely wide is somewhat greater than the 
value of 10 found for isotropic plates. For a sandwich beam with 
a particular balsa core, this degree of unconservatism was found 
to be about 61 per cent when the width-core depth ratio was 10 
and the face-core thickness ratio was 10. 





On Some Problems in Bending of Thick 
Circular Plates on an Elastic Foundation 


By DANIEL FREDERICK,* BLACKSBURG, VA. 


The governing equations and solutions for the non- 
symmetrical bending of circular plates resting on an elastic 
foundation are presented using the theory developed by E. 
Reissner. Also included are two examples in which 
numerical comparisons have been made with the predic- 
tions of the classical theory. These are (a) the axially 
symmetric bending of a finite circular plate on an elastic 
foundation under a partial uniform loading, and (4) the 
nonsymmetric bending of an infinite plate on an elastic 
foundation with a rigid circular inclusion. 


INTRODUCTION 


LTHOUGH the literature contains several thick-plate 
A theories, the theory developed by E. Reissner in 1945 
(1, 2, 3)* is significant because it provides certain impor- 
tant modifications to the classical thin-plate theory. The Reiss- 
ner theory which was developed from a variational principle does 
not require the evaluation of a large number of functions as in 
most thick-plate theories, and yet includes the effect of shear 
deformation and normal pressure. In 1949 Green (4) showed 
that Reissner’s theory also could be developed from the equa- 
tions of elasticity. Another important feature of the theory is 
that it permits the specification of three boundary conditions for 
each edge of the plate involving stress resultants or displacements 
instead of two as in the classical theory. In 1951 Mindlin (5) 
developed a theory for vibrating plates including the effects of 
shear deformation and rotatory inertia, analogous to that of 
Reissner’s by proceeding from the equations of elasticity. 
Reissner’s theory has been applied to the solution of several 
problems in the static bending of plates. He solved the problem 
of the bending and twisting of an infinite plate with a circular 
hole. Naghdi and Rowley (6) extended the theory to include 
an elastic foundation which reacts with a pressure proportional 
to the displacement at every point of the foundation and solved 
two problems involving axially symmetric bending of an infinite 
Naghdi (7) also studied the problem of the bending and 


plate. 
A more detailed 


twisting of an infinite plate with an elliptic hole. 
history on Reissner’s theory is also found in reference (7). 

In this paper, the solutions of some specific problems in the 
bending of circular plates using the Reissrer theory have been 

1 Based on part of a dissertation submitted to the University of 
Michigan, in January, 1955, in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy. 

2 Associate Professor of Applied Mechanics, Virginia Polytechnic 
Institute. 

8’ Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Contributed by the Applied Mechanics Division and presented 
at the Diamond Jubilee Annual Meeting, Chicago, Ill., November 13- 
18, 1955, of Tae AMERICAN SocieTy or MEcCHANCAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1956, for publication at a later date. Discussion re- 
ceived after the clesing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, March 7, 1955. Paper No. 55—A-36. 


In all cases, the results are compared numerically with 
The examples con- 


obtained. 
the predictions of the classical theory. 
sidered are (a) the axially symmetric bending of a finite circular 
plate on an elastic foundation under a partial uniform loading, 
and (b) the nonsymmetric bending of an infinite plate on an elastic 
foundation with a rigid circular inclusion. 


Tue FUNDAMENTAL EQUATIONS 


To conserve space the notations of reference (3) will be used 
where possible and frequent reference should be made to that 
paper. 

The co-ordinate system and the usual stress resultants in their 
positive directions are shown in Fig. 1. Taking the displace- 


zZ 











Fic. 1 AN ELEMENT or THE PLATE FOR CYLINDRICAL Co-ORDINATES 
ments u, v, and w as positive when they act toward the positive 
ends of the axes r, 8, and z, respectively 
be of the form 


they will be assumed to 
u = 2a,(r,@), v = zadr, 8), andw 


Here a, and a are rotations of a line element originally perpen- 
dicular to the middle surface about a point in the middle surface 
and w is the vertical displacement for all points on this line 
These are defined as 


2 - 12 
a= — uzdz, ag =— 
3 3 

h —h/2 h 


3 h/2 
v= — f 
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- | dz 


It will be further assumed that the components of stress r,,, 
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T¢, and ¢, satisfy the equations of equilibrium and hence are given 


by 
3V6 (i- 42* 
7.” = i? 


3V, 423 
tT, = ny (: - 4) 
Zz 22? 
r + (q2 — q:) (# — a) 


qa + qi + Q 
where q; is the pressure on the upper face and g. = —kw (k is the 
foundation modulus) is the pressure on the lower face of the plate. 
The stress resultants V,, Ve, M,, Me, and M,¢ are defined as in the 
classical theory and are shear forces and moments per unit of 
length. 

Basic Equations for the Bending of Circular Plates on an 
Elastic Foundation. From Reissner’s variational theorem (3), 
the basic equations for the bending of a plate on an elastic 
foundation in polar co-ordinates are 


DV 4a — Bh?V%q + kw) + (q: + kw) = 0 


.. [2] 


q,e=— 


y 


h? (2 OV, Ve 
ew Oo ram 
oY Vo at 10 (2 00~C*«r? a) 


h? 


1 
————_ kw) 
~~ 1011 — 9) r = (n+ - 


Manno 
oe 


06 


h? ( oVe 


h? 1 ov 
Ngser il — -* + 
oe [+ 06 ' 


Vv 


) 
= —— Vg, and = 
5Gh B 
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These equations reduce to the well-known Reissner equations 
when k = 0. 

It may be repeated here that contrary to the classical theory of 
plates, the boundary conditions are three in number and these 
are either on the stress resultants or displacements. 


SoLUTIONS AND APPLICATIONS 
Governing Equations for the Axially Symmetric Bending of 
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Circular Plates Resting on an Elastic Foundation. Referring to the 

basic Equations [3], the governing equations for the axially sym- 

metric bending may be written in the following form. In writing 
these equations the following notation was introduced 
h? 

p = 0 + a /k, [* = “ 


D/k, r=lz, y*= 


It also was assumed that (dq,)/(dr) = 0 


d? 
Ve—7V% +p=0, where Vy? = —~ + 


rr? 
2 /d%p v ‘e) 
M,/kh? = — — {| — 
h? (c Vig z dz | 
| 
\ 


<< yy) +2 


-ih fogs hee 


10,1 —yv 
[4] 


1d 7? dp 
Mo/kh? = — — — (V2 - = 
. aa +S Ee 


| 
Lod (2 dp . 7) | 
h? dr 
dp 
} 


d 
V,/kl = y2?— — — (V%) 
, et 3 a, ‘Vv’? 


The boundary conditions associated with these equations are 
now two in number since the third one is automatically satisfied 
by virtue of axial symmetry. 

(a) A Circular Plate Subjected to a Partial Uniform Load Rest- 
ing on an Elastic Foundation. The case of a finite circular plate 
resting on an elastic foundation under a partial uniform load will 
now be considered. It shall be loaded with a constant pressure 
ge over a circular area of radius b and be free on the outer edge, 


r =a. Factoring the first equation of Equations [4] as 


2 
where cos a = — . . [5] 


(V? + eV? + e—)p = 0, r 
its solutions are 

Jolz exp (ia/2)}, Jolz exp (—ia/2)], 
Y,[z exp(ia/2)], Yolz exp(—ia/2)] 
For the solution of this problem, it is more convenient to use the 
functions Us, Vo, Do, and V» defined as follows 


[Jo(ze*®/2) + Jo(xe—*#/2)] 


1 
Us = = 


1 f ‘a 
Vo = — [Jo(xe**/?) — Jo(xe—*2/2)} 


2 
1 on /? , ian/? 
0. = 2 [Yo(xe**/?) + Yo(ze~***)] 


Vo = 





1 ia/2 4 —ta/2 
on [Yo(ze**’“) — Yo(re—**/*)] 


The functions J) and V, become infinite at the origin while U» and 
V. remain finite there. Hence the solution for the region 0 < r 
< 6, which will be indicated by the subscript 1, will be written as 


A = w, + qo/k = A\Us + BiVo 5° een " [7] 


Outside of the load b < r < a, which will be indicated by the 


subscript 2, the solution will be 
Pp = we = AU + BV + CU e + DeVoe. seed [8] 


For the free edge (r = a), the boundary conditions will be 
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Ma) = 0 and Va) = 0, and at the radius r = b there will 
be four equations expressing continuity on @, V,, M,, and a,. 

In order to use the tables for Bessel functions of the first and 
second kind for a complex argument (8, 9), which are tabulated in 
5-deg increments, a /2 will be chosen as 45, 50, and 55 deg. The 
case where a/2 = 45 deg corresponds to the classical solution if 
terms containing A? in Equations [4] are omitted. For this case, 
the functions of Equations [6] can be expressed in terms of the 
Kelvin functions. 

Also, since the tables are for functions of zero and first order, 
the second, third, and fourth derivatives were expressed in terms 
of Ue, U;, Vo, V;, Oo, Ci, Po, and VP, through recurrence relations.‘ 
For the sake of completeness, the final expressions which were 
used in the calculations are presented as follows 


BVo + C,00 + D,VPo — qo/k 


d wD, 


dr 


’, cos a/2 — V;, sin a/2] 


2 + U; sin a/2) 
— VP, sin a/2] 


‘ ‘ ry . 
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(V,); = A,kl[U, cos a/2 + V; sin a/2] 
+ Bykl[—U, sin a/2 + V; cos a/2] 
+ C,kl[ 0; cos a/2 + V, sin a/2] 
+ Dkl[—U, sin a/2 + V, cos a/2] 
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4 See Appendix. 


TABLE 1 


MOMENT, SHEAh, AND DEFLECTION AT CENTER OF 


— | . ~ - ] V, cos a/2 4 | : 
or LOU] v) 
B $8s b ites 
ho a| r+ E sin a | Oo ta 


Note: (¢ = 1,2). Ford = 1 the terms containing C, and D, 
are dropped. For i = 2 the term containing gq is dropped 

Calculations were made for y = '/; and a/b = 10. The r 
sults for the moment, shear, and deflection at the center of the 
plate and at the edge of the uniform load are presented in Table 1 
Outside of the load, these three quantities decrease and become 
small. 

Table 1 shows that the maximum deflection increases and that 
the maximum moment decreases as h increases for a plate with a 
given stiffness and a given foundation modulus. Upon compa. ing 
the results with those of Naghdi and Rowley (6) for an infinite 
plate, in which 6/l = 1, 
sults are essentially the same for small A/a values. It can be con- 
cluded also that the effects of the uniform load upon an infinite 
plate are more severe than the effects of the same load on a 
finite plate on the quantities (w),.0, (M/,),-0, and (V,),.s for the a/b 
values considered. 

Nonsymmetric Bending of Circular Plates on an Elastic Founda- 


it can be seen from Fig. 2 that the re- 


tion. In this section, a method of solving problems of nonsym- 
metrical bending of circular and ring-shaped plates is considered 
The solutions are presented in a series form involving trigono- 
metric functions and Bessel functions with a complex argument 

To find solutions to Equations [3], the first equation will be 
written as 


(V? +e) (V2 +67) p = 0 


in which it has been assumed that Y‘g,; = 0 and the notation in 
Equations [4] has been used, It is now assumed that p can be 
written in a form in which the variables are separable. Following 


the customary procedure, the solution for p may be written as 


p(x, 6) = > la, U(x) + b,V,(2) 


n=O 
rr & 0 r t d,, v, Ir ] cos nO 


+ }> [4,U,(2) + 6,V,(2) 
n=1 


+ ¢,0,(x2) 4 da, V.(r)] sin n@ 


where a, . . d,, d, ..4, are constants and the functions U,, V, 
U,, and V, are defined as 


1 ° 
. [J,(xe'* 2) 4 J,(ze~** 2)), 


j 
a 
~ta 


[J,(ze'*/?) J (xe 


1 > : 7 
= — [Y,(ze***) — Y,(ze~**’*)] 


2i 
To complete the solutions for the system of Equations [3], the 


PLATE AND EDGE OF 


UNIFORM LOAD 


n2/t® 
0.00000 
1.38920 
2.73616 


(B)z20 
—0.30539¢0/k 
—0.38274¢0/k 
—0.4442190/k 


Deg 
a/2* = 45 
a/2 = 50 


a/2 = 55 


* Classical theory. 


(8) z—1 
—0.2283090/k 
—0.25758¢0/k 
—0.27976q0/k 


(Mr) xe 
0. O855%qol* 
—0 .08969¢q0l? 
— 0.09426¢el? 


(Mr)r.0 
— 0. 35238¢ol* 
—0.31451qol? 
—0.28519q0l* 


(Vr) 201 
0. 36750¢qel 
0.34051 gol 
0.31918¢el 
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solutions for V, and Vg must be found from the second and third 
equations. These two shears will be written as 
V, = (V,)p + (V,)q and Ve = (Ve)p + (Vo)x 
where the particular solutions satisfy the second and third equa- 
tions of the System [3]. The homogeneous solutions can be 
found by introducing a function $(r, @), such that 


oo , ms | 
30 and (V6)z — 


(Vix = 
Then @ must be a solution of 
h? 
— V%— op =0.... 
10 V*¢@— 


Using the separation of variables technique, the solution for @ can 


be written as 
‘)] cos n@ 


d(r, 0) = > Ee (“= ) +T’K, (ve 
/ / 
& (“ ) +f, Ky (¥» ‘)] sin «6 


n=0 

+; ae 
n=1 

where e,, f,, €,’, and f,’ are vonstants and /, and K, are the 
modified Bessel functions of the first and second kind. If 
V'q: = c (a constant), then p from Equation [10] can be substi- 
tuted into the right side of the second of Equations [3] and the 
particular solution (V,), can be found from it. This can be 
written as 

(V,)p = AV — joVi + le0; + noV; 
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where the constants h,, n, are related to the constants 
Gy, ,, Ca, and d, by the following equations which also hold for 
the barred constants 


ki{ao cos a/2 — by sin a/% 
kl[ao sin a@/2 + bo cos a, 
ki [co cos a/2 — dy sin a@ 
klifeo sin a/2 + dy cos a 
nk?[—a, cos a + b, sin 


n 
kl{a,, cos a/2 — b, sin a/2 
—nkl*[a, sin a + 6, cos 
ki[a, sin a/2 + 6, cos a 
= nki*([—c,, cos a + d, sin 
= kilc, cos a/2 d,, sin a/‘ 

—nki?(c,, sin a + d, cos 

klf{c,, sin a@/2 + d, cos a/2 

In a similar fashion, by substituting the expressions forjp and 

(V,)p into the third of Equations [3], the particular solution, 
(Ve),p is found to be 


- U V 0 V. 
Vee =—)> e,,; sa, Moi. Ole 
(Ve); dy [«* + ft, : + on m2 | sin nd 
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>> 


n=1 


| = U, ; v> T 0. = 4 
In +t,— +k, — +m, — | cosné... [1 

r r r r 
where the constants g, » the same as the ones 
given in Equations [16]. 

In retrospect, it can be seen that the complete solution to the 
system of Equations [3] has been found for the case where V’qi = 
c in terms of twelve sets of constants, which can be evaluated from 
the twelve boundary conditions specified for the most general 
case of a plate in the form of a circular sector. There will be three 
conditions for each of the two radial edges and three for each of the 
circular edges. If V%q, * c, then the particular solutions must*be 
found by some other method, but the statements above still 
apply. 
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Fic. 3 Sxeren or 4 Pirate Wires a Ricip Circutar INCLUSION 

(b) An Infinite Plate on a Foundation Bent by Rotation of a Rigid 
Circular Inclusion. A rigid disk of radius a is rotated through 
an angle @ as shown in Fig. 3. Since the boundary conditions at 
infinity require that the deflection, moments, and shears vanish, 
the solutions for p will be expressed in terms of the modified 
Besse] functions of the first and second kind with an imaginary 
argument 


I,lix exp(ta/2)], I,[ix exp (—ia/2)] 


K,,[iz exp(ia/2)] and K, [iz exp(—ia/2)] 
The four functions U,, V,, 0,, and V,, used previously all be- 
come infinite as z approaches infinity. Hence, for this example, 
the functions U’,,* and V,,* defined as 


[K,(ire'* *) 4 K,( ire 


“) — K,,(ize 


Both of these functions approach zero as z ap- 
Considering that @ is measured from the r-axis, 


will be used. 
proaches infinity. 
suitable solutions for #, V,, and V» can be written as 


} = [c¢,U,* + d,Vi*] cos 8 
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m sir 
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These solutions were written with the boundary conditions 


-BENDING OF THICK CIRCULAR PLATES ON AN 


ELASTIC FOUNDATION 199 


w(a, 6) = aacos 6; aa, 0) = —acos 6; and apa, #) = asin é 


in view. The relations between the constants k;, 4, m, and nm 
and the independent constants c, and d; are given by the last 
four of Equations [16] by choosing n = 1. 

Of particular interest is the magnitude of the moment L re 
quired to rotate the disk as a rigid body through an angle a 
This is obtained by considering the contributions to the moment 
of each of the stress resultants M,, M,9, and V, acting on the rim 
of the disk. It follows that 


L= f laM (a, @) cos 0 + aM,¢(a, 6) sin 6 
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Fie. 4 Moment ano L/L Versus a/h ror THE Riatp CirceuLarR 


INCLUSION 


The moment L has been calculated for a/2 = 50 deg or h?//? = 
1.389 and the result has been plotted in Fig. 4, along with the 
result from the classical theory which was given by Reismann 
(10). In this figure, L. denotes the moment required to rotate 
the disk through the same angle a as obtained from the classical 
theory. For small a/h values, the ratio L./L is the greatest and 
it gradually decreases as a/h gets larger. 

CONCLUSION 

The thick-plate theory developed by E. Reissner which in- 
cludes the effects of shear deformation and normal stress can be 
used to solve problems in the bending of circular plates on an 


elastic foundation. For symmetric and antisymmetric problems, 
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the solutions can be expressed in terms of Bessel functions of zero 
and first order with a complex argument. Since these have been 
partially tabulated, numerical calculations can be conveniently 
carried out for certain cases. 

Two specific examples have been considered in this paper and 
certain numerical results are presented graphically. Since these 
have been compared with the corresponding values as given by 
the classical theory, the value of a thickness-length parameter 
at which the effects of shear deformation and normal pressure 
must be taken into account can be determined from the figures. 

Finally, the solutions to other problems in plate theory may be 
obtained by using the solutions given in this paper. 
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Appendix 
List or IDENTITIES 


Following is a list of identities on the functions U,, V,, U,, 
P,, I,, and K, which were used in the solutions of the problems. 
The identities for the functions U,* and V,,* are the same as 
those for J and 7 
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Effect of an Acoustic Medium on the 
Dynamic Buckling of Plates 


By F. L. DIMAGGIO,? NEW YORK, N. Y. 


The effect of a surrounding fluid on the dynamic buck- 
ling of an elastic plate under suddenly applied compressive 
stresses in its middle plane is studied. Assuming an 
infinite plate supported at regular intervals and a semi- 
infinite acoustic medium, exact and approximate solutions 
are obtained. By a numerical example, it is shown that 
for steel plates in water, with dimensions usually en- 
countered in ship structures, the compressibility of water 
can be neglected. 


INTRODUCTION 


HE hulls of ships consist principally of flat plates extending 

continuously over a number of supporting elements. The 

buckling and postbuckling behavior of such plates when 
subjected to compressive loading in their middle planes is there- 
fore of practical interest. 

If water were not present, the response of a section of plating 
between supports could be considered as representative. The 
dynamic buckling of such plates in vacuo has been studied by 
Zizicas.* 

This paper is concerned with the modifying effect of the water 
outside the hull. The problem is idealized by considering an in- 
finite plate, on one side of which is an infinite body of acoustic 
fluid. It is assumed that the hydrostatic pressures are large 
enough to prevent cavitation during the time considered, but the 
effect of this component of the lateral pressure on the plate is 
otherwise not taken into account. Furthermore, the actual load- 
ing process is idealized by assuming an initial state of uniform 
compressive stress in the middle plane of the plate. This is not 
physically possible since time is required for such a state to estab- 
lish itself. This assumption corresponds to that made by Zizicas* 
and by Hoff,‘ who studied the dynamic buckling of finite columns. 
They justified the assumption on the fact that the time required 
for a compression wave to travel between supports is many times 
smaller than the fundamental period of lateral vibrations. 

An infinite elastic plate is referred to a rectangular co-ordinate- 


1 The results presented in this paper are based on a dissertation sub- 
mitted in partial fulfillment of the requirements for the degree of 
Doctor of Philosophy, Columbia University, June, 1954. The in- 
vestigation was sponsored by the Office of Naval Research under 
contract Nonr 266(08). 

*Instructor in Civil 
Columbia University. 

3‘‘Dynamic Buckling of Thin Elastic Plates,” by G. A. Zizicas, 
Trans, ASME, vol. 74, 1952, pp. 1257-1266. 

**’The Dynamics of the Buckling of Elastic Columns,” by N. J. 
Hoff, Trans. ASME, vol. 73, 1951, pp. 68-74. 

Contributed by the Applied Mechanics Division and presented at 
the Diamond Jubilee Annual Meeting, Chicago, Ill., November 13-18, 
1955, of Tue AmerRIcAN Soctety oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1956, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be under- 
stood as individual expressions of their authors and not those of the 
Society. Manuscript received by ASME Applied Mechanics Divi- 
sion June 25. 1955. Paper No. 55—A-35. 


Engineering and Engineering Mechanics, 


201 


2 


~ 


Fie. 1 


It is assumed to have a small initial curvature in- 
dependent of z. At equal intervals / on the z-axis it is supported 
along lines parallel to the z-axis. An infinite body of acoustic 
fluid, i.e., one whose motions conform to the linear theory of 
waves of expansion, occupies the space y > 0. It is assumed that 
at time ¢ = 0, the plate is in a uniform state of compressive stress 
N,. A mathematical study is made of the dynamic response of 
the plate for ¢ > 0 if the plate stress NV, is greater than the buckling 
stress and remains constant with time. 

By means of Laplace transformation, the fluid-velocity poten- 
tial is eliminated between the simultaneous differential equations 
which couple the response of the plate and fluid. The resulting 
transform of the plate displacement is inverted by integration in 
the complex plane, yielding residues and branch integrals. It is 
shown that the contribution of the residues represents the asymp- 
totic solution for large values of t. 

One purpose of this paper is to explore the possibility of making 
simplifying assumptions in actual physical problems. It is first 
found that if the compressibility of the fluid is neglected, the 
effect of the fluid is entirely accounted for by adding a “virtual 
mass” of fluid te the actual mass of the plate. This incompressi- 
ble solution is always a lower bound for the exact solution. For 
certain combinations of the nondimensional parameters of the 
problem it is shown that the residues of the transform solution 
ean be well approximated by the incompressible solution. 

A solution valid for small values of ¢ only is obtained by means 
of an approximation previously employed by Bleich and Mindlin.* 

By a numerical example, it is shown that for steel plates in 
water, with dimensions usually encountered in ship structures, the 


system, Fig. 1. 


6 **Response of an Elastic Cylindrical Shell to a Transverse, Step 
Shock Wave,"’ by R. D. Mindlin and H. H. Bleich, Trane. ASME, vol. 


75, 1953, pp. 189-195 
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nondimensional parameters are such that the compressibility of 
the water can be neglected; the ‘‘virtual-mass”’ concept is suf- 
ficient to study the motion. 


A Forma. So_ution BY Laplace TRANSFORM 


(a) Equations Governing Motion of Plate and Fluid. The 
velocity potential @(2, y, t), governed by the equation 
Xx aI 1 d%@ 


=P l 
Ox? Oy? c? Of? (1) 


determines the particle velocity v(z, y, t) and pressure p(.c, 
in the fluid 


where c is the velocity of sound in the fluid and p its density. 
Since the fluid is initially at rest, the pressure is zero 


(4) 


and if the fluid velocity is to vanish at the infinite boundary 


y= o 
: re) i 
lim % = 0 [5] 
yoo OY 
The lateral deflection w(z, ¢) of the plate satisfies the equation® 


o*(w — wo) _ Ow O*w re) 
D \ +N +m ? 
or y 


6 
Ox? ot? p ol 


r 


and the initial conditions 


u(x, 0) = w(x); 


ow 
| = 0 [7] 
ot ji=0 


The lateral velocity ot a point on the plate must equal the 


particle velocity of the fluid in that direction at y = 0. Thus 


ow af, te 2 | (8] 
ot oy jy=0 


The most general periodic initial shape of the plate is 
© 


. nT 
w(x) = > a,, Sin i 7 [9] 


n=1 


The corresponding plate displacement and fluid-velocity potential 
may be taken as 


w(z,t) = Ds la, + w,(t)] sin = [10] 


n=1 


-- UT 
P(z, y, t) = Pp» ®,(y, t) sin 7 x {11} 


n=l 


Since the equations governing @ and w are such that the term n = 
k of the series [10] is not coupled with terms n = k of series [11], 
the response corresponding to each component of the series repre- 
senting wo(z) can be determined separately. 

Only a finite number of components of the series [9] will lead to 
plate displacements in the supercritical range for a given load. 
For later terms, the load will be below the buckling load. Unless 


* If the acoustic medium occupies the space —© S< y < ©, pis 
replaced by 2p. 
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the initial shape is such that the constant a, is very small, the first 
term will be the most important in determining the response. 
In this paper, only the response due to 


wo(r) = a, sin [9a] 


will be considered. The plate displacement and velocity poten- 


tial are 


w(z, t) = [a, + w,(t)] sin {10a} 


G(x, y, t) = Ply, t) sin 


Setting 


where ¥ is the fundamental frequency of lateral vibration of the 
plate in vacuo, and 


[14] 


Equations [1], [4], [5], [6], [7], and [8] become, respectively 


ob : 1 or 
oy? 2 ot? 


ot 


lim 


yr 


d6 
— Sle Md. 


dt? may 


dé 
dt \i=0 


dé 3 1 om 91] 
ee a OY Jy=0 P 


To determine the response of the plate, ® must be eliminated 
between Equations [19] and [21] which govern the interaction 
between plate and fluid. 

(b) Determination of Laplace Transform of Plate Response. 
Noting that the initial value of ® is arbitrary and can be taken 
equal to zero, the application of the Laplace transform with ¢ as a 
variable to Equation [16], in conjunction with Equation [17], 


vields 
= [( i y ( 
de. SOO + 
dy? l c 


where ®(y, s) is the Laplace transform of ®(y, ¢) with respect to ¢. 
The solution of Equation [22], satisfying Equation [18], is 


#~ awew(—v4(F) +(2)) 


6(0) = 


[22] 


[23] 





DIMAGGIO—EFFECT OF 
where the square root is to be taken such that 


24 


Similarly, Equations [21] and [20] vield, upon transformation 


= D0, Ss) 


a,s°0 
, db | 
dy y=0 


is the Laplace transform of the plate response 6(¢ 


= sP(0 8 [25 


where 6(s 


From Equation [23 


x: 0.8 
d® 
dy |, 


with the restriction on the radical of Equation 


[26 


24]. Fina!ly, 
transforming Equation [19] and taking into account Equations 
[20], 


25], and [26], the plate response transform is obtained as 


(c) Inve 


Sion ¢ 
Setting : [28] 
inversion integral of the nondimensional 


in Equation [27], the 


plate response 1s 


ae*"dX 
2 


y+ (5) 


r= yl 


where 7, defined by 

[30] 
is a nondimensional time variable. Equation [24] defining the 
branch of the integrand to be chosen becomes, using Equation 


Regn +(™) > 0 [31] 


AB... 
dotted lines indicate branch cuts and the arcs AB, DE, and GH 
Let G(A) denote the integrand of the inte- 
By the residue theorem and Jordan’s 


Consider the contour . H shown in Fig. 2, where the 
are of infinite radius 

gral in Equation [2%). 
lemma, 6(7) of Equation [29] may be evaluated as 


4 l 
G A dxr = } i) GA dd 7 =R [32 
2ri JB 2m J Br 


where Br, indicates the paths BCD and EFG and [R means the 
sum of the residues of the poles of the pertinent branch of G(A). 
The operations indicated in Equation [32] are carried out else- 


where.’ It is found that 


7See PhD dissertation by author having same title as this paper 
mentioned in footnote 1. 


AN ACOUSTIC MEDIUM ON 


DYNAMIC BUCKLING OF PLATES 


ZR = 6,(r) = 
a 


_ cosh \ 
l pe § 


2(a 1) my 
es 
where &, is that positive real root” 
Te 2 pe 2 
i) _ (é 
. I( ly (*) 
+ [ca 1 


which satisfies the equation 


pe 


7 
m o\2 
“ive+(F) 
Ss 
\ ly 

l . 2ab f° 
Also ak G(A)dA = 6, (rT) = m | 
m Br: / 0 

e'?7 4/2 (ia u) (vy ~ 

4 


| u? 
+ 


bia u)* + 
+ (ai u)* 


+ a’ 


u( 2a: 


l(a 1)? 2a 1 ai 


* It is shown in reference of footnote 7 that Equation [34] always 


has two positive real roots. 
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gée--" 


ly’ 


a [37] 


and all square roots are to he taken as positive. For particular 
values of a, b, a, and 7 the integral of Equation [36] can be 
evaluated numerically. 
From Equation [32] 
O(r) = de(r) + Sp(r).. [38] 
It can be seen from Equation [36] that 


lim 6,(7) = 0. [39] 


Thus 6,(r) represents the asymptotic solution for long times 
6(r) = 5,(r) for r large... .. . {40} 


Whenever the condition 


2 
A%a—1)< <<(*/" 
ly 


is satisfied, the integral of Equation [36] can be simplified by 
making the approximation 


[41] 


(ai — u)* + (a — 1)? — Aa — 1\ai — u)? = (ai — u). . [42] 


Equation [36] then becomes 


2ab - 
a 
7 Jo 


,. i =p 
tar — a _ q es 24 —-— 
e (y 4 +a 2 vigy +a 


e~*Tu'/* Re 


) du 


. [43] 








(ai — u)3{b? + u(2ai — u)]} 


Evaluating the real part of the expression in braces, Equation 
[43] may be rewritten as 
2ab (°” 


6, = — — 
¥ Jo 


en ¥ty'/ 


Sufi cos ar — f, sin ar) — ff, sin ar + f; cos ar) 


fe +f. 


du 





where 


flu) = AE: +e— : 


: - . 08 
(u) = 7 tets- 


fu) = ud — (9a* + b*)u* + (2a* + 3a7b*)u.. 


[45] 


[46] 
[47] 
Su) = 5aut — (7a* + 3ab*)u? + ba’... [48] 


APPROXIMATE SOLUTIONS 


(a) Incompressible Fluid. If the fluid is assumed to be in- 
compressible, the Laplace transform of the plate response, 5,(s), is 
obtained from Equation [27] by letting c approach ~. Thus 


ay? 


hile on 
8 [ + op s*§— ya »| 





5(s) = 


The corresponding plate response becomes 
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a—1 
cosh _ T— 


y _ pl 
1+— 
mr 


But the right-hand side of Equation [49] is the solution of the 
differential equation of motion of this plate in vacuo if the actual 
mass of the plate is replaced by an equivalent mass mg given by 


ise) o — [49] 
a 


{ 
me =m re 
Tv 


[50] 


Thus the effect of an incompressible fluid on the response of the 
plate is entirely accounted for by adding to the mass of the plate 
a term usually called *‘virtual mass” of fluid. In the present case 
this virtual mass is pl/7. 

It can be shown’ that this incompressible solution is always a 
lower bound for the exact solution. 

(b) Approximation Valid for Certain Values of Parameters. In 
the following it is shown that the incompressible solution is an ex- 
cellent approximation to the long-term solution for certain values 
of the nondimensional parameters of the problem. 

Assume the positive real root £, of Equation [35] is such that 


B<(™) 
ix : 
ly 


& 


[51] 


mr 

and the long-term solution of Equation [36] becomes 
}; @ -] 
‘eae ih 
p 
\ = : 
mr 


which is exactly the incompressible solution of Equation [49] 


Thus, whenever 
a—1 _ ( Tc y 
— <(—). 
pl ly 


l + 


én = se cosh - 1 [53] 


a—1 


[54] 
mar 


the response of the plate after a sufficiently long time is well ap- 
proximated by the incompressible solution. 

(c) Solution Valid for Small t Only. Instead of eliminating & 
between Equations [19] and [21] by use of Laplace transforms, 
the procedure’ is adopted to find a solution valid for ¢ small. ® is 
expanded into a Fourier series 
tg . 
Py, ) = > Fiye ! 

s 


[55] 


where &, = ksw/2... [56] 


and k is a number which fixes the interval of expansion (2//kc). 

The term corresponding to s = 0 in Equation [55], representing 
a fluid motion without pressure, is taken equal to zero. Then 
from Equation [16] 


F,” + > (&,? — ™*)F, = 0... [57] 


es He 


* Footnote 5, sec. A3. 
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The solution of é 


where 8, is real and positive if —, > 7. A 


Equation [57] for outgoing waves is 


u 
— Sets 


, . [59] 


[60] 


[61] 


(62) 


The interval of expansion is now chosen small enough 
(k large enough) such that 





B, = lforalls...... [63] 


To this approximation, then, from Equations [61] and 


(62 
= | 2 | 
= Cc 
ot jy=0 Oy Jy=0 


Equation [16] now becomes, using Equation [21] 


e 
+ PO § 
my 


(@ oes . (65) 


where dots indicate differentiation with respect to the nondi- 
mensional time 7 of Equation [30]. 

Although this equation of motion no longer contains the 
parameter k, its validity depends on the approximation of Equa- 
tion [63]. Thus the solution of Equation [65] may be expected 
to describe only the early response of the plate 


pc | ° i oe 


pe 


-osl : —1) 
ct ¥ (2) + (a@ l)r 


9 
=m) 
e Y 


on MS) 


[66] 
NUMERICAL EXAMPLE 


The exact and approximate expressions for the plate response 
derived in the preceding two sections are evaluated numerically in 
this section for the following values of the nondimensional 
parameters 


Wc 
= 20; 


— = @0: a =2.. 
ly my 


These parameters correspond roughly to a steel plate '/, in. thick 
(m = 0.633 lb sec?/ft®, »y = 0.3) supported every 34 in., salt 
water (p = 1.99 lb sec?/ft*, c = 5000 fps), and an axial stress which 
is twice the buckling stress. 

The frequency y, given by Equation [13], is 261 radians/sec, 
which, when substituted into Equation [30], gives the nondimen- 


sional time ast = 261%. Thusr = 1 corresponds to 3.8 millisec. 


Fic 


If water were not present, the re- 
[49] by setting p = 0 


(a) Response in Vacuo, 6, 
sponse 4, is obtained from Equation 
a 


- [cosh Y/ @ lr— 1] 
a 


which, for the parameters of Equation [67], becomes 


6, = 2[cosh r — 1] (69) 
6, is plotted versus r in Fig. 3. 

’ } 4 

(b) Incompressible Solution, 6,. 
compressible, the plate response is obtained from Equation [49] 


If water is assumed to be in 


using the parameters of Equation [67] 
[70] 


6; = 2[cosh 0.57 


Note that 6,27) = 6,(r). 
lent mass mg of Equation [50] is, in this case 


and is plotted in Fig. 3. The equiva- 


ms, = 4m [71] 


(c) Exact Solution, 6: (1) Contribution of Residues, 5g. For 
the parameters of Equation [67], Equation [34] becomes 


& — 3202£* — 799& + 400 = 0 [72] 
from which the positive root which satisfies Equation [35] is ob 
tained as 


£, = 0.2500586 (73] 


and substituted into Equation [33] to obtain dz 


5, = 2[1.000234 cosh 0.50005867r — 1]... (74] 


It is seen that, except for extremely small values of 7, 5, of 
Equation [74] is closely approximated by 6; of Equation [70]. 
This could have been predicted since the parameters of Equation 
[67] satisfy the condition of Equation [54]; i.e. 


oe l -\2 
= an « (7) = 400. 
, ot Y 


mr 
In Fig. 4 both 6, and 3, are plotted for very small r. 
shows that 5, is well approximated by 4, for r > 0.1. 


[75] 


The plot 
On the 
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plot of Fig. 3 the difference between the two curves cannot be 


seen. 
(2) Branch Integral 5p. 
satisfied for the parameter of Equation [67], i.e. 


[76] 


2 
%a—1) = 2« (*) = 400 
ly 


the branch integral of Equation [36] may be approximated by 
Equation [44]. Letting 


Equations [44] to [48] become 


59(7) = —0.00052065 


«wo 
f a= 1Ourg'/s 
0 


i. 
7 (fi cos 207 — fz sin 207) (f; sin 207 + fe cos 20r) 
4 


du 


f(a) = YV 25a? + 400 — 5a (79] 


fli) = VV 25a" + 400 + 5a [80] 


Fa) = fii) /4,640,000 = 0.021552 — 1.5517a* + 10a. . [81] 


fa) = fa()/4,640,000 = 0.215510* — 5.8621a* + 6.2069. . [82] 


For each value of 7 considered, the integral of Equation [78] 
has been evaluated numerically by Simpson’s rule. As a check, 
the value of 6,(0) was also computed. From Equations [20] and 
[38] 


5,(0) = —d,(0) [83] 
Using Equation [83], the true value of 6,(0) for the parameters of 


Equation [67] is obtained as 


6,(0) = —0.000468. . [84] 


The numerical integration of Equation [78] yielded 


5,(0) = —0.000474.. [85] 
which represents an error of 1.3 per cent. 

The computed values of 6, are added to dz to obtain the exact 
response 6. A plot of 6 versus 7 is shown in Fig. 4 for small values 
of r. On the plot of Fig. 3 the difference between 6, 6;, and 5, 
cannot be seen. Fig. 4 shows that the exact solution 6 differs con- 
siderably from the incompressible solution 6; in the very early 
stages of the motion. It rapidly approaches the asymptotic solu- 
tion dz after a short time; i.e.,7 >0.1. It is seen from Equations 
[70] and [74] and Fig. 4 that 6, is a lower bound for 6. 

(d) Solution Valid for Short Times, 5s. For the parameters of 
Equation [67], Equation [66] becomes 


5s = 2[0.00027754e-*-918" + 0.99972245¢°-01888217 — 1]. [86] 
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where the hyperbolic functions have been expressed as exponen- 
tials. 6, is plotted versus r in Figs. 3 and 4. From Fig. 4 it is 
seen that 6, is an excellent approximation to the exact solution 6 
for tT < 0.05, after which the two curves diverge rapidly. 

Whenever the nondimensional parameters of the problem 
satisfy the condition of Equation [54], the behavior will be similar 
to that obtained in the foregoing. For such cases, the nondi- 
mensional response, after a short time, is well approximated by 
the incompressible solution. It is found that the parameters 
corresponding to other plate dimensions occurring in ships satisfy 
Condition [54] provided the buckling parameter is not too large. 
In the interval during which the incompressible solution is not 
applicable, it is seen from this example that the plate deflection 
is of the same order of magnitude as the initial deflection. If the 
initial curvature is small, this interval will not be of interest. 

Thus it may be concluded that, for moderate overloads and 
small initial curvature, the time at which the hull plating of ships 
attains critical deflections can be determined from the incom- 
pressible solution; i.e., by considering the buckling in vacuo of the 
plate with an equivalent mass mg given by Equation [50]. 
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Buckling of Simply Supported Plates 
Tapered in Planform 


3y BERTRAM KLEIN,' LOS ANGELES, CALIF. 


Design curves are presented for determining the elastic 
buckling loads of simply supported flat plates of isosceles 
trapezoidal planform and loaded in compression along the 
parallel edges. Shear loads are assumed to act along 
the sloping edges so that any ratio of axial loads may act 
along the parallel edges of the given plate. Isosceles 
triangular plates are included as a special limiting case, 
and the range of the values of the various geometric and 
load parameters presented in the curves is considered 
large enough to cover practically all conditions of the 
type treated which are encountered in practice. 


NOMENCLATURE 


The following nomenclature is used in the paper: 
a = coefficient 
A= 


= plate dimensions 


matrix 


= (b, + b,)/2 
matrix 
plate flexural rigidity 
functions 
plate width 
distance 
numerical index corresponding to number of half- 
waves in transverse direction 
moment acting along edge of plate 
axial load, lb/in., acting in direction of corresponding 
axis 
axial loads, lb/in., acting on parallel edges of plate 
numerical index or normal direction 
geometric parameter 
bi /h); re = (be/h) 
tangential direction 
plate deflection 
co-ordinates 
eigenvalue 
Poisson’s ratio 
angles 
parameter 
semiangle of plate taper 


INTRODUCTION 


Plates used in structural design are seldom exactly rectangular 
in shape. In fact in many practical designs plates appear trape- 
Aerophysics Department, North 
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Engineer, Department of Engineering, University of California. 
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zoidal as depicted in Fig. 1. It is of interest to determine the 
initial buckling load of such flat plates when loaded in axial com 
pression as shown. It is seen that some of the load is assumed to 
be taken out by shear of constant intensity along the sloping 
For the sake of simplicity the plate and its loading are 
assumed to have one axis of the 


further assumed that all edges of the plate are simply supported 


sides. 


symmetry, i.e., y-axis. It is 


and that the material remains elastic everywhere under load 








TRAPEZOIDAL PLATE AND LOADING 


Metuop or SoLution 
The 
first step in this approach, as in energy methods (3), is the as- 


The problem is solved by the method of collocation (1, 2 


sumption of a deflected shape as the buckling configuration 
However, in the method of collocation, no great restrictions exist 
as regards the nature of the functions selected; the functions need 
not be integrable in closed form, form an orthogonal set, satisfy the 


Next 
calculated 


boundary conditions exactly all over, ete. the necessary) 
the 


evaluated numerically at as many points as needed to determine 


derivatives of chosen functions are and then 
the unknown generalized coefficients appearing in the functions 
The results are substituted into the governing differential equa- 
tion (or equations) for buckling and into boundary-condition 
equations (if necessary) to yield a set of equations. In contrast 
to energy methods, no integrations need be carried out unless, of 
course, integrals appear in the equations. Further differentiations 


also are unnecessary. The eigenvalue matrix form defining the 
buckling load is obtained directly from the original set of equa- 
tions as defined. 

Notice that physically the differential equation is satisfied ex 
actly at certain points for the assumed shape. If this assumed 
shape happens to be the exact shape, the exact soiution to the 
given differential equation is obtained. Otherwise the solution is 
approximate. The power of this philosophy lies in the fact that 
it may be possible to find functions which are close to the exact 
Then the results are 


accurate regardless of large errors in unexplored regions. In 


shape in certain regions of the structure. 


energy methods, care must be taken to choose functions which are 
reasonable all over the plate. Likewise, satisfying the boundary 
conditions accurately only at certain places or in an approximate 


manner may be quite sufficient for accurate solutions by the 


? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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method of collocation, but not necessarily by energy methods. In 
conclusion, it should be stated that the energy technique serves 
as a powerful tool when it is used to derive differential equations 
of equilibrium not attainable by direct methods (4), 


AssuMED Der.Lection FuncTIOoN AND Its DERIVATIVES AT 
Points or CoLLOCATION 


It is felt that the following function represents a reasonable esti- 
mate of the deflected shape at buckling of the plate shown in Fig. 
1 


k. 
w = F(y) cos (= cot 0), k = 1, 3, 5, 
2y 


It is shown in the Appendix that this function satisfies the bound- 
ary conditions exactly along the sloping lines only at certain 
points and only exactly at z = 0 along the parallel edges. F(y) 
and certain of its derivatives are 


F(y) = a; sin Yi + az sin Ye + ay sin Yy....... [2a] 


dF ™ 
dy = z [a(n — 1) cos yy 


+ an cos wz + a(n + 1) cos ys).. 


=— (=) [ai(n — 1)? sin Yr 


or 
dy? 
+ ayn? sin Yo + as(n + 1)* sin ys).. 


- (3 ) fai(n — 1)* sin Yr 
+ ag‘ sin Ys + a(n + 1)* sin Wy}. . [2d] 


yi = (n— ve (45*), v2 = nF (") 


vs = nt te (4), 2 = 2,3, 4,... 


d‘F 
dy* 


where 


The three points chosen for collocation are 


eh 2 1d 8 
( h ) 3° grands 


on the y-axis. Values of F(y) and its derivatives at these points 


are forn = 2 at 
(ea 1 
h 3 
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y—h ] 
at ( ; ) 


‘2 
F= x (a; — ay) 


y dF 2h (: (= ' ) 

dy (x + 3 h 2 “A, + 3a; 

y? dF 2h\* i 24/3 noe 
Cae oe ne 7 

dy? ( me ) 4 ia al 


y* d‘F h 4% ‘(2 ‘vV/3 - 
eae ay a = os — 10de | 
dy* 3) h 2 , a ) 


Similar expressions may be written for values of n other than 2. 
From the expressions derived in the Appendix, one may write 
the following derivatives of w at z = 0 


y 


ort 
seo [a RES Cee ey 
dx*dy? y? y \ dy dy? y 





where 


pe wk cot 6 


y 2y 
BucK.iiInG CRITERION 


The differential equation for the buckling of any constant- 
thickness flat plate under axial load is the well-known biharmonic 


equation 

ow ow ow N, 0'w N, fw 

— + + — — + — 

ox* or*dy? oy* ._D Oz? D oy? 

N, and N, being assumed positive when causing compression. 
In the present instance, use of equilibrium considerations leads 

to, see Fig. 2 


= 0... [7] 
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Fie. 2 Expiopep View or PLate 


tan 6 


9 


3 , . l 
- rife (No Ee 


along the axis of collocation, i.e., the y-axis. 


Notice that there is 


no shear since this is an axis of symmetry. 


Substitution of Equations [6] into Equation [7] results in 


y\* dF ; a°F dF . l 
-2iy* —- — 4y + 6F 
p dy* dy? dy p? 
2 1 2 a ‘y\? F 
+N, ( z (" ——— == Wf, ( z + F =0....[9] 
p D \p dy? p D 
The following set of three simultaneous equations is obtained by 
substituting Equations [8] and Equations [4] to [6], one at a time, 


into Equation [9] and collecting like terms: 
At 


| Font) eS 
h 3 


( pi ) ‘ i] m 8 tan 0 (- 
k ak? V 3 
3 tan 0\| jl (7 . P 
_ yee & 1 
= \pa+ {3 [(P) + 
8 tan 0 ( 2p 3 tan 2) 
— =< — + —— a , 
rhe \vV/ 3 ad V 3 rk? 
‘ 1 Ps , 1 Ts 
—|r,N + — N:{—-—- =— 
E (SG P) 7m (2 =) 
p,*h? , 4 Ps 
— — N hadi at 
[n ‘4 z 8p 


kn2D “™ 


v. (2. re\| ae ig 
v Te'9\ 38 8p.) | ket 


48 p, tan 6 
eet » b.. 


Gs 


At 


(2: 2 2 648 tan? 6) 
- +1 _— > ay 
k m2k? | 
. § ( 3ps\* | , 8 48 tan? Al 
Le] ~ me f™ 
32p. l tan 6\ 
S tan 6 as fr V; ( ~~ ) 
mk? 2k? 2Ds 
; ( 1 tan 0 pth? 
+ ryNy a, 
2k* 2ps ) k*x*D 


9 tan 6 9 tan 6 | 
7 rN, > _ rT re Y — j 
2k? 2p: 2k? 2pr 


pa*h*® 


a, = 0 
ketp * 


and at 


8 tan 0 iSp; tan 0 
+ - - - - + — Ay 


wk? q V/ 3 rk? 


22h? 
\; ( , Ps p2°h aan 
3k? Sp2/ k*r*D 


“ here 


Pi = hi 


4 
a tan 6, + tan 6 


a= TT 


Ps = Tr: + 2 tan 0, p=r 2tan 0, and rz = m1 + 2 tan é 


Similar equations to Equations [10] to [12] may be written for 
valves of n other than 2. 
Equations [10] to [12] may be written in matrix form as 
(A + BB)ja = 0 
where 


B= A sh? 


mD 
if the buckling condition is based on N; and h. This form 
corresponds to a standard eigenvalue problem in which 8 may be 
found by determining the characteristic equation and subse- 
quently its lowest positive root or by any equivalent method. 
Notice that to be perfectly rigorous, both n and k should be 
varied in determining the lowest value of 8. 
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CALCULATIONS AND RESULTS Notice that two special cases included are the isosceles triangle 
As discernible from Equations [10] to [12] 8 isa function of the obtained when r, = 0 but @ = 0, and the rectangular plate ob- 

three basic parameters r;, 8, and Ni/N:. In order to allow enough tained when 9 = 0. : a - 
variation for a comprehensive coverage, the calculations are The results of the calculations are plotted in Figs. 3 ~ wd aa 
carried out for the following multiplicity of combinations of the  S€en, the buckling load is based on Ny and 6. The term 6 is used 
three parameters: r; = 1, 0.75, 0.5, 0.25, and 0, each for the instead of hin order to keep the values of 8 from becoming exces- 
sively large for small values of r;, and to obtain values of 8 which 


angles; @ = 0°, 15°, 30°, and 45°; and each for the loading con- 
ditions N,/N: = 0, 0.5, 1.0, and 2.0. are approximately equal for small values of 8. In Figs. 3 and 5, 
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the curves labeled 6 = 20°, 25°, 35°, and 40° are obtained by 
cross-plotting the curves in Figs. 4(a to d). Curves similar to 
Fig. 3 and Figs. 4(a tod) can be drawn for any ratio of N,/N:2 


0 by cross-plotting the curves in Figs. 5(a to d), accordingly. 
Accuracy oF RESULTS 


In the course of the calculations, it was found that in most cases 
omitting Equation [11] and setting a; = 0 had no perceptible 
effect upon 8. Therefore it is concluded that the function F(y) is 
sufficiently accurate. However, there is no simple way of testing 
the accuracy of the remaining part of w. In order to make such 
a test one would have to assume 


eae . kw zx ’ 
w = DL a,, sin (y,) cos ( - cot 0) 
2 1 

n k - ¥y 
or some other complicated set of functions, and collocate off the 
y-axis. Furthermore, more careful satisfaction of the boundary 
conditions would be in order. The amount of work would be quite 
excessive compared to the slight gain of accuracy. 
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In conclusion, it may be said that, from the nature of the shapes 


of the curves, it is believed that the present results are accurate 
enough for practical purposes although possibly not  nathe- 


matically accurate at all points. 
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Appendix 
DERIVATIVES OF cos [f(z, y)] = cos @ 
The following is a list of certain partial derivatives of the func- 
tion cos [f(z, y)] = cos @ 
oom e — f, sin ¢, ak Pe ¢ 
or Oxrdy 
= —f,, sin @é —f,f, cos 


0? cos @ .. — f,, sin @ — f,? cos @ 


Ox? 


d* cos d . 
; dry = (—f,., + J,f,) and 
(- “Saaly re 2f fey) cos } 
fel . 
"i — ¢ ss ( — Sass I sin Ci) —_ 3fsfes cos Co) 
ox? 
o* cos d : 
Odrtdy? = (fafey — Sesuyt 4S eSyfey + Sy%ex) sin 
+ SeVe* — > wo FT — a s 
— 2fyyzfe) cos p 
0* cos d 
Bre (—Saazs + Of.%f22) sin > 


+ (7, pe 4S Secs a. 3.2") cos % 
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Certain derivatives involving partials with respect to y may be 
obtained by replacing x by y in the foregoing equations. 
DERIVATIVEs of w 
Leibnitz’s rule for chain differentiation may be used to write 
the following derivatives of w = F(y) cos @ 


o* cos d 


Ow 
= F(y) 
af or* 


ow 
Or*dy? 


dz? 


cosh dw 
Ort? Ort 
o* cos d 2dF 0° cos @ 
Ortdy? dy  artdy 
~ @F 0? cos @ 
dy? Ox? 


= Fy) 


’ 


F(y) 


otw a’Pr 2dF d cos } 
ah aye OF ay ay 
O*w dF dcosd , 0? cos d 
drdy dy de drdy 
ow d‘F 4d*F 3 cos d 
—— = —— cos @ + —— ———_ 
dy* dy* dy* oy 

4dF 2* cos } 

dy by 


_ 0 cos @ 
F - 
oy? 


6d?F 0? cos @ 
dy? : oy? 
d* cos d 
ea 
In the present instance 
mk eot 0 x pr 
rim Si 


The only derivatives of f which do not vanish at z = 0, the axis 
of collocation, are 
oh 2p 


Pp p 
pA - v’ Sen = y and Sous - 


y* 


Furthermore, sin @ = 0 at z = 0. 
derived by direct substitution. 


Equations [6] can now be 


Bounpary ConpITIONs 


It is seen directly that the assumed function for w satisfies ex- 
actly deflection boundary conditions along all edges of the plate. 





KLEIN 


However, as regards moment boundary conditions, further con- 
siderations are necessary. In general, one may write the bending 
moment acting along the edge of a plate as 


ul O*w + 0*w D 
M = v 
on? ol? 
where n and ¢ are the normal and tangential directions at any 
point. 
If the boundary is a straight edge, then the second term 


vanishes (5). Therefore there is left to consider the value of the 


first term. In general 


O*w re) ( Ow re) ( Ow oy o ({ Ww) Or 
on? on =) a Oy \ On ) ‘on r or ( ~) on 
o*w dy \? O*w or (2! O*w (2 bd 
™ Oy? ( on ) +A drdy (=) =) 7 Oz? dn ) 


The last term is seen to be zero since 0°w/0r* vanishes on all 


edges. Also (O0y/0n)* can be factored to give 


or 


42 Ow , ( au.) 
~ Qedy oy on eats 


on 


O*w O*w ” 
: = = [17] 
on? oy? 


Consider now the sloping edges of the plate. For the upper 


edge (taken according to Fig. 1) 


(2) 


cos 6 
= —cot 6 


( dy iy sin 6 
on 
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Substitution of this result and the expressions for the two deriva- 
tive terms, calculated according to Equations [14] and [15], into 
Equation [17] yields 

ow x - 

“On? - [F(—Suy + 2f,, cot 6) 


dF kr 
+2 = (—Sf, +f, cot 0)} sin ( ) sin? 0 


where 


px 2pr 
+" and f,, = — 


y? 


_— 


Further simplification finally yields 


hs 
D y dy y al 2 


According to this result, the moment vanishes along the sloping 
edges wherever 

dF P 0 

— —_ — = 

dy i] 
To determine such a point, one draws a tangent line from the 
origin of co-ordinates to the deflection curve for z = 0. Notice 
that this point usually lies near the region of maximum deflection 

Lastly consider the moments along the parallel edges. 

the previous considerations, the result is 


Mt 2(2) (2) an (2) oot 
D y y y 


It is seen that the moment vanishes at z = 0 and remains fairly 


From 


small in that region. 





Creep Stresses and Deflections of Columns 


By T. H. LIN! 


A direct method (no iteration is involved) of calculating 
stresses and deflection of a pin-ended column with creep 
is shown. The relaxation moment in a particular time in- 
terval is treated as an additional initial curvature of the 
column. This method is applicable to stress-strain-time 
relationship obtained directly from test data without the 
necessity of making restrictive assumptions. An illustra- 
tive example is shown and the results are compared to 
those obtained by iteration method (10)? and test data. 
Stress distributions across different sections at different 
instants are shown. The stress distribution at mid-sec- 
tion deviates considerably from being linear as the creep 
deflection becomes large. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


area, constant 
constant 
= width of section 
Fourier constants 
= base of natural logarithm, total strain (compressive 
strain is taken to be positive) 
Young’s modulus of elasticity 
depth of section 
constant, curvature 
length of column 
bending moment 
thrust 
time 
distance along line joining hinged ends of column 
initial deflection 
deflection 
creep strain (compressive strain is taken as positive) 
= distance from neutral axis 
stress (compressive stress is taken as positive) 
denotes incremental value 


Subscript 0 denotes neutral axis of geometrical section. 


INTRODUCTION 


Recent increase in the use of structures under elevated tem- 
peratures has made the creep problem increasingly important. 
Rational design of columns with creep is aot only of theoretical 
interest but also of practical need. A number of studies have been 
made for columns with viscoelasticity in the past few years. For 
linearly viscoelastic columns, Rosenthal and Baer (1) in 1951 
showed the analysis of column deflection involving only transient 
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creep. Hilton (2) in 1951 showed the creep collapse of viscoelastic 
columns with initial curvature. Lin (3) in 1953 applied Laplace 
transformation to simplify the calculation of viscoelastic columns 
of rectangular cross section. 

It has been shown that the stress-strain-time relationship of 
aluminum alloy 75S-T and Nimonic alloy 75 under elevated tem- 
peratures at constant stress can be quite closely represented by 
mechanical models (3). Columns with small initial curvature 
have nearly constant stress before the deflection is excessive. 
Hence the viscoelastic column should give a first approximation 
to the actual column with small deflection. The use of linearly 
viscoelastic analysis for a metal column is closer to the actual 
case than for metal beams because the variation of stress across 
the section of a beam is far more than that in acolumn. However, 
the error involved in the assumption of linear viscoelasticity, in 
certain cases, may be considerable. The linear viscosity repre- 
sents only a special case of general inelastic behavior and does 
not reproduce closely the creep characteristics of real materials 
(4). 

In order to represent the nonlinear behavior of the actual ma- 
terials, Kempner (5) in 1954 showed the analysis of creep buck- 
ling of columns with nonlinear viscoelasticity. To reduce the 
complexity of the equations, Kempner analyzed the column with 
H-section and assumed that the original shape of the structure 
was maintained at all times. This assumption necessarily will in- 
troduce error, as the actual column deflection with initial sinu- 
soidal curvature may deviate from the sine curve. His analysis 
will be more lengthy for columns of rectangular sections 

Other simplified stress-strain-time relationships have been used 
in the study of creep in columns. In 1947 Marin (6) showed 
an analysis involving only the minimum rate of creep, neglecting 
the elastic strain and the transient creep. This analysis is onl) 
valid where the transient creep and elastic strain are negligible 

Libove, in 1952 and 1953, showed the analyses of columns of H- 
section (7) and columns of rectangular sections (8) with initial 
curvature. The stress-strain-time relationship of the material 
was represented by the equation (9) 


e = o@/E + Ae®*t* 


Shanley’s engineering hypothesis of creep (10) was assumed. This 
hypothesis assumes mainly that the strain rate under constant 
stress is a function only of the stress and the strain and not of the 
path of attaining this stress and strain. Libove used the simplify- 
ing assumption that the deflected shape remains at all times 
sinusoidal. This introduces error, as the equilibrium condition is 
not satisfied at all sections of the column. 

Higgins (11) showed a more realistic approach by analyzing the 
creep deflection of columns with iteration method. He used the 
same stress-strain-time relationship and Shanley’s engineering 
hypothesis as Libove. Higgins’ analysis satisfies the equilibrium 
and compatibility conditions at all sections. Although the par- 
ticular stress-strain-time relationship used does not involve the 
recovery effect (12) of the material, yet the iteration method 
given can be applied to other stress-strain-time relationships 
The iteration method to satisfy the equilibrium conditions and 
the stress-strain-time relationships is necessarily lengthy. An 
IBM card-program calculator with a floating decimal setup was 
used 


The foregoing shows briefly previous work done in this field 
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The present paper gives a direct method of calculating the 
stresses and deflections with the equilibrium and compatibility 


conditions satisfied at all sections. 
MATHEMATICAL ANALYSIS 


The uniaxial strain rate under uniaxial stress at elevated tem- 
perature is a function of the stress, time, and total creep strain, 
and the history of loading. After following a stress-time curve, 
the material, at some condition of stress and strain, will have a 
strain rate under constant stress. If the material is given an in- 
stantaneous change in stress Ac, the instantaneous strain incre- 
ment Ae will be Aa/E, where E is the elastic modulus of the ma- 
terial at the particular temperature (13). For the following analy- 
sis, the smooth stress-time curve of different fibers of the column 
is represented by infinitesimal steps. Each step consists of a 
constant stress period of time dt followed by an instantaneous in- 


crement of stress da, Fig. 1 (7 








time 


APPROXIMATION OF A SMooTH Stress History By a Serres 
or INFINITESIMAL STEPS 


Fie. 1 


With the rate of strain under constant stress denoted by ¢ 


1 a+2 [1] 
de = ait + 
+ E 


co=E € 
Ao = E( Ae Ae) [2] 


Instead of considering the equilibrium conditions for the total 
load and total moment at each section, the equilibrium conditions 
are considered 


Ae)dA (3) 
Ae)ndA [4] 


for the incremental load and moment 
AP = fAodA = ESA 
AM = fAondA = ES(de 


With the condition that plane before loading remains plane during 
loading 
e=e@+ Ky 


Ae = Ae, + AKn 


For column under constant load P 


= 0 


-Ae)dA = f'(Aeo + nAK — Ac)dA 
AeA + AKfndA = f AedA 
Let 7 be zero at the geometrical neutral axis of the section 
S nda 
AeA = {AeA [7] 


S (he 


ww Gix.:. (6) 
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AM = ES {(Aeo + nAK) ES AendA [8 


M = 


AelndA = EIAK 
P\ ka v9) 
aM = —PAy 10 


The curvature is assumed to be small 


d*Ay 
dr? 


AK = 


From Equations [8], [10], and [11 


d*Ay 
PAy = EI 
dx? 


ES AendA 12 
where the term on the left-hand side is the external moment in- 
crement, and the terms on the right-hand side are the incremental 
moment due to incremental curvature and the relaxation moment 
due to creep in a given-time interval At 

d*Ay P 


Ay = S Aenda [13 
a ee ee seg 


Ae varies from one section to another. Hence the right-hand 


term is a function of z. Rewriting Equation [13] 


d*Ay P P E 
rs Ay = | P F deni | 14 


dr? El” EI 


This equation is analogous to the equation for elastic columns 


with initial curvature (14, 15) and can be readily solved. For 


elastic columns 
dty P P 


t —- ; ue 
dz* El El 
where yo is the initial curvature 
Comparing Equation [14] with Equation [15], the bracket term 
is equivalent to initial deflection in elastic columns. 


Let 
Bis 
| D JS Aend ( 


be represented by Fourier series 


n7wr 


Aa, sin F 


nz 


Ay = DAb, sin 


It has been shown in [14] that 


Ab, 


where 
north] . 
Pas 18 
L? 
is obtained. From 


[17], {18}, and [11], AK 
(5) Ae at different parts in the column can be 


From Equations 
Equations [7] and 
calculated. 

In the calculation of deflection-time curve of the column, the 
initial stress distributions at different sections are calculated as 
for elastic columns with initial curvature (15). From the streas- 
strain-time relationship of the material at the particular tem- 
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perature, Ae’s for the first time interval are calculated at different 
points on different sections. The more points and sections used, 
the more accurate will be the results. Suitable numbers of points 
and sections can be chosen for the desirable degree of accuracy. 
Then fAedA and / AendA for different sections are obtained 
by graphical integration. The Fourier coefficients Aa, of 


[Fran 


versus z-curve are calculated by harmonic analysis. Then Ab, 
and Ay are obtained by Equations [17] and [18]. AK’s are found 
by Equation [11] and Ae’s at different points are calculated by 
Equations [5] and [7]. 

The total strain minus the creep strain gives the elastic strain 
and hence the stress at the particular point. With the stress and 
the history of the stress-strain-time path known, the incremental 
creep strain Ae for the next time interval can be obtained either 
empirically by stressing the material following the same stress- 
time history, or by using some stress-strain-time relationship. 
With Ae known, the process is repeated. By repeating the same 
process for successive time intervals the stress distribution and de- 
flections of the column at different sections at different instants 
can be calculated. 

The detailed procedure is shown in an illustrative example in 
the Appendix. The result is shown in Fig. 2 and seems to check 
well with Higgins’ iteration method. The stress distributions at 
the center section at different instants are shown in Fig. 3; it is 
seen that the distribution deviates considerably from being linear 
as the deflection grows. This method is much shorter and no 
iteration isinvolved. With the deflection-time curve of the column 
known, the life of the column can be determined. 
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Appendix 


A column with the same material and dimensions as calculated 
by Higgins (11) is analyzed in order to compare the results with 
those obtained by Higgins. The column is made of aluminum 
alloy 75S-T6 at 600 F with the following dimensions 

Column length, Z = 8 in. (pin ended) 

Depth, a = '/, in. 

Width, b = 4/, in. 

Initial curvature is taken as single sine curve with an amplitude 
of 0.002 in. 


vo = 0.002 sin = 


4 


wEI 
L? 
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1 
I == bat 
5 


E = 5.2 X 10* psi at 600 F (10) 


mx 52x 10x 2 
j 12 \4 , 
— = 4170 psi 





Pe 
Fe = lc 
bh 8? 
The compressive stress on the column f, = 2500 psi. 
This initial deflection is magnified (14, 15) under load at zero 
time to 
0.002 
' 2500 
4170 


P P ) > 
(Pun Pl, 
A I A 


bh = = 0.005 in. 
f = 
where p is radius of gyration 


1 /1\? 1 
pt = “ = 
12 \4 192 


The same stress-strain-time relationship and Shanley’s engi- 
neering hypothesis as that used by Higgins and Libove is used 


—— 360 min. 
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here. Taking a time interval of '/, hr, with constant stress 
within this interval, the creep strain Ae at » = 0, +h/4, and 
+h/2 on three sections z = L/6, L/3, and L/2 are calculated; 
then /AedA and fAendA were obtained. Obviously, these 
integrals can be more accurately determined by calculating more 


points on the section. Then 


| = JF dens | 
P 


for these sections were found. Using three terms in Fourier 
series, from Equations [16] and [18], Aa, Aag, and Aa,, and hence 
Ab, to Ab; were calculated. Then AK and Ae are found at three 
From Ae and Ae, the stress increments at these sections 
With the stresses at the sections known, 
These calculations are summarized in 


sections. 
were readily calculated. 
the process is repeated. 
Table 1 and plotted in Figs. 2 and 3. 

The discrepancy between the calculated and test results, Fig. 
2, is mainly caused by (a) the error involved in the stress-strain- 
time relationship of the material owing to some range of scatter of 
test data (9); (b) the error in the determination of the amplitude 
of the first harmonic of the initial curvature of the column, and 
(c) the error in evaluating the first harmonic of the relaxation 
moments at different time intervals. Owing to the unavoidable 
imperfection of the material, the geometrical shape of the column 
does not give the total effective initial curvature, which deter- 
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mines the deflection-time relation of the column. 
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This effective 


initial curvature in terms of different harmonics can be obtained 


from load-deflection tests as given by Southwell (14). 


This will 
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reduce the second error. 


JUNE, 1956 


The third error can be easily reduced by 


either including more terms in the sine series or by using a har- 


monic analyzer. 


TABLE 


= (1.1) 
.2)Ze X 10° 
3)Ae X 108 
4) deo X 10° 


d nied A 
2.6) Se X 10° 
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(3.¢= 2) + (2.8) 
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A Theory of the Yield Point and the 
Transition Temperature of Mild Steel 


By F. FORSCHER,' PITTSBURGH, PA. 


Experimental results indicate the dependence of the 
yield-point phenomenon of mild steel on temperature, 
strain rate, duration of stress, and stress state. This paper 
proposes a yield criterion which can account for these 
variables. The theory is developed on the basis of a 
“structural” model, by which the behavior of microscopic 
and submicroscopic elements is idealized. The theory pos- 
tulates as yield criterion a critical number of relaxation 
centers (active Frank-Read sources) or, equivalently, a 
critical size of relaxation centers. The transition-tempera- 
ture phenomenon is considered to be the result of an in- 
hibition of yielding (upper yield point) by means of ge- 
ometry, temperature and/or strain rate. A relation is given 
which expresses its dependence on the state of stress and 
strain rate. 


INTRODUCTION 
XPERIMENTAL evidence indicates that the yield point 
in mild steel is not only a function of stress but also a 
function of time and temperature. This paper proposes 
a new criterion for yielding of polycrystalline mild steel based on a 
The theory could be classified 
theory 


mechanism of local breakdown. 
as structural, rating somewhere between the ‘‘atomistic’ 
of dislocations and the ‘‘macroscopic” theory of the homogeneous, 
elastic, or plastic body. Structural theories have the advantage 
that they are able to deal with the external variables (stress, du- 
ration of stress, and temperature) and the metallurgical variables 
(grain size, structure, and composition) in a manner that is a better 
approximation to reality than either atomistic theories or macro- 
scopic theories; their disadvantage is a loss of generality since they 


’ 


apply to only those materials whose structural behavior they ap- 
proximate. The major difficulty resides in the setting up of the 
structural model that can be considered to represent the real ma- 
terial and also lends itself to mathematical representation and ma- 
nipulations. To this end the real conditions must be idealized by 
eliminating the less important and retaining the pertinent features 
of the physical process. The object of the following development 
of the theory is thus twofold: (a) The idealized mechanism of 
yielding should be in agreement with the present knowledge of 
the yield process, both from the atomistic and the phenomeno- 
logical point of view; (b) the mathematical conclusions should be 
in agreement with test results. In particular it is desired to 
account for the temperature and strain-rate dependence of the 
yield phenomenon, the yield delay time, the triaxiality effect, 
and their mutual interactions. It is also intended to show that 
a necessary but not sufficient condition for the occurrence of the 
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“transition-temperature phenomenon” is the inhibition of the 
upper yield point by means of temperature, strain rate, and/or 


geometry. 


Tue Srrucrurat Mope. anv Its Maruematicat 
REPRESENTATION 
We assume that in a polycrystalline material under external 
load the total internal resistance equals the external load, as de 
manded by the equilibrium condition, but that the individual 
When some 


grains are not subject to a homogeneous stress 


subgrains reach the limit of their resistance to slip (a), they are 
no longer able to carry their share of the total load, causing a re- 
distribution of internal resistance (local stress) (1, 2, 3, 4).? 
Localized yielding as well as the resulting redistribution of stress 
is not only dependent on external load but also on time and tem- 
perature (see Appendix). The work-hardening capacity of the 
yielding subgrains will determine how much of their share of 
the total load is shifted to neighboring subgrains. A material 
of high work-hardening capacity will effect a gradual redistribu- 
tion of stress, tending toward an equalization of internal resistance 
across all subgrains. A material of low work-hardening capacity, 
on the other hand, will cause relatively large local increases in 
stress in the neighborhood of the slipped subgrain. Thus this 
type of material will make the internal stress distribution in- 
creasingly heterogeneous (4,8). An increase in external load will 
cause further and faster yielding in localized regions along a sur 
Eventually, yielding will be 
Mild steel 


face of maximum shear stress. 
catastrophic along surfaces of maximum shear stress 
is considered to be typical of this type of material 
The proposed theory attempts a mathematical formulation of 
the foregoing process, taking into account the time and tempera- 
This 


is accomplished by the introduction of the concept of relaxation 


ture dependence of the redistribution of internal resistance 


centers. 

A relaxation center is thought to be a submicroscopically small, 
approximately lens-shaped region of matter in which a high de- 
gree of disorder has been introduced into the lattice. The de- 
formation of the material is assumed to be highly time and tem- 
perature sensitive and is therefore designated as quasiviscous 
(2). The boundary with the elastic (ordered) lattice is a fuzzy 


undefinable surface. This and its assumed very small! size make 


? Numbers in parentheses refer to the Bibliography at the end of the 


paper. 

*The postulation of quasiviscous relaxation centers within the 
matrix of elastic material constitutes a ‘“‘two-component system.”’ 
Zener (2) in a detailed discussion of such systems states that the co- 
existence of both types of regions is necessary in order to interpret 
the observed mechanical behavior of metals. One remarkable feature 
of the two-component system is the large magnitude of the anelastic 
effects which may be produced by an almost negligible amount of 
quasiviscous material (i.e., the region affected by an active Frank-Read 
source). Another remarkable feature of the two-component system 
is the building up of higher stresses within the elastic matrix as the 
stress relaxes within the viscous region. This localization of stress 
may lead to slip nucleation and/or to fracture nucleation. Still an- 
other feature of the two-component system is the variety of types of 
relaxation spectra (2) it may have. However, with the assumption of 
identical relaxation centers and the relaxation time given by the 
Arrhenius equation, the relaxation spectrum degenerates to a single 
line. 
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it apparent that the macroscopic concept of stress concentration 
is not applicable to the state of stress at its boundary. For the 
purpose of this analysis relaxation centers may be considered as 
active Frank-Read sources (5). The latter point of view con- 
stitutes a link to the atomistic theories (6, 7). 

The local low work-hardening capacity is exaggerated by the 
assumption that a formed relaxation center carries no stress at all. 
The subsequent strengthening of relaxation centers by diffusing 
atoms is neglected. This assumption is in contradiction to the 
known effect of aging on the yield phenomenon. It follows that 
the developed equations will only apply to loading times and 
temperatures for which the effect of aging can be neglected.‘ 

The average time that is needed for the development of a re- 
laxation center and thus for the stress to shift from the relaxing 
material to the neighboring elastic material is here defined by an 
Arrhenius-type equation of relaxation time 


The assumption of a single temperature-dependent relaxation 
time implies that all relaxation centers are of equal size (X?). 

The planes of relaxation centers lie in the planes of the shear- 
stress components; the number of relaxation centers per square 
inch in a given plane will be a function of the magnitude of the 
shear-stress component in this plane. Thus the development of 
relaxation centers can be described mathematically (see Appen- 
dix) by a tensor-point function n,; similar to the stress deviator 
o;; The dimensions of each component of the relaxation-center 
tensor are “number of relaxation centers per unit cross-sectional 
area.” 

A mathematically simpler model can be formulated if we con- 
sider that only the second invariant of the deviatory stress (a 
scalar-point function) is responsible for the formation of relaxa- 
tion centers. Therefore an “effective stress” o is defined as the 
square root of a second invariant by the well-known relation of 
the principal stresses 


o= {1 2[(o, — a2)? + (a2 — a3)? + (03 — o;)?]} 7. . [2] 


The corresponding scalar-point function of the relaxation-center 
density tensor is defined by n, number of relaxation centers per 
unit volume.’ The density of relaxation centers per unit volume 
now varies with the effective stress, time, and temperature and 
Equations [9a] and [10a] of the Appendix become 


1 
dn = anda + — e*7—oat 
T 


oni. 
T 


» ga(o—or) 


where a and oy are material constants. It appears from Equation 
(4] that, in order to evaluate the point function n, a given stress- 
time relationship must be substituted. As a first approximation 
to the early portion of the stress-strain curve, the stress is a linear 
function of time. Thus 


o = Ete.. 

‘ For slower loading and higher temperatures the predictions of the 
theory must be modified to allow for the aging effects; keeping this in 
mind it is possible to predict in which manner experimental results 
under such conditions should differ from the predictions of the 
theory. 

§ The reformulation of n in terms of a scalar variable implies iso- 
tropic susceptibility to development of relaxation centers. 
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where € is a constant strain rate and E is Young’s modulus. This 
relation is substituted into Equation [4] to give 


cae 


Any other experimentally conditioned stress-time relationship 
can be handled similarly. 


CRITERION FOR YIELDING 


It is postulated that a critical density of relaxation centers; 
namely, n,, is the limit of the internal stability of the material; 
that is, yielding sets in suddenly in the region where n, has been 
reached. If we consider that relaxation centers form not ran- 
domly within a unit volume but adjacent to each other, then the 
yield condition n = n, implies the existence of a critical size in- 
stead of a critical density of relaxation centers. The two inter- 
pretations of the proposed yield condition are mathematically 
equivalent. The choice of interpreting n as a measure of density 
or as measure of size is left to the preference of the reader. 
Throughout most of the paper the viewpoint is adopted that n is 
a measure of relaxation-center density, because of its applicability 
to the mathematical concept of a point function. 

The yield condition n = n, thus becomes a parameter charac- 
teristic of the grain size and/or the metallurgical structure. It 
might be assumed that the “mean ferrite path’’ (8) is related to 
n,; however, more experimental data are needed to establish such 
a relationship. /¢ ts also interesting to note that the proposed yield 
criterion is not a condition limiting the stress to a fired value, but 
that an internal (structural) condition, that develops mainly during 
the stress application, determines the instant of yielding. 

From Equation [4] we find 
ny = —* etleu—o) nee 
where a, is the effective yield stress, Equation [2]. The effect of 
triaxiality of stress on yielding is contained in Equation [7] 
through ¢,. 

Since every relaxation center introduces a small but finite 
amount of anelastic deformation (2) it appears that the yield con- 
dition n = n, also implies a limiting amount of anelastic strain. 
Experimental evidence to this effect is reported in the literature 
(9). 

For the special case of a simple tension test of constant stress 
rate Equation [7] becomes 

7, — % 


n=; 


” lia OS 
€Er 


If we let 


we can write the yield condition for the special case of constant 
stress rate as 
aéErn, = Xe* 


The relationship of Equation [10] between stress, temperature, 
and strain rate is graphically solved for X in Fig. 1. 

An estimate of the numerical value of n, can be gained by the 
following simplified argument: If n is the number of relaxation 
centers per unit volume, then 1/n is the average elastic volume 
that surrounds each relaxation center. As n increases the elastic 
volume decreases. If we assume that this elastic volume asso- 
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ciated with each relaxation center has a physically fixed lower limit 
of the size of a block or subgrain (0.54 to 5u), we find for n, be- 
tween 10" to 10'* relaxation centers per cubic centimeter. 


Srress-GraDIENT Errect 


The yield condition (n = n,) includes the physical condition 
that a finite region of material is involved. Experiments leading 
to this conclusion are reported in the literature (10, 11, 12). 
Mathematically, we must postulate that a scalar-point function 
n reaches a critical value, but actually it implies a region in 
which n, can be physically accommodated. This is particularly 
apparent when we consider n, as a measure of size instead of a 
measure of density. 

The steeper the stress gradient at the edge of a notch, the more 
difficult is the formation of n, relaxation centers within the small 
stress region. Under this condition, the maximum stress at the 
root of the notch will have exceeded the yield stress for the case of 
simple tension. The excess will be larger the steeper the stress 
gradient and the faster the stress application. This effect is in- 
dependent of the effect of triaxiality which also raises the yield- 
point stress in accordance with Equations [2] and [7]. 

} (x)= ny te 
| 


increasing € 





decreasing T 
increasing T 
increasing Ny 
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x= a(oy-o,) 


Fic. 1 


TEMPERATURE AND STRAIN-RaTE EFrects 


Strain rate € entered into the theoretical consideration through 
the special case of a linear stress-time relation, Equation [5]. In 
a general case (i.e., a notch) an effective stress-time relation would 
have to be found and substituted into Equation [4]. 

We shall restrict ourselves to the simple tensile test under con- 
stant strain rate assuming validity of Equation [5], in which case 
Equation [10] applies. 

The temperature effect on the yield point is found from 0X /OT 
at € = const. Noting that r = te9/"7 we find ‘ 

Qe ew ia x 
RT Xe* = aT ° (1 + X) 


o(In X) Q 1 


1 R1+X 
a{— 
(7) 


The strain-rate effect on the yield point is found from 0X /0é at 
T = const. We find 


ax 1 


. {13 
Oe | 


1 
€ 


1+X 
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ox X 


O(In €) m 1+X 


which approaches unity as X increases. 

Equation [14] shows good agreement with experimental results 
reported by G. I. Taylor (14). The equivalence of strain rate and 
temperature can be shown if 


Thus, when the change in vield stress due to an increase in strain 


rate de equals the change in ~-ield stress due to a temperature drop 


dT 
l X Q 
dé = - 
€e1+X RT? 1 


Integration between proper limits leads 
a ae é 
7, {1 T: ln — 
Q & 


€: > €; 


where 
T;> 7; 


This relation is identical with the velocity modified temperature 
proposed by MacGregor and Fisher (15). 


increasing x 
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Yretp-DELAY PHENOMENON 


Kramer (16) has reported the slip-delay phenomenon found 
earlier by Gensamer (17), in a number of body-centered cubic 
single crystals. Clark and Wood (9, 13, 18, 19) and others (20 
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have investigated the yield-delay phenomenon in polycrystalline 
mild steel. The results are schematically shown in Fig. 2. The 
delay time is here defined at 1, = ¢ — t, and nearly corresponds 
to the horizontal portion of the strain-time diagram, Fig. 3. From 
Equation [7] we can write 


nye 2(¢u~ 0) p4g0/RT =i lo = ty {17] 
Therefore 


do, ot ack Wo 


d(in t,) he 
The yield-delay experiment establishes the material constant a as 
the slope of the (In ¢,) versus (0, — 0») plot. 

If the stress is rapidly brought up to a level slightly above the 
elastic limit, relaxation centers will be activated at a slow rate and 
the yield process is only slowly getting under way. At these stress 
levels we expect the delay time to show large scatter (18). 


Britt_e FRAcTURE 


The problem of “brittle” fracture in usually ductile mild-steel 
specimens and structures has met with considerable interest dur- 
ing the past two decades (3, 24, 25, 26, 27). It was exactly this 
problem which gave the impetus to the present paper on the yield 
phenomenon in mild steel, based on the hypothesis that the 
heterogeneous yield and the transition-temperature phenomenon 
have a common origin (27). Ferritic steel is not unique with re- 
spect to the transition-temperature phenomenon; other metals, 
notably of body-centered cubic structure (tungsten, molybdenum, 
vanadium) behave in a similar manner (22, 23).* 

If a material, like steel, shows a highly temperature and rate- 
sensitive yield behavior it is reasonable to expect that an ex- 
ternally imposed deformation rate could exceed an inherently 
possible rate of propagation of plastic deformation. Such external 
conditions would lead to brittle fracture. It is expected that some 
plastic deformation develops, macroscopically at the root of a 
notch or microscopically in relaxation centers, but that for the 
enforced external conditions, the plastic response is not fast 
enough, so that fracture takes place in a brittle manner, i.e., 
without appreciable plastic deformation. 

Localization of deformation is a basic feature of the concept of 
relaxation centers and is also believed to be at the root of the 
transition-temperature phenomenon (8). The development of 
fracture nuclei, as a consequence of such minute plastic deforma- 
tion, may lead to a “micromechanism of fracture” (21, 28). 

The theoretical formulation of “brittle fracture” is based on the 
condition that yielding is delayed long enough for a critical num- 
ber (or critical size), m,, fracture nuclei to be formed; where m, 
analogous to n, is assumed to be a scalar-point function of di- 
mension, “number of fracture nuclei per unit volume.” The 
quantity m, will be strongly dependent on the distribution and 
shape of a hard phase in the matrix. 

The increase in fracture-nuclei density per unit volume may be 
written analogus to Equation [3] as 


. [19] 


dm = bmdp + 1 esndt.... 
T 


where p = '/3s(o; + o2 + a3) fort > ty . [20] 


and b is a material constant. 


herd. 


Hence n= Ps e 


ifm =Oatt =t 


* References added in proof of this statement. 
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These equations assume that the rate of formation of fracture 
nuclei is governed by the rate of relaxation of shear stress which in 
turn is controlled by the relaxation time r. In fact, this implies 
that fracture and flow (yield) should show the same activation 
energy which is in agreement with results and conclusions re- 
ported in the literature (24, 25, 29). 

It follows from these equations that the brittle fracture here 
discussed will always be associated with some plastic deformation. 
But it should be pointed out that ideal brittle fracture can occur 
when a nominal fracture stress (o,) is reached before the elastic 
limit (¢9) (30, 31). This condition is not considered in this paper. 

If yielding does not interfere, brittle fracture under constant 
stress would have a delay time of the type shown in a stress-rup- 
ture experiment. Here it has to be remembered that the aging 
effect can only be neglected for short delay times. The time 
needed to develop the critical number of fracture nuclei my, is 
given by 


ty; — to = myte~?... [22] 


Similarly, the time needed to develop n, relaxation centers is 
given by 


t 


= -h = are Ohta = Mer 


The shorter phenomenon will govern. For constant stress rate 


we also have 
Py — Po es 
m; = f — ep [23 


pr 


where p,; is the volumetric stress p at fracture. In general p = 
C,o where C, is a measure of triaxiality which can assume values 
from zero to infinity (32, 33). 

If the state of stress of an element in the material is known we 
could graphically superimpose Equation [23] on Fig. 1 and de- 
termine whether yielding or fracture will occur in a constant 
stress-rate test 


C. , ; 
m, = const —— Xe* [24 
Tp 
where X = a(o — ay) as previously defined. 

If the variation of fracture stress with temperature is known it 
could be introduced into Equation [23] and the relationship of 
temperature versus strain rate to reach fracture be derived. A 
common assumption is a constant fracture stress 


b : 
(! CX = const) 
a 


In this case Equation [24] becomes 


m, = const ete —O/R7 


; Q 1 er 
In p = const RT [26] 
Equation [26] is represented in Fig. 4. The sloping line is 
separating ductile yield (lower left region) from brittle fracture 
(upper right region) and thus represents “ductility transition 
temperature” (34, 35) as a function of stress rate. The line would 
degenerate into a band if the relaxation time 7 is not unique, re- 
spectively, if the relaxation centers are not identical in size. Such 
a relation has been reported (24, 32); furthermore, MacGregor 
and Grossman (33) report the triaxiality effect as a shifting of this 
line. 
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The physical mechanism sets an upper and lower limit to this 
relationship, which is indicated with a dashed line in Fig. 4. At 
the high-temperature side (upper left end of the line) the equation 
becomes invalid because of the disappearance of the elastic limit 
and the speed of the aging phenomenon. The dashed line indi- 
cates that above a certain temperature brittle fracture will not 
occur regardless of how high the stress rate. At the low-tempera- 
ture side (lower right end of the line) the equation becomes in- 
valid because the fracture stress is reached before the elastic limit 
has been reached. It also indicates that below a certain tem- 
perature brittle fracture will occur regardless of how slow the ma- 


terial is stressed. 
SUMMARY AND CONCLUSIONS 


We may consider a real polycrystalline metal to consist mainly 
of regions of ordered crystalline material separated by dis- 
ordered, quasiviscous regions. The relative proportion of these 
regions and their distribution and shape will greatly effect the 
mechanical behavior of this “two-component material.’’ Their 
shape, location, proportion, and relative strength, in turn, is 
affected in a complicated way by chemical composition, tempera- 
ture, heat-treatment, aging, precipitation, recrystallization (ther- 
mal and chemical energy), and by elastic and plastic deformation 
and the state of stress (mechanical energy ). 

In this paper we have focused our attention on one type of these 
quasiviscous regions, called “relaxation centers’? (which also 
may be considered active Frank-Read sources), and have idealized 
their properties by assuming equal size and a certain time-and- 


temperature-dependent response to stress, but neglecting aging as 


well as history effects upon their properties. The proposed re- 
laxation centers are assumed not to exist in the unstressed ma- 
terial but to be generated by the application of stress. The rate 
of their formation is roughly proportional to their number present 
as a consequence of the decrease of the available area over which 
the applied shear stress can be exerted. This mechanism is ap- 
plied to the interpretation of the heterogeneous yield phenomenon 
in mild steel, and the yield criterion is expressed as the presence of 
a critical number (n,) of relaxation centers per unit volume. The 
time, stress, and temperature dependence of the relaxation-center 


density per unit volume is given by 


PE es a\e— @o) 
= € 
T 


n 


where r = 7r¢0/RT 


and a, do, T, n, are material constants. A known stress-time re- 
lationship (for a single-stroke experiment) will eliminate either 
time or stress from this equation. The foregoing expression does 
not distinguish between increasing number of relaxation centers 
or the growing of one (larger) region of relaxed material. From 
the latter point of view the yield criterion n = n, implies a critical 
size of the relaxation center. 


THEORY OF YIELD POINT AND TRANSITION TEMPERATURE OF 


MILD STEEL 


The paper presents a theoretical derivation and correlation of 
the strain-rate effect, temperature effect, the yield-delay phe- 
nomenon, the triaxiality, and their interaction on the yield point 
Volume-constant relaxation centers, generated during the loading 
in tension, are subject to an additional tensile stress, exerted by 
the surrounding dilating matrix, and are thought to give rise to 
fracture nuclei Relaxation centers are thus qualitatively re 


lated to the generation of fracture nuclei. By analogy a critical 
fracture 


This 


leads to a new interpretation of the transition-temperature phe- 


fracture-nuclei density, or equivalently, a critical 


nuclei size, is assumed to be the criterion of brittle fracture 


nomenon—its stress-state and strain-rate dependence. The 
theory also predicts a fracture-delay time similar to the vield-de- 


lay time 
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Appendix 


It is assumed that relaxation centers of constant magnitude \? 
form in planes on which the shear-stress component has increased 
beyond the threshold stress a. The density of relaxation centers 
per unit area in such planes n,; will increase with increasing 
stress, time, and temperature. Thus 


6; = S(O x55 t T) 


M , a 
dn;; = cmt do;; + one dt + or ee 
ij 


Explicit expressions for the partial derivatives are now de- 


. [27] 


veloped. 

Let n, be the total possible number of relaxation centers per unit 
area; i.e., A°n, = 1. After formation of n,; relaxation centers per 
unit area, the actual stress-carrying area is reduced, and the ac- 
tual shear stress (0, = local shear stress) is increased over the 
nominal shear stress. Their relationship is expressed by 


o 


o, = ———*—. 
4 A*%(n, — n;;) 
where n;;<_n,, and hence 

A%(n,-—n;;) = 1... 


The local shear-stress increment do, is the differential 
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Oc, ra) da 


, wee 
“rma do;; a — dn,; = 
00;; Ms; 


2 


An, — n;,) 


%) 


do, = 


o 
‘t dn 


+ ; ‘ij 
An, — n,,)* 


[30] 


Another relationship between the three variables of Equation 
[28], independent of the foregoing, is 


do, = do;; + const dn,, se 


In other words, the local shear-stress increment equals the 
nominal shear-stress increment plus that portion of the nominal 
stress which is shifted to the local stress by relaxation of dn,, re- 
laxation centers. 
Rewriting Equation [31] 
dn;; = const d(o, — a;;) 
Substituting the expression for the local shear-stress leads to 


1 1 


—_——_—_———- — - } = const n,de;,,.. [32] 
An, — n,;) x) eu. 


dn;; = const do,; ( 


The first of the partial derivatives of Equation [27] is therefore 


On; ; 
~ = const n;; 
00;; 
The time dependence of n,; is assumed to be an adaptation of 
the hyperbolic sine law 


On, ; 


= =const Vye~2/8T sinh [const (05; — )] 
A 3 ae 

= — sinh [const (¢;; — 0»)] [33 
T 


Since only isothermal processes are considered here, the third 
term in Equation [27] becomes identically equal to zero 
The total differential of n;; becomes now 
dn,;; = const n,da,; + sinh [const (0;; — o»)]dt. . [34 
Equation [34] can be modified by neglecting e~ ‘¢‘/- ™ in com- 
parison to e("i-™, This leads to 


econst (eij—oo) ay 


dn;; = const n,do,;; + 


‘ij 
For Equation [27] to be an exact differential the two constants in 
Equation [35] must be identical. Hence 
ny; = — e*(*4i-) + const 
T 

This implies that in the mathematical idealization of the process 
the point function n,; is assumed to be independent of the sequence 
of events but not of the timing of the sequence. For any 
sequence of stress going from a to a, and corresponding time 
lasting from & to t, there is a relaxation-center density associated 
with it which may be calculated according to Equation [36]. 
The constant in this equation is dependent on the history of the 
specimens before time & and will be assumed to be zero. 

With any density n,; is associated a unique quantity of dissi- 
pated energy Wp. This follows from the definition of the relaxa- 
tion-center properties. These regions are assumed to be the only 
ones that dissipate energy and hence a unique number of such 
regions dissipates a corresponding amount of energy. 





Comparison of Slip-Line Solutions 
With Experiment 


By E. G. THOMSEN,? BERKELEY, CALIF. 


Plane-strain and axially symmetric approximate solu- 
tions for a perfect plastic are compared with experimental 
results obtained from the extrusion of a billet of commer- 
cially pure aluminum. The extrusion process was carried 
out at room temperature under essentially negligible ex- 
ternal wall friction with a reduction of area of 87.8 per cent. 
It is found that the plane-strain solution is in good agree- 
ment with the experimental! results, if a constant k = 
#/2 = 20,000 psi (maximum shear stress for Tresca’s 
criterion) is substituted in the plane-strain solution. The 
flow stress (¢ = 40,000 psi) was determined from a property 
test for the aluminum billet, at a strain equivalent to the 
uniform deformation in the extrusion (i.e., same area re- 
duction without shear deformation). It is found that the 
Haar and von Karman yield condition is not valid for the 
present case, and further that the axially symmetric solu- 
tion demonstrates no real advantage over the simpler 
plane-strain solution in predicting the stress distribution 
in an axially symmetric extrusion problem. 


INTRODUCTION 
HE successful prediction of forming loads and stress and 
strain distribution involved in the forming of metal objects 
is of scientific as well as of technological interest. While a 
significant amount of theoretical work has been done in obtaining 
solutions for specific forming operations, surprisingly little has 
been reported in the literature of experimental verification of 
these solutions. Hence potentially valuable information has re- 
mained largely in the realm of theoretical speculation and only 
rarely has been considered by the production engineer as an 
alternative to costly trial-and-error methods. As the size of 
forming equipment grows and new metals and alloys are being 
used in forming problems (as witnessed by the new U. S. heavy- 
press program and the cold forming of steel), the need for ac- 
curate prediction becomes more and more urgent as an element 
in the reduction of development costs. It would seem, therefore, 
to be of paramount practical importance that the existing 
theories on plastic flow of metals be verified experimentally, in 
order that it can be determined which of them is useful and 
which should remain as merely interesting mathematical exer- 
cises. 
Progress has been made recently in devising an experimental 
method for studying plastic flow of a metal in certain steady-state 
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forming operations (1).2 This method is called visioplasticity and 
consists of determining particle-velocity vectors during steady- 
state motion by stepwise deformation processes in an actual 
forming operation. The method was applied to the extrusion of 
axially symmetric shapes, i.e., solid bars and tubes of lead (2, 3, 
4) and, more recently, to the extrusion of commercially pure 
aluminum bars (5). For these cases, when the metals were sub- 
jected to essentially frictionless extrusion processes, it was possible 
to determine stress, strain, and strain-rate distribution within the 
plastically flowing metal, provided the forming load was known. 
It was later shown (6), however, that prior knowledge of the actual 
forming load was not an essential since such forming load could 
be obtained with good precision from the mechanical properties 
of the metal and from the strain distribution within the billet 
Up to this time the visioplasticity method as been purposely 
limited to extrusion problems with essentially no external friction 
and to axially symmetric shapes in order to make a reasonally 
complete exploration with comparable results. It is the belief of 
the author, however, that the method of visioplasticity can be used 
for other forming operations such as rolling and drawing, under 
conditions of high external friction and for shapes formed 
under conditions of plane strain. 

To the extent to which the present experimental information 
permits and for the limited experiments performed, it may be 
concluded that: 

1 The particle-velocity vector patterns for both lead and 
aluminum are identical; i.e., these patterns appear to be uniquely 
determined by boundary conditions alone and are independent of 
the properties of the metals being deformed 

2 The stress and strain-rate distributions are dependent on! 
on the boundary conditions if compared on a suitable dimension 
less basis regardless of the work-hardening or strain-rate charac- 
teristics of the metals. 

3 The extrusion pressure for lead is a strong function of the 
extrusion speed, while for aluminum it is dependent only on the 
state of deformation until steady state is reached and is essentiall) 
independent of extrusion speed. 

These conclusions have important theoretical implications be- 
cause they appear to permit generalization of forming problems 
and the adoption of a suitable constant flow stress characterizing 
a particular metal and the rate under which the deformation is 
being carried out. These are precisely the conditions assumed 
in the theory of perfectly plastic solids and the solution of forming 
problems given by the Hencky-Prandtl shear nets (7 Hence it 
is the purpose of this paper to demonstrate, through comparison 
of slip-line solutions with experimental results obtained from an 
aluminum extrusion, that the perfectly plastic solid may be a 
suitable model for solving forming problems. 

Discussion oF THEORY AND RESULTS 

The axial-stress distribution in a 4.3-in. round billet extruded 
into a 1.5-in-diam solid bar of 1100-0(28-0) commercially pure 
The axial-stress distribution is 
1.8 in., where 
The 


aluminum is shown in Fig. 1 
given for various constant distances z = 0.2 to 


z 


z is the upstream distance in the billet from the orifice 


3 Numbers in parentheses refer to the Bibliography at the end of the 


paper 
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axial-stress distribution of Fig. 1 was obtained by integrating 
equations of the form 


de, 2 [ m) (‘ — “) 
; =—@é - 
or 3 or é 
€, — €6 . ( / 
ré 2 oz é 


where €,, €,, €g, and ¥,, are the axially symmetric normal and 
shear-strain-rate components and é is the effective strain rate 
which were obtained from the experimentally determined ve- 
locity-vector gradients on a meridian plane of the billet. The 
effective stress ¢ was obtained from a stress-strain curve of the 
aluminum under investigation for the logarithmic equivalent ef- 
fective strain to which the metal was subjected at each point 
under investigation. For a full discussion of the method em- 
ployed the reader is referred to the references cited previously 
and, in particular, to reference (5) in which the aluminum-extru- 
sion experiment is discussed in detail. 

By use of the so-called Lévy-Mises plasticity equations for 
axial symmetry 


- (o, + p) 


- (o, + p) 


~ (a9 + p) 
» oot 


JUNE, 1956 


120 





° 
° 


1000 PSI 





@ 
oOo 


o 
oO 


MEAN PRESSURE 
b 
°o 


ZCYLINDER WALL 











0.8 1.2 1.6 2.0 


RADIUS, INCHES 


Fie. 2 ExperRIMENTALLY DeTERMINED MEAN Pressure DistTriBo- 
TION UNDER Same Extrusion Conpition as GIveEN IN Fic. 1 





1000 PSI 
rs) 
oO 


b oO @ 12) 
°o °o oO oO 


nm 
oO 
ge CYLINDER WALL 








~O, = RADIAL COMPRESSIVE STRESS, 





oO 
nm 
Oo 


0.8 1.2 1.6 
RADIUS, INCHES 


Fie. 3 EXPERIMENTALLY DeTerMINED KapiaL COMPRESSIVE 
Stress DistripuTion UNDER Same Extrusion ConpiTION as GIVEN 
IN Fie. 1 


° 


0.4 


the mean pressure 


A tea (o, + o, + G@) 


3 
radial stress ¢,, and hoop stress og can be determined from the 
experimental strain rates and the known axial stress ¢,. These 
calculated stress distributions are shown in Figs. 2 to 4, inclusive. 
The calculated points are shown by symbols for all curves except 
g, and gg near the orifice where appreciable scatter occurred, 
which may be attributed to the difficulty of obtaining accurate 
strain measurements because of high particle velocities. While it 
is not possible to clearly confirm the stress distributions in these 
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figures, substantial confirmation has been obtained from hard- 
ness measurements in the deformed billet and from residual stress 
measurements in the extruded bar, which were recently reported 
(8) and from the forming pressure, which was calculated from the 
work of deformation, utilizing only mechanical properties and 
experimental strain distributions previously referred to (6). In 
the following paragraphs it will be assumed that the experimental 
stress distributions are correct and that these stresses may be used 
as a criterion for comparison of theoretical solutions. 

The analyvical solutions are usually restricted to plane-strain 
problems, although approximate solutions can be obtained for 
axially symmetric problems as will be shown subsequently. In 
these solutions it is assumed that the material is perfectly plastic 
and deforms only under a constant shearing stress whenever the 
yield condition is exceeded; in regions of a body where the yield 
condition is not satisfied, the metal remains perfectly rigid. 
Hence this method of analysis strives for the determination of a 
line of demarcation between the perfectly plastic material and 
that which remains absolutely rigid. Under these conditions the 
stresses are as given by Hencky (9) and in the terminology of Hill 


(10) 
p —k sin 26 
p+ksin2¢@ >. 
k cos 26 


where o, and ¢, are the two-dimensional axial and radial-stress 
components, respectively, 7,, is the shearing-stress component, 
k is a constant critical shearing stress, and @ is the counterclock- 
wise angular rotation of an @ slip line from the z-axis. The a and 
8 slip lines—also called first and second shear lines by other 
writers (11)—are networks of orthogonal lines of maximum shear 
and represent the solutions of the statical equilibrium equations. 
Along these slip lines the following conditions for plane strain 
hold 


p + 2kod const along an @ slip line 
[4] 


p — 2k@ = const along a 8 slip line j 


—vdd@ = 0 along an @ slip line 


\ 
| 
} 


—ud@ = 0 along a 8 slip line 


where 


p= = (o, + ¢o,) = — 

is the mean pressure and u and v are velocity components 
along the @ and § slip lines, respectively. Hence a complete 
solution for a perfectly plastic material under conditions of 
plane strain is given by a network of slip lines known as the 
Hencky-Prandtl net previously referred to, which must satisfy 
Equations [4] and [5] everywhere in the plastic metal in- 
clusive of the boundary. The most useful method for getting such 
solutions is by transforming Equations [4] into finite-difference 
equations, and in this form they permit numerical integration. 
Several solutions to extrusion problems were obtained by this 
method by Hill (10) and other possible solutions are discussed by 
Prager and Hodge (11). The unique solution evidently cannot 
be determined from theory alone and requires some additional 
experimental facts. 

Another method which is appreciably faster than the numerical 
method has been used for the specific extrusion problem under 
discussion by the use of a newly designed mechanical slip-line 
integrator. This integrator utilizes the properties of the Hencky- 
Prandtl net and will be discussed in a future paper. A possible 
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solution obtained with this integrator is given by the solid lines in 
Fig. 5. This solution satisfies Equations [4] and [5] and is of the 
same pattern as previously obtained by Hill (10) for the general 
case. In addition to these slip lines the experimentally determined 
principal shear directions are plotted as crosses on the same figure 
It is at once evident that close agreement in slip directions be- 
tween theory and experiment exists but that the extent of plastic 
deformation is more extensive than predicted by the theory 
The slip-line network can now be used to calculate the mean 
pressure p: by use of Equations [4] and the results are shown in 
Fig. 6. The subscript 2 and later subscript 3 used for the pres- 
sure have the meaning that the pressure was obtained for the two- 
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dimensional and three-dimensional analysis, respectively. The 
mean dimensionless pressure ratios are given for various locations 
from the orifice as parameters. Pressures beyond the slip-line 
network or plastic sector are assumed to be constant and are so 
shown in this figure. It will be shown later that these predictions 
are in close agreement with those given in Fig. 2, provided a 
suitable value for k is chosen. 

Inasmuch as the foregoing solution is obtained for the case of 
plane strain, it isof interest toexamine also equations applicable for 
the axially symmetric case. These equations as given by Hill (10) 
are 


1 
dp; + 2kdd + (09 + ps — k cot ¢) =f 


= (0 along an a line 


1 
dp; — 2kdo@ + (o@ + ps — k tan >) 4 
, 





= 0 along a @ line 


in which k now is based on Tresca’s criterion, i.e., k = '/2 yield 
strength. The solving of these equations depends on successful 
elimination of og from Equations [6]. Such a method was sug- 
gested by Haar and von Karman (12), who assumed that og + p: 
= +k, where pp = —'/:(o, + ¢,). Hencky later used this rela- 
tionship for the problem of indentation of a plane surface by a flat 
punch by assuming that the plane-strain slip lines are also those 
for the axially symmetric case. Ishlinsky (13) has improved the 
Hencky solution by a numerical solution but also used the Haar 
and von Karman yield condition in eliminating gg. The slip-line 
pattern obtained in this manner by Ishlinsky appears to differ 
from the plane-strain solution only slightly and hence the plane- 
strain solution may be accepted as a good approximation. This, 
however, does not prove that the Haar and von Karman yield 
condition is correct and hence such solutions heretofore have 
had little value, as pointed out by Hi)' (10). 

Since experimentally determined stresses are now available for 
the extrusion problem it is possible to test the Haar and von Kar- 
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man yield condition. Accordingly, the experimental deviator 
stresses og + p are shown plotted in Fig. 7 (with z as parameters) 
as functions ofr. It is to be noted that p in the latter equation re- 
fers to 


1 
p=— 3 (% + 9 +29,) 


It is seen that in spite of appreciable scatter of points near the 
orifice a definite trend exists. The deviator stresses in magnitude 
have values of approximately —10,000 psi on the axis and dimin- 
ish to approximately zero at the cylinder wall. Hence the plastic 
metal appears to be deformed under axially symmetric conditions 
in the region below the die opening but approaches plane-strain 
conditions in the region near the wall. It is evident at once that 
no single value of the deviator stress og + p exists throughout 
the section. For purposes of calculating the axially symmetric 


3 
stresses, however, a constant value of » oe’ = Fa + ps = —10,000 


psi will be assumed. 

In order to calculate the stresses for the axially symmetric case 
it is necessary to assume an appropriate value fork. It was shown 
elsewhere (6) that the effective stress for the aluminum billet in 
the deformed metal at the orifice varied from approximately 40,000 
psi on the extrusion axis to nearly 50,000 psi at the die corner. 
Hence the rise of the flow stress from an initial yield-point stress 
of approximately 5000 psi for the undeformed metal to these high 
values in the deformed state indicates appreciable work harden- 
ing. It is, therefore, the choice of a proper flow stress which will 
determine whether or not agreement between theory and experi- 
ment can be achieved. 

It was shown (6) that an effective flow stress ¢ ~ 40,000 psi 
as obtained from a stress-strain curve equivalent to uniform 
deformation in the billet, i.e., an effective strain 


43 
, = 2 log, (*2) = 2.1 
1.5 


yielded good agreement between the plane-strain solution and ex- 
perimental results at a particular section z = 0.8 in. in the billet. 
The value of k was chosen in this case in accordance with the von 
Mises criterion, i.e., k = a/V3. As will be shown subsequently, 
however, better agreement is achieved between theory and ex- 


periment if Tresca’s criterion is chosen, namely, k = @/2 = 20,- 
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000 psi. Selecting this value of & for the axially symmetric solu- 
tion, the following equation may be written 


2 Op =~ Og + Ps = 10,000 psi = 9 


[6] permits the 
It was found that 


Substitution of this condition into Equations 
evaluation of the dimensionless mean pressures 
the plane-strain plastic sector given in Fig. 5 is applicable, since 
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(a—Solid curves are obtained from plane-strain analysis of a perfectly 

plastic solid. b—-Dotted curves are experimentally determined values taken 

from Fig. 2 for z = 0.2 in. and 1.4 in.) 
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COMPARISON OF SLIP-LINE SOLUTIONS WITH EXPERIMENT 
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es 


in traveling around a closed path along @ and @ slip lines the 
initial value of the mean pressure is approximately regained. The 
dimensionless mean pressures evaluated in this manner are show! 
in Fig. 8 as functions of r with z again as the parameters. Com 
parison of this pressure distribution with that of the plane-strain 
The 


are generally higher than pg for all z-sections but the 


solution given in Fig. 6, reveals the following differences 
pressures p 
shapes of the pressure curves are comparable. In the region be 


low the orifice, i.e., from r = 0 tor = 0.75 in. in which the largest 
ps were shown to exist by the experime ntal data, 
Near the cylinder 


wall, however, where the deformation process approaches that of 


values of a» 
the differences between p: and p,; are least. 
plane straining, the differences are greatest. It from 
these observations, therefore, that little is accomplished by using 


appears 


the more complicated analysis of the axially eymunetric case and 
that, as will be shown, the proper choice of & for the plane-strain 
solution yields good agreement between theory and experiment 
Figs. 9 and 10 show the mean pressure and axial-stress distribu- 
tion obtained from the plane-strain solutions using constant values 
of k = 20,000 psi 


stresses from z = 0.2 toz = 1.4in 


The range of values of the experimental 
are shown as dotted lines for 
comparison that 
the agreement between theory and experiment, except for mi: 


It is at once evident under these conditions 
differences, 18 good 
solution is a powerful tool for evaluating forming stresses, pro 
vided that a proper flow stress can always be found. Hence 
further investigations in other metals and other forming opera- 
tions should be carried out with a view of establishing general 


It appears, therefore, that the plane stra 


rules for the determination of suitable flow stresses 
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CONCLUSIONS 


1 Theoretical solutions for a plane-strain and an axially sym- 
metric extrusion problem were examined and it was found that 
the axially symmetric solution shows little advantage over the 
simpler plane-strain solution. 

2 The plane-strain solution yields mean pressures and axial 
stresses which are in good agreement with experimental results. 

3 The choice of a proper flow stress in order to permit predic- 
tion of forming loads from a plane-strain solution appears to be the 
most important property of the metal which must be determined. 

4 Selecting k = &/2, where & is equal to the flow stress of the 
aluminum under investigation at an equivalent uniform strain in 
a property test, yielded good correlation between theory and ex- 
periment. 

5 The perfectly plastic solid appears to be a suitable model 
for solving forming problems. 


ACKNOWLEDGMENT 


The author wishes to thank the National Science Foundation 
and the University of California for making funds available for 
this investigation. He also wishes to thank Mr. T. Jordan, a 
graduate student in the College of Engineering, for his assistance 
with the integration of the plane-strain extrusion problem 


BIBLIOGRAPHY 
1 “Experimental Stress Determination Within a Metal During 
Plastic Flow,"’ by E. G. Thomsen and J. T. Lapsley, Jr., Proceedings 
of the Society of Experimental Stress Analysis, vol. 11, 1954, p. 59. 


JUNE, 1956 


2 “An Experimental Investigation of the Mechanics of Plastic 
Deformation of Metals,” by E.G. Thomsen, C. T. Yang, and J. B. 
Bierbower, University of California Publication in Engineering, vol. 5, 
no. 4, 1954, p. 89. 

3 “An Experimental Study of Metal Extrusions at Various 
Strain Rates,”’ by J. Frisch and E. G. Thomsen, Trans. ASME, vol 
76, 1954, pp. 599-606. 

“A New Approach to Metal-Forming Problems—Experi- 
mental Stress Analysis for a Tubular Extrusion,” by E. G. Thomsen 
Trans. ASME, vol. 77, 1955, pp. 515-522. 

5 “Stresses and Strains in Cold Extruding 2S-O Aluminum,” by 
E G. Thomsen and J. Frisch, Trans. ASME, vol. 77, 1955, pp. 1343 
1353. 

6 “Plasticity Equations and Their Application to Working of 
Metals in the Work Hardening Range,”’ by E. G. Thomsen, Trans 
ASME, vol. 78, 1956, pp. 407-412. 

7 “Uber die Hencky-Prandtlschen Kurven-scharen,” by C. 
Carathéodory and E. Schmidt, Zeitschrift fiir angewandte Mathematik 
und Mechanik, vol. 5, 1925, p. 147. 

8 “Residual Stresses in Cold Extruded Aluminum,” by J. Frisch 
and E. G. Thomsen, ASME Paper No. 55—A-27. 

9 “Uber einige statisch bestimmte Fille des Gleichgewichts ir 
Plastischen Kérpern,”” by H. Hencky, Zettschrift fir angewandte 
Mathematik und Mechanik, vol. 3, 1923, p. 241. 

10 ‘*The Mathematical Theory of Plasticity,’’ by R. Hill, Claren- 
don Press, Oxford, England, 1950 

11 ‘Theory of Perfectly Plastic Solids,”’ by W. Prager and P. G 
Hodge, John Wiley & Sons, Inc., New York, N. Y., 1951. 

12 “Zur Theorie der Spannungszustinde in plastischen und 
sandartigen Medien,” by A. Haar and T. von Karman, Nachrichten 
von der Kéniglichen Gesellschaft der Wissenschaften zu Géettingen, 
Math. Phys. Klasse, 1909, p. 204. 

13 “The Problem of Plasticity With the Axial Symmetry and 
Brinell’s Test,"’ by A. J. Ishlinsky, Prikladnaia Mathematika 
Mekhanika, vol. 8, 1944, p. 201 





Analysis of Creep in Rotating Disks 
Based on the Tresca Criterion 
and Associated Flow Rule 


By A. 


An analysis of creep deformations in rotating disks based 
on the Tresca criterion and the associated flow rule is 
presented. Assuming steady-state creep conditions and 
a creep rate equal toa function of stress times a function of 
time, the method is applied to the following cases: (a) 
Disk with constant thickness and constant temperature, 
(6) disk with variable thickness and constant tempera- 
ture, and (c) disk with variable thickness and variable tem- 
In many cases, the equations can be expressed 
Comparison is made with test results on 


perature. 
in closed form. 
rotating disks at elevated temperature as reported in a 
previous paper. Based on certain stress-creep-rate rela- 
tions, the method is also applied to the problem of calcu- 
lating the transient change in stress when the stress dis- 
tribution changes from an initial to a steady-state condi- 
tion during the starting period. It is suggested that the 
simplification effected by the use of these methods may be 
of value for design purposes pending the development of 
more accurate methods based on test results. 


INTRODUCTION 


HIS paper may be considered a sequel to a previous 
paper (1)? in which the results of some long-time spin tests 
on 12 per cent chrome-steel disks at 1000 F were compared 

with the theoretical values using two methods of analysis. One 

of these methods (designated as Method 1 in what follows) was 
based on the Mises criterion (which is commonly used at present)? 
designated here as Method 2) on the Tresca 

The latter method, however, was 


and the other 

(maximum-shear) criterion 
combined with the flow rule associated with the Mises criterion in 
plasticity theory It found that Method 
deformations much too low compared to average test values while 
Both of these methods, how- 


was 1 gave creep 


Method 2 gave much better results. 
ever, require numerical integration of the differential equations 
involved and hence are rather cumbersome for practical use. 

Recently Prager (2) and Koiter (3) have discussed the con- 
siderable simplification obtained by using the Tresca criterion 
and its associated flow rule for certain problems involving plastic 
flow. In the present paper the Tresca criterion and its associ- 

! Advisory Engineer, Mechanics Department, Westinghouse Re- 
search Laboratories. I ellow ASM E. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

3 See references (3 to 8), inclusive, of the previous paper (1); also 
see article listed in reference (5) of this paper. 

Contributed by the Applied Mechanics Division and presented 
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of the Society. Manuscript received by ASME Applied Mechanics 
Division, May 31, 1955. Paper No. 55—A-46. 
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ated flow rule (designated here as Method 3) are applied to the 
problem of calculating creep deformations and stresses in rotat 
ing disks operating at elevated temperatures. The results show a 
considerable simplification in the analysis; in many cases, wher« 
steady-state conditions are involved, the equations for stress and 
creep deformation may be expressed in closed forra (even for 
variable-thickness disks), no numerical integrations being re 
quired. In addition, comparison with test data indicates that 
Method 3 is better in certain cases than the previously used one 
utilizing the Mises criterion (Method ! Only disks with central 
holes are discussed in this paper 

Because of the simplification realized by using the Tresea cri 
terion and its associated flow rule it is possible to treat many cases 
such as disks with radially variable temperature and the transient 
condition on starting (where the stress distribution relaxes from 
an initial to the steady-state condition These become rather 
complicated if Method 1 is used. 

In this paper, for simplicity, the creep rate € at a given tempera- 
ture is assumed to be equal to a function of stress multiplied by a 


function of time, i.e 
é = F(o)f(t) 


It is realized that this assumption does not always hold tru 
however, in many cases creep data obtained under essentially cor 
stant stress may be represented with sufficient approximation for 
engineering work in this manner. For example, recently Bailey 
(4) has made the assumption that the creep rate is the product of 
a power function of stress multiplied by a power function of strain 
By integration of this expression it may be shown that this is 
equivalent to assuming the creep rate equal to F(a )f(t), both func- 
tions in this case being power functions (5). Moreover, Johnson 
(6) states that a creep-rate function of the form F(a )f(t) is “most 
descriptive of the experimental data for many materials par 
ticularly at moderate or lower stresses in the primary stages of 
creep.”” No attempt is made here to justify the use of this fun 
tion for all materials; it is used here because it results in rather 
simple expressions for stress in certain cases 

In the previous paper (1) the opinion was expressed that the 
differences between test and theoretical results obtained by using 
the Mises criterion might be due to effects of anisotropy of the 
material. Since that time, however, some tests have been mace 
by one of the authors of the paper mentioned (M. J. Manjoine 
using tension-creep specimens cut in a direction perpendicular to 
the plane of the disk (the axial direction). These tests showed 
average creep rates in the axial direction about 20 to 40 per cent 
This 
amount of anisotropy does not appear to be sufficient to account 
for the relatively large differences obtained between average test 
In the 


greater than those obtained in the tangential direction. 


results and those calculated using the Mises criterion 
present paper, effects of anisotropy will be neglected. 

The various methods discussed in this paper may be defined as 
follows. 


Method 1. 


This involves the use of the stress-creep-rate reia- 
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tions based on the Mises criterion and its associated flow rule as 
was done in (1). 

Method 2. This method utilizes the Tresca (maximum-shear) 
criterion with the flow rule associated with the Mises criterion as 
discussed in (1). 

Method 3. This method which is developed in this paper as- 
sumes stress-strain-rate relations corresponding to the Tresca 
criterion and its associated flow rule. The application of this 
method to the various cases is discussed in Sections 2 to 5. 


The following rotating-disk cases are analyzed using Method 3. 
Other cases could also be analyzed in a similar way. In all cases it 
is assumed that the disk has a central hole or bore of diameter 
considerably greater than the thickness, as was the case for the 
disks tested, and that axial stresses are negligible (thin disk). 
Note that Cases I to III below are restricted to steady-state con- 
ditions (where the stress does not change with time). This means 
that the initial transient condition is neglected in these cases. 


Case I. Disk having constant thickness and constant tem- 
perature—steady-state conditions. 

Case II. Disk having variable thickness and constant tem- 
perature—steady-state conditions. 

Case III. Disk with variable thickness and variable tempera- 
ture—steady-state conditions. 

Case IV. Disk with constant thickness and temperature, con- 
sidering the transient condition during starting where the initial 
distribution changes to the steady-state condition. 


Constant THICKNESS AND CoNSTANT TEMPERA- 
TURE DiskK—Sreapy-StaTEe ConDITION 


2- Case I. 


For the constant thickness rotating disk, Fig. 1b, operating 
under steady-state conditions, in the previous paper (1) the tan- 
gential, radial, and axial strain rates €,, €,, €, were taken in the 
following form 


w 


=é= reo | 


r 


Me M6, = Flot) =" | 


dr 
€, = —(é, + €,) 

where o, and o, are radial and tangential stresses, Fig. 1, w = 
radial deformation rate (dw)/(dt) at radius r, and F(s) = function 
cf equivalent or effective stress s. In (1), F(s) was taken asa 
power function of s 

For Method 2, s is taken equal to a, while if Method 1 is used, 
the expression for s becomes 


It should be noted, however, that the terms in the square 
brackets of Equations [1] as used in (1) correspond to the flow 
rule associated with the Mises criterion (2, 3). 

The equilibrium condition to be satisfied by a rotating disk of 
constant thickness is 


2 
a ot. ... [3] 


-O, + 
g 


d 
a (ro,) 
In this y = weight per unit volume, g = gravitational accelera- 
tion, w = angular velocity. 

In (1) Equations [1] and [3] were solved by a numerical inte- 
gration method. 

If we now assume the flow rule associated with the Tresca cri- 
terion (Method 3), €, = Oand €, = —é€, assuming that 7, > ¢, > 0 


in Equations [1]. This latter inequality is fulfilled in the present 
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¢ 
(b) (c) 
Constant Variable 
Thickness Thickness 
Fie. 1 Roratinc Disk WitH Hote 
case except right at the inside diameter where ¢, = 0 and at the 
outside diameter if ¢, at that point is zero. On this basis, é, is 
taken independent of ¢, and Equations [1] reduce to 


é, = —_ = Flofit 


) 
| 
ae peti: .... {4 
dr ied 


é, = ——¢, 

Integrating the second of these equations we obtain w = w; 
where w; is the radial deformation rate at the inside diameter. 
Hence 

é, = w/r = w, /r 

The tests of (1) indicate that the assumption €, = 0 as used in 
Equations [4] is approximately fulfilled except near the inside or 
outside diameter of the disk. It seems probable that the degree 
of approximation of this assumption near the inner diameter would 
depend to some extent on the ratio of disk thickness to hole 
diameter in a manner not yet explored. (In the case of the disks 
tested this ratio was 2.5.) Also for holes of smal! diameter rela- 
tive to thickness, the condition of zero axial stress would not be 
fulfilled near the bore. 

Power-Function Stress-Creep-Rate Relation. Taking 
F(o,) = Ko, 


and using the first of Equations [4] we may solve for o, giving 


: 1/n 
W; / 
al heey enve., 
bas 


Integrating Equation [3], between the limits r; and r., Fig. la 


Te re yw? 
ro, = f oar — (ro? — r,*) ... (6) 
ré ré 3g 


If a load giving a stress ¢,, acts at the outside radius of the disk, 
while no load acts on the inside, Equation [6] may be integrated 
by substituting Equation [5] for o, under the integral sign. Inte- 
grating and solving for w,/[Kf(t)] the latter may be substituted 


in Equation [5] giving 
1 Credle - 


n 
To 
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In this the average tangential stress g,,, is 


ywoX(r,? — r;° re ' 
= — Oe 


rd 
* 39(r, — r;) oO , 


av 


Substituting Equation [7] in Equation [3] and integrating we 
obtain 
Trails — Ti) yur? — r,°) 


——— [9] 
, : 3gr 


In Fig. 2 a comparison is made between the calculated radial 
and tangential stress distributions obtained using Methods ! and 
2 and those obtained using Method 3, Equations [7] and [9]. 
These stress values apply to the disks tested in (1). Note that 
the radial stress distribution is practically the same for all 
methods. 

The tangential creep strain for any value of a, can be found by 
integrating €,, Equation [4], with respect to time. 

Exponential Stress-Creep-Rate Relation. Taking 


F(o,) = Kexp ( 3 ) 
oC, 


in the first of Equations [4] we obtain 


Ww; Co, 
—‘~— = exp i. 
rKf(t) C, 


In this K and o, are constants. 


Solving for o,/c, 
o, ( w, 
= In — 
o, rKf(i) 


Substituting this in Equation [3] and proceeding as before we 


. [10] 


obtain 


In this o;,, is given by Equation [8]. 
Substituting Equation [11] into Equation [3] and integrating, 
the expression for a, becomes 


. [12] 


+ (1 = “) ae ee eee 
r 3ar 

If the constant o, in the expression for creep rates is chosen so 
that the strain rates agree at 25,000 and at 30,000 psi with those 
given by the power-function relation for n = 6, the results for o, 
and o, are practically the same as those given for Method 3 in 
Fig. 2. This would be expected since within this range of stress 
the power and exponential functions agree closely. 

Comparison With Test Results. In Figs. 3 to 5, a comparison of 
the creep deformations calculated by the various methods is 
shown compared with the scatter bands obtained by spin tests on 
three disks as discussed in (1). The curves for Methods 1 and 2 
shown on these figures are the same as those given in (1) while the 
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Fic. 3 Creep on Insipe Diameter or Rotatine Disk Versus 
Time AND Comparison With Variovs THEORETICAL MetTHODSs 


For method of making tests see reference 1.) 


curves for Method 3 were calculated on the basis of Equations [4] 
and [7] using the test data for the material given in (1). Ac- 
count was taken of the slight increase in stress due to the expan- 
sion of the disk as the creep progressed in the same manner as 
was done in (1). 

Reference to Fig. 4 indicates that the creep deformations at the 
outside diameter as calculated by Method 3 are high compared to 
the test values, particularly in the later stages of the spin tests. 
However, as far as the deformations at the inside diameter are 
concerned, Fig. 3, the results obtained using Method 3 are rather 
close to average test results up to around 400 hr. (Because of lack 
of tension-creep data at true stresses around 32,000 psi for times 
around 500 to 900 hr the curves of Fig. 3 were not extended 
beyond about 400 hr.) Also as shown in Fig. 5 the tangential 
creep-strain distributions obtained using Method 3 lie within 
the scatter band of the test values, 
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In general, it may be said that the results calculated by Method 
3 are in better agreement with test values than those calculated on 
the basis of the Mises criterion (Method 1) which yields much too 
low creep values, i.e., on the unsafe side for design. Method 2 as 
indicated in the previous paper (1) probably gives the best over- 
all agreement with test values. However, as stated in (1), further 
test data are required before general conclusions may be drawn 
as to the best method for practical use; in view of this uncertainty 
it is the author’s opinion that use of the simpler Method 3 may be 
justified in many cases for design purposes until further test data 
are available regarding the accuracy of the various methods. In 
addition, it should be pointed out that cases of variable thickness 
and temperature and also transient conditions may be handled 
in this way in a simpler manner than by using the Method 1 or 2. 
Applications to such cases are illustrated in Sections 3 to 5. 


VARIABLE THICKNESS AND ConsTANT TEMPERA- 
TURE Disk—Sreapy-StaTeE ConDITION 


3 Case IL. 
Referring to Fig. l(c), assume o, > o, > 0 and that the disk 
thickness h is a function of r 
h = fi(r) 
The known equilibrium condition for a variable thickness disk is 


yw*hr? 


d 
7 (rho,) —- ko, + —— =0 ee 
r g 


Assume again that no stress or loading acts on the inside diame- 
ter of the disk and that a radial stress ¢,, acts at the outside 
diameter. Then integrating Equation [14] 


ro 2 Tro 
rho, = f hor — = f hr*dr 
ri g ri 
where 


h, = thickness at outside diameter 


.. (15) 


Let ¢,4, = average tangential stress across section, A = area of 


cross section, and 
I, = f. "° heidr 


equals moment of inertia of cross section about disk axis. Then 
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rAhoPr. wl, 
> 4 


= . [16a] 
A gA 


Cra, = 
Power-Function Stress-Creep-Rate Relation. Using Method 3 
and taking a power-function stress-creep-rate relation 
€, = Ko,f(t) 


(as was done in Case I), we substitute Equation [5] for o, in’Equa- 
tion [14] and integrate from r; tor,. This gives 


To we l/n f 
= A=|— hr-'/"d [17] 
f hodr = 6%, Fal A r PTR i 


Solving for 
Ee ] 1/n 
Kf(t) 


and substituting in Equation [5], the tangential "stress becomes 
[18] 


The radial stress ¢, is obtained by integrating Equation [14] 
using Equation [18]. For no radial stress at the inside diameter 


1 : w? | 
w= Al | bear — 72?) 
rh ri g 
z = fi" hear 


equals moment of inertia about axis of section out to a radius r. 
If we assume, for example, h = cr™ as a power function of the 
radius, Equations [18] and [19] become 


. [19] 


Q0,4,Ar~/" 
o, = —— 


= dr@—r.*) 


. [20] 
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G, = 


1 [ SaxXi —r*) yw ‘) 
cr™ * r.* —7,;* 
In these a = (mn +n—1)/n. As before, the creep strains can 
be obtained by integrating the first of Equations [4] with respect 
to time. 

Exponential Stress-Creep-Rate Relation. 
nential stress-creep-rate relation 


€, = Kf(t)exp (<) 


We assume an expo- 


Using Equation [10] in Equation [16] and integrating, we ob- 


tain 
ls wi OT tav rm l ” h | 1 
i = - - 
Kft) tua oP igs 


.. (21) 


Substituting this in Equation [10] the expression for tangential 
stress becomes 


0 *e 
oO 
Oo; = Cree + ry hinrdr—o,inr 
4 r 


[22] 


To obtain the radial stress ¢,, Equation [22] is substituted in 
Equation [19] and the integration carried out. Assuming, for 
example 


h = fi(r) = er™ 


Equation [22] becomes 


o,cB, 
oO, = Cray + — —g,lInr. 
A(m + 1) 


where 
B, = 7." In r, — r,™* In 7; 
Using Equation [23] in Equation [19] 
1 ( o.cB, (pm tl — pom ti 
o = Trav T ss > a a 
ret A(m + 1) ( m+ 1 
o,B, me) 


m+ 1 ge 


1 1 
—~} —r**! [ In r; — —— 
m+ 1 m+i1 


These equations are restricted to the case where a, > o, > 0. 


B; a ger (in r 


VARIABLE THICKNESS Disk Wirth VARIABLE 


TEMPERATURE—STEADY STATE 


4 Case III. 


In this case we assume that both stress and temperature are 
constant in time (steady state) while the temperature is a function 
of the radius r. As an example, to illustrate the method, we will 
assume that the creep rate of the material for constant stress can 
be expressed as the product of functions of stress, temperature, and 
time. For simplicity it is further assumed that both temperature 
and thickness variations in the radial directions are not too great 
so that the condition ¢, > ¢, > O holds. (If this is not the case 
the analysis becomes more complicated.) Under these conditions 
the tangential creep rate €, in Equations [4] can be expressed as 

we 


— = €; = F(a, )f(t)o(r) ..+ [25] 


(The term ¢(r) is assumed to take into account the effects of radial 
variation in temperature. ) 
Using an exponential function for F(¢,) we obtain 


w : a 
€ * = Koo) ex» ( ‘) 
r 0, 


Solving this for o, 
ws 


’ Kf) a, In [rd(r)] 


o,=0,l 


Proceeding as before by substituting this in Equation [16] and 
integrating, an expression for 


In | we | 
Kf(t) 


is found; this may be substituted in Equation [27] giving 


a 


0, = 
A 


Te 
° f h ln [ro(r)]dr — a, In [rd(r)]. . [28] 
Tm" 


Here h is a function of r and @,,, is calculated using Equation 
[16a]. 

The expression for ¢, may be obtained as before, using this in 
Equation [19] and integrating. 

If a power-function relation is assumed for F(¢,), the expression 
for é, becomes 


ws 


= “S = Kof(t)(r) 
; 


Proceeding as before, the following expression for 0, may be 


derived 


AGiq,(r@(r)] ~" 
¢,= 


f h(rd(r)|~''" dr 


The stress ¢, may be obtained as before and in this way we may 
determine whether or not the condition a, > a, > 0 holds. 

The creep strains at any radius r can be obtained from Equa- 
tion [26] or [29] and integrating with respect to time. 

5 Case lV. Transtent CHANGE or Srress DistRIBUTION ON 
STarRTING, FoR Disk Witn Constant THICKNESS AND TEMPERA- 
TURE 

The previous calculations (Cases I to IIL) were all based on the 
assumption of a steady-state stress distribution. However, when 
the disk is first brought up to speed it may be expected that 
stress distribution will be nearly elastic if the stresses are low 
enough and hence wil! differ from the steady-state condition. In 
addition for higher stress there may be some plastic yielding or 
creep near the inside diameter while bringing the disk up to speed 
This will result in a tangential stress distribution along the radius 
as shown by the full line for ¢ = 0 in Fig. 6, which refers to the disk 
tested in(1). After a time this stress distribution changes to the 
steady state as indicated. 

Soderberg (7) has developed a rather complicated method of 
calculating this transient change in stress distribution based on 
the Mises criterion. In this paper, we will utilize the Tresca 
criterion and associated flow rule to develop a simpler approxi- 
mate method which may yield at least a fair estimate of the time 
required for the stress distribution to change from the initial to the 
final steady-state value. 

We now assume that the total tangential strain ¢, is the sum of 
a plastic strain €,, due to creep and an elastic strain. In an incre- 
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ment of time At = t, — ¢, the change in tangential strain Ae, then 
becomes 
Ao, 


v— 


E + Ae.......... [31] 


In this equation Ag, and Ag, are the increments of change in 
tangential and radial stresses, respectively, in time At, y = Pois- 
son’s ratio, E = modulus of elasticity, and Ae,, is the plastic 
strain occurring in time At. 

In this case, we assume that the plastic-strain rate €,, in the 
increment At can be expressed approximately as follows 


< 


(This assumption should be considered as a very rough approxi- 
mation when the stress changes with time since recovery and 
other effects are neglected, but it is used here for simplicity.) 

A further assumption is made that the stress 7, does not change 
too much during the time increment Aft so that in applying 
Equation [32] we can use an average stress 
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Ao, 
Fr = Oo + > 
in the increment At as a basis for calculating Ae,,. Hence in time 


At, using o,, for 7, in Equation [32] 
to 
Ae, = f Ce ee eee [33] 


On the basis of the flow rule associated with the Tresca cri- 
terion the plastic component of radial strain Ae,, will be zero pro- 
vided o, > o, > 0 as is the case for the disk of Fig. 1(b), except 
right at the inner edge. Using Equation [33] in Equation [31] 


4w Ada, Ao, t 
- + 
ti 


Ae, = — = —!—»- 
_ Haw) _ de, 


. E E Ko,,"t™ dt... [34a] 
dr E ins 


Ae, 


where Aw = increment of radial deflection at radius r in time At. 
Integrating the second of these equations between r; and r we 


’ Ao,d ia 
{a-{° dr + Ay... 


In this Aw; = radial deflection increment at r = r,, Fig. 1(a). 
Also from the equilibrium condition, Equation [3], for constant 
thickness, by integration 


have 


Aw = [35] 


Assuming only a small change in o, during the time increment 
At, as an approximation in Equation [34a], we write 


( oe) 
Pe = i 1 a ——— 
20, 


Using this it is possible to eliminate Aw between Equations 
[34a] und [35] and solve for Ac,. Putting 


Aw; = r Ae 


where Ae,; is the increment of strain at the inside diameter in 
time At and, using Equation [36], we obtain 


Bheyr, _ Edew (#+)"+ i f 
ro, i F tai ror ré 


In this 


Ao, 


Kei” (é,7 +2 — ¢,"*1)......... 


ee & 
Coot on + 1 


Cu, = steady-state value of stress at inside diameter calculated 
from Equation [7] 
nE Ae o,\=" 
gy = MBA (20) 
20 esi o ti 
Note that ¢, here is the initial value of a, at time ¢ = ¢;. 


final value at ¢ = t, is a, + Ao,. 
Also from equilibrium 


f- Ao,dr = 0 


Using Equation [37] in this and integrating we may solve for 
Ae,,. Substituting this value in Equation [37] and using 
Equation [36] for Ac, we obtain 
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Ao, = (rr) + vA(r) 


/ > 2 
Y(r) = Ede, | < —? (2: 
i Tmt 


1 
V(r) = rb. 


~— ro dr _— te Badr 
ré ror ri roi 


Equations [41} and [42] may be utilized to solve the problem in 
the following manner: An increment of strain Ae,,;, Equation 
[38], is chosen corresponding to an increment of time Af = t, — 4, 
where {; = 0 at the start of the process. (This increment should 
be chosen small enough so that the stress increments Ag, are small 
compared to the stresses g,.) The initial stress distribution o, as 
a function of r may be taken as the elastic distribution except that 
some allowance for yielding near the inside diameter may have to 
be made. In general, the term y,(r) will be small compared to the 
term ¥(r) on the right side of Equation [40] so that for a first 
approximation Ag, can be taken equal to ¥(r). Then using the 
assumed Ae,,; values and the known a, and ¢,,; values, the value 
of ¥(r) is computed by means of numerical integration using 
Equation [41]. Using these ¥(r) values for Ac, in Equation 
[42], by numerical integration a first approximation to y;(r) is 
computed, and from this a new set of Ac, values using Equation 
[40]. From these new Ag, values, a new set of ¥;(r) values is ob- 
tained using Equation [42]. In general, this process converges 
rapidly. 

Having the Ac, values for the first increment At, new o, values 
can be computed which are valid at time? = At. Using these new 
a, values, the process can be repeated for a new increment of time 


TABLE 1 


et (o2/otsi)® ¢:° 
37000 
35000 
30500 
25000 
20300 


15200 


* From t = O0tot = 0.015 hr; ots = 31,900 psi. 
» 4 is obtained from Equation [39] taking n = 6. 
* ¥(r) is obtained from Equation [41] 


TABLE 2 


1 r 
Aordr B 
r % 


0 0 
— 1350 
— 1680 
1640 — 1200 
2600 —540 
2900 0 


— 3550 
— 1160 


* Values of ¥(r) and r¢: obtained from Table 1, 


? dr r 
‘R= — Aerdr. 
%; r %; 


© W(r) is obtained from Equation [42]. 
4 (Aer): = ¥(r) + ¥ilr) from Equation [40]. 


At which may be different from the first increment; thus new Ac, 
values are obtained. This process is illustrated in the following 
example. 

Example Calculation for Transient Period After Starting. This 
method is applied to the rotating-disk tests described in (1). We 
start out with an initial o, distribution plotted against the radius 
as shown by the full lines marked ¢ = Oin Fig.6. To obtain this 
curve approximately, the tangential elastic strains near the bore 
were computed and, from the stress-strain diagram at the given 
temperature, the corresponding stresses could be obtained using 
the Tresca criterion. To compensate for the recuced stresses 
near the bore, the tangential stresses in the remaining elastic 
portions of the disk were increased slightly. This method is 
believed sufficiently accurate for our purpose since the exact 
shape of the ¢ = 0 curve is not important. Thecurve fort = 
(steady state) is the same as that obtained using Method 3 in 
Fig. 2, which assumes n = 6. (The elastic-stress distribution is 
shown by the dashed line.) 

To obtain the first approximation we assume EAe,,; = 10,600 
psi corresponding to At = 0.015 based on E = 25 X 10 psi and 
a creep-time relation as follows 


0.002 ( —7* ‘ (5) 
€ = UUUE 
~ 29,000 


This relation is based on average tensile-creep data for the first 
few hours. Using this value of EAe,,, and taking ¥,(r) equal to 
zero in Equation [40], the first approximation ¥(r) to the Ac, 
values can be obtained by numerical integration as indicated in 
Table 1. (The initial o, values are given by the curve marked 
t = 0 in Fig. 6, o,,; being 31,900 psi.) The calculations for this 
first approximation ¥(r) are indicated in Table 1. 

To obtain the next approximation for Ag,, we take ¥(r) = Ac, 
in Equation [42] and calculate y¥,(r) by numerical integration 
These values are then used in Equation [40] to obtain new Av, 
values, designated as (Ac,):. The method of doing this is indi- 
cated in Table 2. 


CALCULATION® OF FIRST APPROXIMATION (Aes): = ¥(r) 


1 
— (es/eui)® (dr 
o 


CALCULATION OF SECOND APPROXIMATION (Aer 


Bdr 
re 


(Aer)s* or —(Aou)s 
33980 
31840 
29430 
26460 


oor? 
22570 


— 3020 
—3140 
— 1070 
1460 
2270 


2549 17760 
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Using the values (Aq,) in the next to the last column of Table 2 
for Ag, in Equation [42] and repeating the process, a second ap- 
proximation for ¥,(r) and a third approximation for Ag, can be 
obtained. This will usually be quite close to (Ag,)2. The values 
of o, for t = 0.015 hr. are then ¢, — (Aca,)s where a, is given by 
the first column of Table 1. This new curve for t = 0.015 hr is 
indicated in Fig. 6. Now this o, curve may be used in the same 
way to get a new o, curve for a new value of t, i.e., 0.015 + At, and 
the whole process repeated starting with the o, curve for t = 
0.015. In calculating Ae,,;, Equation [38] may be used taking t; 
= 0.015 and t, = 0.015 + At. Results obtained in this way for 
tg = 0.1 and At = 0.085 are given in Fig.6. These results indi- 
cate that for the case considered the initial tangential stress ap- 
proaches the steady-state condition within a very short time. 
Thus errors made by assuming a steady condition are small in this 
case, 


6 Summary anp ConcLUSIONS 


For calculating stress distributions and creep deformations in 
rotating disks with central holes and operating at elevated tem- 
peratures, the procedure discussed in the present paper, involving 
use of the Tresca criterion with the associated flow rule (Method 
3), appears to offer advantages in regard to simplicity and ease 
of calculation, both for the transient and steady-state conditions. 
In the latter case, for creep rates which may be written as 


€ = F(a)f(t) 


(where F(o) is either a power or exponential function) the re- 
sults may be expressed in closed form by relatively simple equa- 
tions both for the constant thickness case and for certain variable 
thickness cases. Expressions are also given for the variable tem- 
perature case which apply if certain restrictions are met. 

Comparison with available creep data on disks spun at ele- 
vated temperature (1) indicates that Method 3, besides being 
simpler, also gives results generally in closer agreement with test 
data than the commonly used method involving application of 
the Mises criterion and its associated flow rule (Method 1). 
(Incidentally, the latter criterion may yield too low creep values, 
i.e., on the unsafe side.) The best over-all agreement with test 
results is found using Method 2. However, further test data on 
other materials and under other conditions are needed before 
general conclusions can be drawn. 
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The method discussed here also appears to offer considerable 
simplification in the calculation where transient conditions are to 
be handled. As an illustration, equations are developed on the 
basis of certain assumptions for calculating the constant thickness 
disk during the initial starting period where the stress distribution 
changes from the initial to the steady-state value. 

In view of the lack of test data concerning the accuracy of more 
complicated methods such as those involving use of the Mises 
criterion, it is the author’s belief that, until additional test re- 
sults become available, the simpler Method 3 as discussed here 
may provide useful design data, particularly for cases where the 
use of the more complicated Method 2 is not warranted. It is 
realized, of course, that this method may eventually have to be 
modified in the light of future developments. At present, the 
available test data, reference (1), appear to favor the use of 
Method 2, however. 
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Plastic Deformation of Semi-Infinite Beams 
Subject to Transverse Impact Loading 


at the Free End 


By M. F. CONROY,' NEWTON, MASS. 


The object of this paper is to consider the plastic defor- 
mation of semi-infinite beams subject to dynamic trans- 
verse loading at the free end. The type of loading con- 
sidered is that of a constant bending moment, together 
with a transverse force the magnitude of which is in- 
versely proportional to the square root of time. Part 1 of 
the paper consists of a plastic-rigid analysis of the problem, 
based on the plastic-rigid analysis of infinite beams under 
transverse, constant velocity, impact loading developed by 
the author.* Part 2 of the paper consists of an elastic- 
plastic solution of the problem, based on a theoretical 
analysis of the plastic deformation of infinite beams sub- 
ject to transverse, constant-velocity impact loading de- 
veloped by H. F. Bohnenblust.’ Specific problems are con- 
sidered for which the deflection solutions obtained by 
elastic ideally plastic and rigid ideally plastic analyses are 
compared. 


NOMENCLATURE 


The following nomenclature is used in the paper: 
zx = distance along beam 
y deflection 
K 0*, /dx*, curvature of deflection curve 
m mass per unit length of beam 
Young’s modulus 
moment of inertia of cross section 
bending moment 
shearing force 
time 
limit value of M for elastic bending 


INTRODUCTION 


An elastic-plastic analysis of the deformation of infinite beams 
subject to dynamic, transverse, constant-velocity loading has 
been developed by H. F. Bohnenblust.* 
of the same problem has been developed by the author.? 


A plastic-rigid analysis 


These 


1 Assistant Professor of Mathematics, Department of Mathe- 
matics, Boston College, Newton, Mass. 

?“Plastic-Rigid Analysis of Long Beams Under Transverse 
Impact Loading,”” by M. F. Conroy, JourNaAt or AppLiep MECHAN- 
1cs, Trans. ASME, vol. 74, 1952, pp. 465-470. 

*“‘The Behavior of Long Beams Under Impact Loading,” by P. E. 
Duwez, D. 8. Clark, and H. F. Bohnenblust, Journat or AppLIep 
Mecnanics, Trans. ASME, vol. 72, 1950, pp. 27-34. 

Contributed by the Applied Mechanics Division and presented at 
the Diamond Jubilee Annual Meeting, Chicago, IIl., November 13-18, 
1955, of Tae AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1956, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, November 17, 1954. Paper No. 55—A-49. 


papers consider both the case of ideal plasticity and the case of a 
work-hardening material. A further investigation of the solu- 
tions obtained in these analyses indicates that similar types of 
solutions can be obtained for the problem of the plastic deforma- 
tion of semi-infinite beams subject to dynamic transverse loading 
at the free end, when the loading consists of a constant bending 
moment and a transverse force of magnitude inversely propor- 
Under this type of loading the 
This 
accounts for the similarity of the solutions obtained here to those 


tional to the square root of time. 
free end of the beam moves at a constant velocity, say, V; 


derived in the references cited.* * 

In the present analysis, as in the papers mentioned, the bending 
moment of the beam is assumed to depend on the curvature of the 
deflection curve according to a nonlinear relation M(K), that is 
As in the 
case of the usual elastic analysis, both the shear displacements of 


obtained from the stress-strain curve of the material 


the cross sections and the rotary kinetic energy of the beam are 
is assumed to extend infinitely in 
At t = 0 the beam is 
loaded at the free end, z = 0, with a constant bending moment, 


neglected. The beam one 


direction only and to be initially at rest 


M(0), and a transverse force Q(0), of magnitude inversely pro- 
portional to the square root of time. The results presented here 


concerning this problem are, of course, also valid for a beam of 
finite length J, with fixed end at z = J, until such time as the dis- 
turbance propagated from z = 0 reaches x = | 


Since much of the analysis presented here is analogous to the 


analyses previously developed,** some details which are discussed 


in those papers have not been repeated here. 
1 Puastic-Riem So.vution 


The plastic deformation of semi-infinite beams will be con- 
sidered when a plastic-rigid type of analysis is adopted, rather 
than the elastic-plastic type of analysis. That is, we will assume 
here that elastic strains are negligible compared to plastic strains 
It is 
expected that this type of analysis will be satisfactory for prob- 
In general, problems in which elastic 


and so the elastic material can be considered to be rigid. 


lems involving large strains 
strains can be neglected are much easier to handle than the 
corresponding elastic-plastic problem. However, while such a 
simplification occurs here for the case of an ideally plastic ma- 
terial, no such simplification results for the case of a work-harden- 
ing material. 

The beam is assumed to extend infinitely in one direction, say, 
the positive z-direction, and to be initially at rest. Att = 0 the 
beam is loaded at the free end, z = 0, with a constant bending 
moment M(0) and a transverse force Q(0) which varies inversely 
as the square root of time. In particular, we have 


M(0) 
{1 
Q(0) | 


where A and A’ are arbitrary constants. The equation of motion 
of the beam is 
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m ot O..5.k O6¢.cad. [2] 


Now, it has been shown? that, under the assumption y = ¢f(7), 
where 7 = z*/4t, this equation of motion can be put in the form 


: dK 
S"(n) +m aM S(n) = 0 


where S = 2*/ t Qand (dK)/(dM) depends upon the particular 
bending-moment-curvature relationship of the material. Once 
S(n) has been determined so as to satisfy this equation together 
with appropriate boundary conditions, the shear force, bending 
moment, curvature, and deflection distributions along the beam 
may be obtained by means of integration. The results of these 
integrations have been presented.? 


“4 
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Let us assume that the material of the beam obeys the plastic- 
rigid bending moment-curvature reiationship of Fig. 1. In this 
case S(7) is composed of sections of curves of the form 


I S = —B(n — m) 


; m 
II $= —Criny™ (n—m) mSn<™ 


III S = Din— m) mins 
etc. 

We have alternate rigid and plastic regions, the number of such 
regions depending upon the particular problem. The unknowns 
appearing in the solution, B, C, D, m, ma, 7s, etc., are determined 
by imposing on the solution a set of conditions analogous to that 
used in previous work.? Conditions [1] and [3] therein are not 
necessary for the present problem, and Conditions [7] and [8] 
are replaced by the conditions 


™ § 
1 f a? eee [5] 
2 Jo 7] 


S(0) = 2A 
The continuity conditions on S and S’ have been discussed? for 


both the case of a work-hardening material, Fig. 1, and the case 
of an ideally plastic material, Fig. 2. Also, as noted before,* in 
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plastic-rigid analysis the last region of the solution must be the 
straight-line region S(n) = 0. 

Case of Ideal Plasticity. The bending-moment-curvature rela- 
tionship of the material is assumed to be that of Fig. 2. It has 
been shown before* that, in the case of such an ideally plastic ma- 
terial, plastic hinges form instead of finite plastic regions. A con- 
sideration of the solution obtained for the problem of an infinite 
beam subject to a constant-velocity impact? suggests that, in the 
case of a rigid ideally plastic material, S() consists of two regions 
and Equation [4] assumes the form 


|} £=—80—e <n<n) 

Plastic hinge 7=m ? ... [6] 
| S=0 72>” 

This solution satisfies the necessary continuity conditions and, 

M f 


SLOPE = b=o0 





Mo 
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once Q(0) and M(0) have been prescribed by fixing A and A’ in 
Equation [1], B and », may be determined from Equation [5]. 
It is found by imposing the conditions that 


° (4 : 
n= 16 *) 





Equations [6] and [7] completely determine S(n) for a rigid 
ideally plastic semi-infinite beam, initially straight and at rest, and 
subject to a load at the free end of the type of Equation [1] in 
which 0 < A’ <2Mo. Q, K, M, and y can be obtained from S(7) 
by means of integration as previously shown.? It is also clear 
from these equations? that the free end of the beam moves with 
the constant velocity 
8A? 


Vi oll” Samay" 


~ 3mA! 


, x? sal . 
Since m = 7 = const, the plastic hinge at 7 = occurs physi- 


cally at z = 2, and moves outward along the beam, its distance 
from z = 0 being proportional to JV ¢. 

When A’ = 2M), and hence M(0) = —M,, the solution ob- 
tained is also that for an infinite beam? subject to a prescribed 
constant-velocity impact at z = 0. In this case plastic hinges 
appear atz = Oand atz = +2. 

Case of a Work-Hardening Material. The bending-moment- 
curvature relationship of the material is as shown in Fig. 1. S(m) 
is composed of sections of curves of the form given by Equation [4]. 
Both S(7) and S’(n) must be everywhere continuous because the 
shear-force and bending-moment distributions are continuous 
along the beam. The last region of the solution must be the 
st. xight-line region S = 0, and the boundary conditions of Equa- 
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tion [5] must be satisfied. Moreover, in the case of a solution 
having more than three regions, the change in bending moment 
over every rigid region, except the first and last, must be 2M. 
This is clear from the bending-moment-curvature relationship. 
However, as was demonstrated before,? it appears impossible 
to obtain a solution of the form of Equation [4] for which all of 
these conditions are satisfied, and yet have S(m) be composed of a 
finite number of regions. Calculations have been carried out? 
which indicate that the number of regions may become infinite in 
the case of the plastic-rigid analysis for a work-hardening ma- 
terial. For this reason there is difficulty in obtaining a plastic- 
rigid solution analytically in the case of a work-hardening ma- 
terial. The form of S(m), however, in the case of a plastic-rigid 
work-hardening material is that of Equation [4] where the un- 
known constants appearing in the solution are determined by im- 
posing the conditions just cited. 


2 Enastic-P.astic SoLuTIon 


Now let us consider an elastic-plastic analysis of the deforma- 
tion of semi-infinite beams when subject to dynamic transverse 
loading at the free end of the type given by Equation [1], where 
A and A’ are arbitrary constants. 

Bohnenblust* has shown that, under the assumption y = tf(7) 


/EI 
where 9 = x°/4 s t, Equation [2] can be written in the form 
m 


dK 
S"(n) + El 


S(n) = 0 
dM 4 


where (dK 
relationship of the material, and 


2 ( EI */s = 
S( = ft 
’ El \ m ) “7S 


Q, K, M, V1, y may be obtained by means of integration, once 
S(7) has been determined so as to satisfy the foregoing equation 
and the boundary conditions of the problem. The results of these 
integrations are given elsewhere.* 


dM) depends upon the bending-moment-curvature 


M | , 
SLOPE-Ela@ 
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Let us assume that the bending-moment-curvature relationship 
of the material is as shown in Fig. 3. In the case of a work- 
hardening material @ is nonzero; in the case of an ideally plastic 
material a = 0. For this particular bending-moment-curvature 
relation, (dK )/(dM) is either 


l -_ 
Ela? 


or 


and, as shown by Bohnenblust, S() is composed of sections of 
curves of the following form 


Sosm 


—B sin (yn — m) 


sla 
II S = —Csin (2) -—m) mss 


Ill § <7 


D sin (9 — "2 
where, however, the number of regions is not necessarily three, 
but depends upon the particular problem. The unknowns of the 
solution, in this case B, C, D, m, m2, ms, are determined by imposing 
the following conditions on S(): (1) Continuity of S at m»; (2) 
continuity of S’ at m; (3) continuity of S’ at m,; (4) M = M, at 
ma; (5) S(O) = (2a3/EI)A; and (6) 


EI (™ S(n) 
M, — M(0) = :f =e dy 
2a*§ Jo V0 


(»- 47) 


Similar continuity and bending-moment conditions im- 
posed on solutions consisting of more than three regions. Th« 
change in bending moment over every elastic region, except the 
first and last, must equal 2Mo. 


where 


Specrat Cases or Exastic-Piastic SOLUTION 


In the case of an elastic beam under impact 
Equation [8] takes the form 


Elastic 
|M(n)| < Mp for all n 


Beam. 
S(n) = —B sin (n — m) 0:26 Mins 

B and n, a’e determined by imposing the free-end boundary con- 

ditions 


2a’ 


EI A = Bsin m 


B sin (9 
V1 


- ™) an 





SLOPE = £1 
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Now, given A and A’, it is clear that B and m; can be readily de- 
termined from Equations [9] and [10]. Q, K, M, y, and y’ can 
then be obtained from S(7), as shown by Bohnenblust.* 

Case of Ideal Plasticity. In the case of a beam made of an elas- 
tic ideally plastic material having a bending-moment-curvature 
relationship of the type shown in Fig. 4, Equations [8] assume 
the form 
B sin (ny — m) 

Plastic hinge 
S(n) = D sin (yn — m) 


S(n) = - 
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Fic. 6(a), (b), AND (c) 


As mentioned before, in the case of an ideally plastic material, 
plastic hinges form instead of finite plastic regions. S’(7) may 
be discontinuous at a plastic hinge, since the curvature of the 
beam may be discontinuous at these points. The unknown 
constants B, D, and n; may be determined from the following con- 
ditions 

2a 


(1) S(O) = —A 
(1) S& EI 


—EI © sin (yn — m) 
(2) —D f ——" dy = M, 
2a* m Vn 


—ElI ™ —B sin (n — m) 
g) — lf ———_——— dn 
2a? 0 Vn 


e f D dn (9 — m) an] = M(0) 
R V1 


Again, once S(») is completely determined, M, Q, K, and y can 
be immediately obtained.* 
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3 Comparison or Etastic IpEALLY Puastic aNp Ruiaeip 


IDEALLY Piastic SoLUTIONS 


In the recent literature on the subject of the plastic deformation 
of beams subject to transverse impact loading, a number of prob- 
lems have been solved by means of a rigid-plastic analysis. No 
comparison seems to have been made of the solutions obtained in 
this way with the more accurate elastic-plastic solutions, al- 
though Lee and Symonds‘ set up a criterion for the use of the rigid- 
plastic analysis in the case of finite beams. The lack of such 
comparisons is due to the absence of the elastic-plastic solutions 
of most of these problems. It seems worth while, then, since we 
have here both the elastic-plastic and rigid-plastic solutions of a 
class of problems, to cite a few examples and observe the corre- 
sponding elastic-plastic and rigid-plastic solutions. Because the 
problems discussed in the recent literature pertain to an ideally 
plastic material, the numerical work presented here will be re- 

‘Large Plastic Deformations of Beams Under Transverse Im- 


pact,” by E. H. Lee and P. S. Symonds, JourNaL or APPLIED 
Mecnuanics, Trans. ASME, vol. 74, 1952, pp. 308-314. 





CONROY—PLASTIC DEFORMATION OF SEMI-INFINITE BEAMS SUBJECT TO TRANSVERSE IMPACT 243 


stricted to the comparison of elastic ideally plastic and rigid 
ideally plastic solutions. The establishment of a criterion for the 
use of the more convenient rigid ideally plastic solution requires 
some modification of the Lee-Symonds criterion due to the fact 
that the beams discussed here are of infinite length. The author 
has not obtained such a criterion for infinite beams. 

Bohnenblust, Duwez, and Clark* have shown that the bending 
moment-curvature curve for a cold-rolled low-carbon-steel beam 
3/, in. wide and 1 in. deep is, as shown by curve 1, in Fig. 5.. Itwas 
also shown that the bending moment and curvature at the elastic 
limit are 8000 in-lb and 0.853 X 10~*/in., respectively. The 
numerical examples considered here pertain to such beams 

The approximate elastic ideally plastic bending moment- 
curvature curve taken for the computation is shown by curve 2 in 
Fig. 5. The approximate rigid ideally plastic bending-moment- 
curvature curve taken for the computations is shown by Fig. 2, 
where My, = 8000 in-lb. 

In the first example a semi-infinite beam is subject to a dy- 
namic transverse loading at the free finite end (x = 0) consisting 
of a zero bending moment and a transverse force of such a magni- 
tude that the point z = 0 moves with a constant velocity of 50 
fps. Both the rigid ideally plastic and elastic ideally plastic 
The 


deflection curves are shown in Fig. 6(a) for ¢ = 0.001 sec. 


problem is repeated for impact velocities of 100 and 200 fps 
The elastic ideally plastic and rigid ideally plastic solutions for the 
deflection curves are shown in Figs. 6(b) and 6(c). The Fresnel 
integrals encountered in the calculation of the elastic ideally plastic 
solutions can be evaluated with the aid of a table of integrals by 
C. M. Sparrow. 

In the second example a semi-infinite beam is subject to a dy- 
namic transverse loading at the free finite end (z = 0) consisting 
of a bending moment, M(0) = —Mp). As before, the transverse 
force applied at this end is first of such a magnitude that the point 
z = 0 moves with a constant velocity of 50 fps. Then impact 
velocities of 100 and 200 fps are considered. The elastic ideally 
plastic and rigid ideally plastic solutions of these problems are 
shown in Fig. 7. 

The manner in which m varies with V, in the elastic ideally 
plastic solutions is shown in Fig. 8. 
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On the Ideally Plastic Indentation of 
Inset Rectangular Bands 


By E. W. ROSS, JR.,2 WATERTOWN, MASS. 


One of the limit design theorems of ideal plasticity is 
applied to find an upper bound on the initial indentation 
pressure for the case where a flat, smooth die is pushed into 
an inset band of rectangular cross section. The depend- 
ence of the upper bound on the clearance and width of the 
band is given, and a possible extension to asymmetrically 
inset bands is suggested. 


INTRODUCTION 


terial partially set into a rigid encasement and indented by a 

flat, smooth die as shown in Fig. 1. We shall find an upper 
bound on the pressure which the die must exert in order to initiate 
permanent indentation. This problem is an idealization of the 
rotating-band engraving process in interior ballistics. The co- 
ordinate system and pertinent dimensions to be used are shown in 
Fig. 2. We assume b 2 a throughout this paper. 

Several results on a related problem are already in the litera- 
ture. Hill* has shown that the average pressure to initiate plastic 
indentation cannot exceed (2 + )k, k being the yield stress in 
pure shear, when L is very large (i.e., in plane strain) and D/a? 
0.707. Shield and Drucker‘ have shown that the indentation 
pressure for this problem must exceed 5k. The principal value of 
the present result is in indicating for what geometries these 
plane-strain bounds are inaccurate and in providing a better 
estimate of the indentation pressure for those cases. 

We shall use one of the limit design theorems of ideal plasticity 

theory to give an upper bound on the indentation pressure for any 
values of L/a, H/a, and D/a. The die is assumed to be smooth, 
flat, and lubricated so no shear stress acts on the face y = 0, 
z| < L, |r| < a. We assume that the band is glued or other- 
wise completely restrained ou its inset faces so that v, = v, = », 
= 0 on the surface y = —D, iz| < Landon the surfaces l2| = L, 
—D £ y £< —H. The band material is taken to obey Tresca’s 
yield criterion, and work hardening is neglected. 

We shall first present a rather inelegant version of the limit- 
design theorem to be used, then obtain the upper bound. 


[- this paper we consider a rectangular band of ductile ma- 


1 This work was done at Watertown Arsenal, Watertown, Mass., 
and originally appeared as Watertown Arsenal Laboratory Report No. 
760/525. 

? Mathematician, Watertown Arsenal Laboratory. 

*'The Plastic Yielding of Notched Bars Under Tension,” by R. 
Hill, Quarterly Journal of Mechanics and Applied Mathematics, vol 2, 
1949, pp. 40-52. 

‘The Application of Limit Analysis to Punch-Indentation Prob- 
lems,"" by R. T. Shield and D. C. Drucker, JourNnaL or ApPpLizp 
Mecuanrics, Trans. ASME, vol. 75, 1953, pp. 453-460. 

Contributed by the Applied Mechanics Division and presented 
at the Diamond Jubilee Annual Meeting, Chicago, Ill., November 
13-18, 1955, of Tas American Society or MecHanicat ENGIneers. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1956, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, February 11, 1955. Paper No. 55—A-52. 
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Limit-DEsiGN THEOREM 


Detailed statements and proofs of the two limit-design theorems 
can be found in the works of Prager and Hodge*® and Drucker, 
Prager, and Greenberg.* Some additional comments are made by 
Shield,’ and Shield and Drucker.* 

We shall consider the assemblage consisting of the band and 
die; the band is assumed to be composed of an elastic-ideally 
plastic material, and the die is taken as rigid and subject to uni- 
form pressure from above. It is clear that the boundary condi- 
tions on this assemblage obey the restrictions under which the 
limit-design theorems are effective; i.e., at all boundary points 
either the stress components are prescribed or the velocity com- 
ponents are zero. 

A kinematically admissible velocity state is defined as a set of 
velocity components satisfying all conditions on velocities at the 
boundary of the assemblage and the incompressibility condition 
at all interior points. We can calculate a die pressure correspond- 


*Theory of Perfectly Plastic Solids,” by W. Prager and P. G. 
Hodge, Jr., John Wiley & Sons, Inc., New York, N. Y., 1951. 

*“Extended Limit Design Theorems for Continuous Media,” by 
D. C. Drucker, W. Prager, and H. J. Greenberg, Quarterly of Applied 
Mathemctics, vol. 9, 1952, pp. 381-389. 

7“The Plastic Indentation of a Layer by a Flat Punch,” by R. T. 
Shield, Quarterly of Applied Mathematics, vol. 13,1955, pp. 27-46. 
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ing to any kinematically admissible velocity state by equating the 
external work rate to the internal dissipation rate (assuming all 
strain rates to be plastic strain rates). The limit-design theorem 
that we shall use says that the die pressure found in this way is not 
less than the true die pressure required to initiate indentation. 

When a kinematically admissible set of velocities has been 
chosen, the internal dissipation rate is given (for a material obey- 
ing Tresca’s yield condition and flow rule) by 


Internal dissipation rate = i. 2k max je} dV...... [1] 


where max |€| denotes the absolutely largest principal compo- 
nent of the plastic strain rates derived from the velocity state, k is 
the yield stress in pure shear and the integral is extended over the 
whole assemblage. If there are surfaces in the assemblage across 
which there are tangential velocity discontinuities involving plas- 


tic dissipation, then the expression 


f kAvdS, 
SD 


must be added to the right side of Equation [1]; Av is the mag- 
nitude of the velocity jump, and this integral is extended over all 
discontinuity surfaces. 

An Upper Bounpb on THE INITIAL INDENTATION PRESSURE 


We begin by choosing the velocity state shown in Fig. 3. 
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This may be described analytically as vy, = v, = v, = 0 every- 


where except 
= 0 
= —V, 
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where V, is the downward velocity of the die. This state satisfies 
the incompressibility condition and all the velocity boundary con- 
ditions, provided 

Ltana < H [4] 


All the internal energy dissipation takes place in the discon- 
tinuity surfaces A-B-D-C, A-B-M-J, G-J-A, B-M-H, A-C-E, 
B-F-D. If we equate the internal dissipation rate and external 
work rate, using Equation [1], we find that the average pressure 
on the die is not less than k times 


and 


l G l 
4 
cos a| 2 sin @ 


where G = L/a a) has a minimum with respect 


when a satisfies 
G 
—-~l=QO@ 6) 


sin? a@ 2 sin? a 


This state with @ given by Equation [6] (for any G this equation 
gives only one nonnegative value for sin a, and we must have 
0 < @ S 7/2, hence no ambiguity in a-value is possible) will not 
be kinematically admissible unless @ also satisfies Equation [4] 
Where it fails to do so, the best value of a which makes the state 


kinematically admissible is given by 


rai 
= tan J 
G 


Thus, by the limit design theorem kF (G; a), 


where C = H/a. 
with @ given by Equation [6] or [7] 
bound on the indentation pressure for any value of D/a 


as appropriate, 18s an upper 
When a@ 
is given by Equation [7] we can show the explicit dependence of 
F on G and C by 


C.@ 1 G\? 
= + t-C lL + , 
G Cc 2 Cc 
For wider bands (larger values of G), an upper bound better 
than Equation [5] is given by a velocity state (Fig. 4) combining 


the best kinematically admissible state so far found for plane 


AI 


Fro. 4 Ve vocrry Fretp 1n Zone xz © 0, « 2 O for MoperaTecy 
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A-N-E-Q is one quarter of loaded area. Heavy arrows indicate flow direc 
tions.) 
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strain (G — o) near the middle of the band with the state used 
above near the end faces. The state near the middle of the 
band is the familiar one given by Hill. The dissipation calcula- 
tion shows that the die pressure equals or exceeds k times 


a 
Q(G; m, a) = (2 + 7)m + ——— = 
sin a@ cos @ 


+ ¢t—ar , Va 


1 
2 cosa G st 


where we must have 
(1— m)G tana < C 


in order for the velocity state to be kinematically admissible. 

The values of m and a were found so as to minimize Q(G; m, a) 
subject to the constraining Condition [10]. By the limit-design 
theorem kQ(G; m, a) with these values of m and a@ is an upper 
bound on the initial indentation pressure. 

The behavior of these upper bounds as functions of G and C is 
shown in Fig. 5. The bounds given by Equation [5], shown by 
solid lines, are valid for all values of D/a. The bounds given by 
Equation [9], shown by broken lines, are valid only for D/a 2? 
0.707 because this velocity state violates the boundary condition 
v, = Oony = —D, |z| <L when D/a < 0.707. The solid line 
labeled “‘opt’’ gives the value of F from Equation [5] when a@ 
takes on the best possible value for each G, i.e., the value of a 
found from Equation [6]. The broken line labeled ‘“‘opt’’ gives 
the value of Q from Equation [9] when @ and m take on the best 
possible values for each G; it turns out that these optimum values 
are 

a@ = 37.2° (for all G) 


m = 1 — 2.442/G 


and Condition [10] shows this bound is valid for C > 1.85, 
provided that D/a > 0.707. In general it is seen that the 
upper bound increases with band width and increases whenever 
it is affected by a decrease in band clearance. This is the 
qualitative behavior that one expects of the true average inden- 
tation pressure. Further, the bounds for wide bands (i.e., broken 
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curves) all approach the plane-strain upper bound, 2 + 7, as G 
—> ©, 

We mention in conclusion that only trivial extensions of these 
velocity states seem necessary in order to get useful upper 
bounds when the encasement is different on the two sides of the 
band. 
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Stiffness of Curved Circular Tubes 
With Internal Pressure 


By P. G. KAFKA! anp M. B. DUNN,' SEATTLE, WASH. 


A method is presented for computing the flexibility fac- 
tor for plane pipe lines with internal-pressure effects con- 
sidered. Formulas for the first and second approximation 
to both the flexibility and the stress-intensification factors 
are given. Comparisons of the second approximations 
with experimental results are also made. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


a = radius of pipe bend, in. 
b = mean radius of pipe section, in. 
Eh? ; ? 
D plate stiffness, in-lb 
12(1 — v?) 
E modulus of elasticity, psi 
h shell thickness, in. 
k flexibility factor 
I moment of inertia of pipe section, in.‘ 
applied bending moment, in-lb 
bending moment per unit length on meridian, Ib 
bending moment per unit length on parallel, lb 
normal force per unit length in parallel direction, lb/in. 
normal force per unit length in meridional direction, lb/- 
in. 
internal pressure, psi 
radius of curvature of parallel, in. 
radius of curvature of meridian, in. 
radius of curvature of surface in plane normal to me- 
ridian plane and containing 7, in. 
displacement tangential to surface in meridional plane; 
positive in direction of positive ¢, in. 
displacement normal to surface; positive in direction of 
inward normal, in. 
stress-intensification factor 
strain in parallel direction 
strain in meridional direction 
angle subtended by are of parallel 
Poisson’s ratio 
bending stress, psi 
angle between rz and axis of rotation in meridional plane 
change in principal curvature 1/re 
change in principal curvature 1/r; 


INTRODUCTION 


When a plane pipe line, consisting of both straight and curved 
sections, is analyzed by simple beam theory as an indeterminate 

1 Structural Engineer, Boeing Airplane Company. 

Contributed by the Applied Mechanics Division and presented at 
the Diamond Jubilee Annual Meeting, Chicago, II]., November 13-18, 
1955, of Tae American Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1956, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
Manuscript received by ASME Applied Mechanics 


the Society. 
Paper No. 55—A-32. 


Division, April 21, 1955. 


system under applied thermal loadings, the computed support 
reactions are greater than actually would be measured in an ex- 
periment. Th. von Karman (1)? showed that the apparent de- 
crease in stiffness in such a case is due to an ovalization of the 
pipe in the curved sections. The effect of the ovalization is to re- 
duce the stiffness parameter E/ of the curved pipe to a fictitious 
value 


ay. 
(E])’ = - 
k 
The number & has been named the flexibility factor. 

The ovalization also yields a stress distribution different from 
that computed by the simple formula 0 = My/I of beam theory. 
It is found that the maximum bending stress is given by 


Mt 
Cmax = 8 — 


I 


where 8 is a stress-intensification factor (2). 

In the formulas for k and 8 given by von Karman and subse- 
quent investigators the influence of internal pressure on the 
ovalization has not been considered.’ This influence is small for 
rather heavy pipes as used in industry, in general. For very thin 
tubes, however, as used in aeronautical applications, neglect of 
the pressure influence leads to a gross overestimation of the flexi- 
bility and stress-intensification factors. It is for this reason that 


an extension of von Karman’s work is considered necessary 


ANALYSIS 


Timoshenko (3) relates the membrane forces and bending 
moments in a shell which is a surface of revolution to the strains 
of the middle surface and changes in curvature, respectively, in 


the well-known relations 


Bi 
: a pe l€g tT VE@) 


Eh é 
y? i€e + veg] 
D \xe + ¥xel 


= —D [xo + rx, J 


(See Fig. 1 and the nomenclature. ) 


He further gives 


1 d (: dw 1 dw\ cot ¢ 1) 
Xe™= r, dg \n ™ r.dg}’ , r, dy lo 


in which the strains and changes in curvature are related to the 


displacements of the surface. 


2? Numbers in parentheses refer to the Bibliography at the end of the 


paper. 
’ Except in reference (12). 
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Forces AND MoMENTS ACTING ON AN ELEMENT OF A SURFACE 
or REVOLUTION 


Fie, I 


Consider a curved tube, which is a portion of a surface of revo- 
lution (torus), subtending the angle 6. Under applied end 
moments M, the angle is increased to 6 + A@, Fig. 2. This 
bending action superimposed upon the effect of the displacements 
v and w will cause an additional longitudinal strain p(@), and an 
additional change in curvature ¥(@), in the plane of the bend. 

Thus, for the torus deformed by the bending action, we get 
with (see Fig. 3) 


m™=a+bsing =a 
rn=b 
a+b sing a 


% = : : 
sin ¢g sing 


bm 05 
sing 


and the assumption that r; may be considered constant with 
negligible error, the relations 


1 / dv sin ¢ 
& = b (* —w), € = m (v cot g — w) + p(8).. [3a] 


. a ( + 
Xe ™ bt dp \ dg }’ 


‘0s dw 
ab dy 


The functions p(@) and ¥(@) are now computed. 
Before deformation due to the end moment M, an elementary 
parallel sector was of length 


dS, = (a + bsin o)dé 
After deformation the length becomes 
dS, = (a, + b sin y)(d8 + Ad@) 


If it is assumed that the tube center line is the neutral axis, we 
have 


Thus the additional strain due to M is 


(6) = dS, — dS, bsing — Adé _ bsing Adé 


dS, oe + bsing o's _ 5) 


The curvature of the shell sector in the parallel plane was 
originally 


JUNE, 1956 


r, - “9 . #@ 
*" dS, ad@ 


After deformation due to M the curvature is 


d0+ Add 0 + Add 


" dS, 1+ 


= . 
ad6{1 + p(@)] 
The change in curvature is 


dé + Adé 


i fee ad6{1 + p(@)] ai 


(approx.) 


Fic. 2 Etement or Curvep Tune 




















7S 


Fic. 3 Geometry or Torus 
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From differential geometry 
l sing 
= : 
T: Tr 
so that the change in x» due to M is 
sin g Ad@ 


a dé (6) 


¥(6) = (T, —T ) sing = 

Having now obtained the relations between strains, changes in 
curvature, and the deformations, Equations [1] and [2] will be 
The 


problem is greatly simplified by introducing the following assump- 


solved for the unknowns v and w by the energy method. 


tions which are usually used in shell problems: 


1 Inthe meridional direction the middle surface of the shell is 
inextensible, and a filament in this direction (AB, Fig. 1) is dis- 
torted by pure bending only. The strain caused by Ny is thus 
neglected. 

2 In the parallel direction the middle surface is extensible, 
filament in this direction (AD, Fig. 1) is distorted by nor- 
Thus the strain caused by Mg is neglected 


and ¢ 
mal forces only. 
By assumption 1, €, = 0. Hence from Equation [3] 


(7] 

Consider an are of curved tube subtending the angle d8. When 

the angle is increased to d# + Ad@, the strain energy per unit 
area is as follows: 

Due to normal forces—from Equations [1], [3a], [5], [7], and 


9 
Eh . Eh 

— €,? = v cos © 

) p?)a? ¥ 


assumptions 1 and 2 
yp? 11 — 


dv . + bsi Adé\? (8) 
- sing >on OB —=— §£ cccces c 
dy aed d6 : 


Due to bending—from Equations [2], 7], and assump- 


tions 1 and 2 


d* 
- [9] 
dy} j ‘ 


The energy stored in the tube wall per unit length then is ap- 


Pas f, bVyde + a bV ,de 


As the tube cross section deforms and becomes ovalized, any in- 
ternal pressure P will do a work PAA per unit length, if AA is the 
change in cross-section area. 

Finally, the work done by the applied end moments per unit 
length of tube is 


proximately 


[10] 


1 MAdé 
: ; (11) 

2 adé 
The energy stored in the system, which must be minimized, is 


V’ = V— PAA 


It is now necessary to find a series expression for v, which satisfies 
the assumed boundary conditions. The deformation is considered 
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symmetrical about two axes, from which it follows that the tan- 
gential displacements at points 1, 2, 3, 4 of Fig. 4 are zero. Thus 


v = Oat these points. 


A trigonometric series which satisfies this requirement is 


oF 
v= > Cx sin 2K ¢ 
l 





4 Derormation or Tuse Cross Section 
The substitution of Equation [13] in [9] and [10], and the ex- 
pression of AA as a function of v, gives V’ as a function of the 
Cx’s. Equations 
OV’ 
OU x 


=0, K =(1,2,3,. (14 


are a set of simultaneous equations which determine the C,’s 
Once the C,’s are found in terms of the other parameters, the re- 
quirement that external work equals internal energy gives 
vy’ » 
~ 2” ad@ 
from which (Ad@)/(d@) is found as a function of M 
Consider next a straight tube of identica! cross section and 
length as the curved tube and with the same moment M acting 
on the ends. Assuming a membrane theory for the stresses in th 
straight tube and no distortion of the cross section, the rotation 


per unit length would be 


Adé l py? 


M, 
ad6 El 


The ratio 
Adé 
A dé 


1 


and [16], is by definition the flexibility 


found from Equations [15 
factor. 

The outline of the solution is completed by expressing AA as 
a function of the C,x’s 

By the analysis of Appendix 1 


AA «= Qn >> (4K* K2)C,2 
1 
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First APPROXIMATION OF FLEXIBILITY Factor 
Series [13] is restricted to its first term 
v = C, sin 2g 
and AA = —6rC;*. Equation [12] becomes 
Ehb 


2n 
Vv’ = daX1 —- f [ eicsin 2¢ cos g — 2 cos 2¢ sin ¢) 


+ bsi Adé |? a D 2s 36C;? 29 
8 dg - — — 
dae dé ” 2b b? eatin 


0 

18vC,? 6vC, Add 

aes - = sin 29 cos 2¢ cos ¢ + vai a 4 
ab a 40 


sin ¢ cos 29 | dg -+ 6mPC;? 


Equation [14] yields 


B Adé 
<7 2 


5 __Ehb + — 
2 a1 — vp?) b? 
3 Ehb? 

2 a1 — v2) 


sw? (3 4y 
A= 


— hp 12P 
b ° <.) * 


4Dv 


Be= 
tab 


Substituting C, in Equation [15] we get 


Md 


| zn __ abe 
a(1 — pv?) A 


Ad@ = 





From Equation [16] 
1—» 
0 = ——- M ad 
Aod spar 2 0 
The flexibility factor given by the first approximation then is 
Adé 1 


a le 


(1 — »*)a*B? 
Eb*hA 


For vy = Oand P = 0 this becomes 
10 + 12 “e 
2 7 on 
1 + 12 be 
which is the factor obtained by von Karman (1). 
SECOND APPROXIMATION OF FLEXIBILITY FAcTOR 
Taking two terms of Series [13] we have 
v = C, sin 29 + C; sin 49 
AA = —6rC,? — 120rC,? 


and 


Following the analysis procedure we obtain the results 


Adé 
aoa 


Adé 
lat”) 
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where 
Qi2b3 + Ar2b, 


pr : 
41022 —— Giz 
Qieb, + anbe 


11422 — 2? 


__Ehbr + 36D + 144vD + 1295P 
a\1— pv) be 15ab? - 
96 vD 

ab? 


5S _ = 
4 aX%1—v) " 7 
17 Ehbr 

2 a1 — v2) 
. a 
2 a{1—v*) © ab 


™D , 1600 Dv 
+ —— — + 240nP 


bs 7 ab? 


+ 3600 


8vD 
ab 


_= 


flexibility factor turns out to be 


1 
| i kr? a 
a*(1 — pv?) ‘ A 
1+ 3Ehb? (@y1p1? + Ge2pe 


— 2anpip2 — 2bip: — 2bep2) 


aoe 


BENDING StrREss IN CurRvED TuBE 
Because of cross-section ovalization the maximum bending 
stress is no longer given by the formula Mb/J. In this section the 
maximum longitudinal stress (Ng/h)max will be computed and 
divided by Mb/I to obtain a stress-intensification factor £. 
By Equations [3a] and [5] the longitudinal strain is 


1 ’ Adé . 
€ég = — (veos gy —wsing+ b — sin ~) 
a dé 


Using Equation [7] and the first approximation for v, the 


corresponding stress is 
Ee E = ( : 2B . . 
b sin g — — sin 
a(1—v*) dO a 





oie Ow 


However, by Equation [16] 


E. 7 Acd@ Sa T Adé 1 


A qustminenmeneas 
a(l1—v?) dé a(l—v?) dO k, 


so that 


Mk, _ E Adé 


I a(l—v*) dO 


Mh (, .;  - 
= — Bo — Ge 
a 7 sin ~@ A sin" ¢ 


The maximum bending stresses are (see Appendix 2) 


Mb | (1 2B ¢ 6B 
hee . + Me 


2 Mb y2 
Tomax = — — ky | — 


<b 


Tomax = 


if = >»b 
3 1 6B’ * A 

Without ovalization the maximum bending stress would be 
Mb/I. Hence the stress-intensification factor for the first ap- 
proximation is 













2B 6B 
B, = ky (: —_ 7, for <b | 
. [20} 





2, /t4 « 6B, 
te ( Soul Eel 


For P = 0, vy = 0, Equations [20] become 





B, = 






12\2 — 2 
= , for A 
12A? + 1 





> 1.472 






(12\? + 10)*/2 
. oe ae 


9(12A? + 1) 





B= 1.472 







where 








which are the Hovgaard factors (2). 
Analysis of the second approximation of the stress-intensifica- 






tion factor yields the relations 








4 5 2 1 
B. = 1+ 2 ; I for 60p. + b > 6p, 
9. >. . (21) 
Bo=k Vv 2 E = “ (20z — 212) | 





for 60p. + b < 6p, | 






where 





3p: + 30~2 —- V ( 3p; + 30p.)? 


l 2 bps 
2 = — = 
120p. 






The maximum bending stress can be computed by the usual 
simple bending formula and multiplied by 8 to get the true value. 
To this stress must be added the longitudinal stress due to in- 
ternal pressure and normal forces induced by the support reac- 







tions of the pipe system. 
The transverse stress is 








Ne. 6) 
_ My 
ea h? 






and can be obtained from Equations [1], [2], [3], [4] and the 
values of »v and w computed in the analysis. 







ComPaRISON BETWEEN THEORY AND EXPERIMENT 






Tests conducted by the author’s company made available some 
limited experimental data by means of which the results of the 
theory have been experimentally confirmed. 

Plane U-type expansion loops consisting of two quarter-bends, 
one half-bend, and short-tangent sections, were made up of seam- 








welded tube. 

Diameters were 3 in. and 3.5 in.; thicknesses 0.016 in. and 
0.020 in., respectively. The material was 18-8 stainless-steel sheet, 
titanium stabilized, specification AISI 321, and the bends were 
manufactured by forming half-sections in a hammer die, and 
fusion-welding them together. Owing to this construction the 
welding seams fell in the plane of the bend and not on the 
neutral axis. The tubes finally were annealed for stress relieving. 

One end of the expansion loop was held fixed, while the other 
end was displaced along the axis of the tangent sections; both 
ends could be restrained against rotation or else left free to ro- 
tate at will. 

Stresses were measured by means of electric strain gages (SR4) 
distributed, both in the longitudinal and the transverse direction, 
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along two sections near the center of the loops, on the outside 
only. 

Pressurizing was accomplished by means of compressed air 
The pressure was applied first, then the strain gages were balanced 
to read zero, and finally the end was displaced through application 
of suitable loads. 

Load-deflection curves were obtained at 0, 25, 50, 100, 200, 250 


psig. 

Experimental values of the flexibility factor were inferred from 
the load-deflection curves, by comparison with the theoreti- 
cal load-deflection relations, with unspecified k factor 
taken to exclude load conditions which would cause any buckling 
of the loops out of their planes or local buckling of the tubes 

Longitudinal and transverse stresses were obtained directly 


Care was 


from strain-gage readings and the longitudinal stress-intensifica- 
tion factors were inferred from them 

Figs. 5, 6, 7 show the comparison of flexibility factor and 
stress-intensification factor 
with the values predicted by the theory. 
are based on the second approximation, since the first approxima- 


as reduced from the experiments, 
The calculated values 


tion did not give satisfactory agreement, as might be expected 
for such thin-walled tubes. 

The comparison indicates fair agreement between theory and 
experiment, the agreement improving with increasing pressure 
The loops appear to be less flexible than the theory would pre- 
dict, so that little gain in accuracy could be expected from a 
third-approximation calculation, or a correction for hoop strain, 
as suggested in reference (4). The discrepancy could be due to 
the stiffening effect of the welding seams, which is certainly sig- 
nificant for such thin walls. More tests would be desirable, using 
seamless tubes, but the consistency of trends shown in Figs. 5, 6, 7 
seems to indicate that the theory accounts for all major factors 
which influence the stiffening phenomena 

The theory is based on the assumption, among others, that the 
ratio a/b is large. It was shown in reference (5) that reasonably 
accurate results are obtained even for a/b as small as 2.2. For 
very thin tubes a/b = 5 is probably a safe lower limit. 
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Appendix | 


DERIVATION OF Equation [17] ror CHANGE In Tuse Cross- 
SecTION AREA 


Referring to Fig. 8, points A and B are displaced in the ovaliza- 


tion to points A’ and B’ as shown. The change in cross-section 





0 


Fic. 8 Distortion oF AN ELement or Tuse Cross SEcTION 


area is the area of the quadrilateral ABB’ A’, and is negative when 
w is positive. 
Auxiliary co-ordinate axes xz and y are established as shown. 
The co-ordinates of points A, B, B’, A’ are 
A[b, 0) 


Bib cos gy, 6 sin dg] 


B’\(b —(w + dw) — (v + dv) tan dy] cos dg, 
[b — (w + dw)] sin dg + (v + dv) cos dy} 


A'lb — w, v] 
The area sought is the sum of triangles ABB’ and AB’A’ 


! 
Tata 1 1 | 74 Va 1 | 


Tp Ups 1) + 
Tp'¥p' 1} 


Tp'Vp’ l 
Z4'ya' 1 


—d(AA) = 
| 


1 
9 Zp — Z4',¥B—Va') 0 
= Zz,’ , 1 
Taking cos dg = 
ferentials of higher order, this reduces to 


1 dw dv 
—d(AA) = 2bw — 9 — +w a wt — ) dg 
2 dg dg 


La Va 1} 


1, sin dg = tan dg = dg and neglecting dif- 


For complete inextensionality it is required that AB 
AB? = A'B". 
Now AB? = b'dg? 


A'B" = (dw + vdg)* bdg + wdg — dv)* 


Equating these expressions, expanding, and using the relatior 


we get 


Substituting this in the AA equation, along with u 


get 


x 
Substituting v = > Cx sin 2K¢ from Equation [13] an 
l 


ing out the integration we obtain 


AA = —2e S* (4K‘— KC, 
—- 


Appendix 2 


ComMPLETE ANALYSIS OF STRESS-INTENSIFICATION FACTORS FOR 


First AND SEcoND APPROXIMATIONS 


For the first approximation we 


For a ma 


Hence eit! 


6B .. : 6B 
—sing |b ‘A sin? ¢ 2 sin g cos* ¢ ‘ <0 


If 


then 


2(1 — | bA 
P 6B y 6B 
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If cos ¢ = 0, then 


6B 


—b+ A <0, or 


Consequently, for 


a 


Mb 
J@max = ~ ky 1 


2B 
I Ab 


2B 
A, = bs (1— 3%) 


For the second approximation we have 


M 


07 = — F ky [2p; sin* g + p2(20 sin? g — 24 sin’ ¢) — b sing] 


doe 
dg 


Hence either cos g¢ = 0 or 


= 0 = [6p sin? g + p.(60 sin? ¢ — 120 sin‘ ¢) — b] cos ¢ 





3p. + 30p: + ~/(3p, + 30p2)? — 120bp: 
sin?tg =z = — ee — — 
120p2 
For reality it must be 

3p, + 30p, > 0//120bp: 
On the other hand, z < 1 or 
3p. + 30p; < 120p, + V/(3p, + 30p2)* — 120bp, 
V/ 120bp: = 7 


3p: + 30p2 = a, and 


then 


— 2 
a+ Vat — 2 <i 


Taking the plus sign, we obtain 


— 2 
Vai —y< x —a, or y*— 2ab 
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Therefore 
60p: + b > 6p, 


Consequently, the solution 


_ 3p, + 30p: + Va? — 7? 
¥ 120p2 


+ 


implies the condition 60p2 + b > 6p). 
The solution 
P P / - 
3p: + 30p: — V a? — y? 
2. = ——_—_ 
implies the condition 60p; + b < 6p). 
For a maximum 


d*g 
<0 


Thus 


d*¢ ee . ; ; 
io = [6p; sin? g + p.(60 sin? g — 120 sin‘ g) — b] sing 
dg* 


— |12p; sin g + pz (120 sin g — 480 sin* ¢)| cos? g < 0 


If cos g¢ = 0, then 


6p, — 60p,.— b <0 or 60p2. + b > 6p, 


The maximum stress becomes 


JTe@max = - 4p. —b 


VW ke (2 
7 2 (“pr 


If sin? g = 2, then 


-(1 ~ z+) [12p, Vz + pr (120YV + — 480% ¥ 2+) <0 


—[pr + p2(10 — 402z4)] < 0 
This gives the condition 
+ ~/(3p, + 30p:)? — 120bp: < 0 


Since the positive square root cannot be less than zero, the z+ 
solution does not give a maximum. 
The z- solution gives the maximum and is associated with the 


condition 
60p. + b < 6p, 


The stress-intensification factor in this case is found to be 


(20z- — 242-4) | 


_ 2piz- Pe 


B: b b 





A Study of Axisymmetric Vibrations of 
Cylindrical Shells as Affected by 


Rotatory Inertia and Transverse Shear 


By T. C. LIN? anp G. W. MORGAN? 


An analysis is presented of the problem of the propaga- 
tion of axisymmetric waves in an elastic circular tube. 
The theory includes the effects of rotatory inertia and 
transverse shear in the same manner as does Timoshenko’s 
theory of the vibrations of bars. These effects are of im- 
portance for waves at high frequencies; they tend to de- 
crease the velocity of propagation and introduce an addi- 
tional mode due to shear. 


INTRODUCTION 


HIS paper presents the first step in the authors’ study of 
the propagation of axisymmetric pressure waves through 
elastic circular tubes filled with compressible fluid over a 
wide range of frequencies. To proceed with the analysis of this 
problem it is necessary to formulate the equations of motion for 
the tube. 
elasticity are too complicated to admit analytical treatment, it is 


Since the complete three-dimensional equations of 


important to determine approximate equations which are ade- 
quate for the purpose of the investigation. Since the presence of 
the fluid affects the equations of motion for the tube only by the 
introduction of the terms representing the pressure and the 
shearing stress which the fluid exerts on the tube wall, a con- 
venient procedure is to begin by studying the propagation of 
waves in an empty tube, particularly since this problem is itself 
an interesting one. We therefore direct our attention to this 
problem in the present paper and reserve the study of waves in the 
presence of a fluid for a later paper. 

Our main purpose here is to develop an analysis which will be 
valid for a wide range of frequency, particularly for high fre- 
quencies. This is accomplished by taking account of two effects 
which become increasingly important as the frequency is in- 
creased; these are the inertia connected with the rotation of the 
elements of the tube wall, and the influence of shear strain on the 
bending terms. These factors have been neglected in previous 
treatments of the problem (1, 2, 3, 4, 5, 6)* and are here taken into 
account in the same manner as in Timoshenko’s theory for the 
vibrations of bars (7, 8). 

1 The results in this paper were obtained in the course of research 
sponsored by the Office of Naval Research, under Contract 562(07). 

? Formerly, Research Associate in Applied Mathematics, Brown 
University, Providence, R. I. 

’ Associate Professor of Applied Mathematics, Brown University, 
Providence, R. I. 

4 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Applied Mechanics Division and presented at 
the Diamond Jubilee Annual Meeting, Chicago, Il., November 13-18, 
1955, of Tae American Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1956, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, January 31, 1955. Paper No. 55—A-59. 
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Basic EQUATIONS 


A cylindrical co-ordinate system (r, 8, z) with the z-axis directed 
along the axis of the cylindrical tube is used. For axisymmetric 
vibrations it is stipulated that the displacesents_of the shell wall 
are independent of 6 and that there are no displacements in the 
6-direction. It is also assumed that the thickness h of the wall is 
small compared with its mean undeformed radius a 

Consider an infinitesimal element of the wall contained be- 
tween two axial planes, angle d# apart, and between two cross- 


sectional] planes, distance dz apart, as shown in Fig. 1. Let ¢ de- 














of mass 
f the 


element 


An ELeMENT oF CYLINDRICAL SHELL 


note time and let u(r, z, t) and w(r, z, t) denote the axial and the 
radial displacements, respectively, of a point on the wall. Fur- 
ther, let r = ro denote the radial co-ordinate of the centroid of the 
intersection of the element with a plane z = const; more exactly, 


ro gives the limiting co-ordinate of the centroid as d@ approaches 
zero, that is 


1 a+th - (: 1 h? 
7, ii r'dr =a — 
ah e=00 12a? 


The motion is approximated by assuming the following expres- 
sions for u and w 


u(r, z, t) = uo(z, t) + (ro — r)a(z, t) 


w(r, x,t) = woz, t) 


Thus it is assumed that the axial displacement u is such that 
radial lines remain straight, a representing the angular rotation 
of a radial line about r = ro, and that the radial displacement w is 
independent of r. 

In general, the strain-displacement relations are 


5 
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where the € and yy quantities are the tensile and shearing strains, 
respectively, and » is the displacement in the 6-direction. For 
the present case, because of axial symmetry, » = 0/00 = 0. 
Making use of this and Equations [2], one obtains from Equa- 
tions [3] the following expressions for the strains 


Ouo oa 
—— + (m1) 
Or 


€é, = 


Wo 


r 


tr > & 
7 or 


&£* 70 = Ye = 0 


The Expressions [2] and [4] may be expected to be valid when- 
ever h< a and when A is small compared with the wave length A 
of the disturbance. 

By using Equations [3], the stresses can be found from the 
stress-strain relations. They are given by 


Co, 


= 
Tz, = GY 2 


where o, and ¢¢ denote the axial and the hoop tensile stresses, re- 
spectively, and 7,, the shearing stress acting in the radial direction 
ona plane z = const. £, G, and v are Young’s modulus of elas- 
ticity, the modulus of rigidity, and Poisson’s ratio, respectively. 
The first two of Equations [5] are based on the assumption that 
the radial tensile stress a, is much smaller than o, and a», which 
may be expected to be the case when h< a. 

The equations of motion for the infinitesimal element can now 
be set up in terms of the translation of its center of mass and its 
rotation about an axis which passes through the center of mass 
and is perpendicular to a bisecting radius of the element, Fig. 1. 
The desired differential equations are then obtained by allowing 
d@ and dz to approach zero. In the following it is simpler, 
though less rigorous, to imagine the limiting process carried out 
and to write down the differential equations directly. This is 
done by keeping in mind that in the limiting process the axis of 
rotation moves to the limiting position defined by r = ro. It is 
first necessary to find the resultant forces on the element and the 
resultant moment about r = ro. Let 7,, V, and M denote, re- 
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spectively, the resultant tensile and shear forces and resultant 
moment about r = ro acting on the plane xz = const per unit 
length of undeformed mean circumference, and let 79 denote the 
resultant tensile force acting on the plane 8 = const per unit 
length of the undeformed cylinder. Then 


1 a+th 
a a-—th 


at+thh 


Substituting Equations [5] into [6] and using [4] one obtains 


Eh Ouo Wo ) 
a. = - — —— + yp } 
1—p?| Oc a 


Eh wo (2 +h 
- 
lI—v* Lh 2a —h 


Ts = 


u Eh’ (: h? da es vwo 
~ $F ag) 12a?) adr a? 


OW 
h aus 
G | as a 


The foregoing expression for V is based on our approximation to 
the shear strain y,, given in Equations [4], which is independent 
ofr. A more accurate account can be taken of V by appealing to 


the relation 
Ow» 
= @ 


or 


. [8] 


V= kon | 


where K is the “‘shear constant” which depends on the shape of 
the cross section. An experimental value for a rectangular cross 
section was determined by Filon and is 8/9 (8). It will be as- 
sumed that, with h < a, this is a good approximation in the 
present case. 

Using Fig. 1 the differential equations of motion can now be 


obtained. They are 


noe or, + 
rae, a” 


Ow 


Or or a 


Ma 2 n(1 +) 
—— » - 1 
ot? or 2 q 6a 


where p, is the density of the tube material, p and q are the pres- 
sure and shearing stresses per unit area of the undeformed mean 
surface of the tube exerted on the wall by the fluid inside the tube. 
Io is the limiting value as d@ approaches zero of 1/(ad@) times the 
moment of inertia of the cross-sectional area of the element about 
an axis which passes through the centroid of the area and is per- 
pendicular to the bisecting radius of the area. It is given by 


Pr TP 





Plo 
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Ih = 


1 at+th 
4! (r — ro)*r dr 
a a-th 


which, on using Equation [1], becomes 
h? ) 

I=I{1—— 
12a?/ | 


he 
12 | 


where 


/ 


The third Equation [9] introduces the rotatory inertia p,J/o. 

It will be of interest in the following to examine the role played 
by various physically meaningful quantities in determining the 
phase velocity of a disturbance. For this purpose it is convenient 
to identify the contributions of the various terms in the basic 
equations by introducing the artificial tracers A, C, F, and H into 
the system [7] as follows 


ou 
c— 


) 
| 
| 
.. {ll 
vh? oa (11) 
12a 


Eh® 


“i ox 
h? vu 
M — i—3 s—+F— 
12(1 — v? 12a? oz a? 


Each tracer is set equal to 1 when the correspondiag physical 
quantity is to be taken into account, but it is set equal to zero when 
the corresponding quantity is to be neglected. Here A traces the 
conventional bending term; C, the axial strain; F, the curvature 
effects coupled with Poisson’s ratio; and H, the hoop strain. 

Substituting Equations [8] and [11] into [9], and using [10], one 
obtains the following three differential equations for the three 
unknowns we, Wo, and V 


h OP . Eh om 4 Y OWo te | 
ot? 1— py? a or 
— a he be (> = ") 
1 — p? ah 2a —h; 
_ vh? (= 1 oV 
i— - a ao Tp 
12a? \ dz? KGh dz 
( Ow OV 
oz KGh 
; h? ‘ a? (2 V 
12a?/° Ox? \ Oz KGh 
é h 
pi + V+ ran(1 4 
a’®? Oz 2 6a 


In Equations [12] three additional tracers L, D, and N for terms 
due to inertia in the axial and radial directions, and the rotatory 
inertia, respectively, are introduced. 

The terms 





/ 


V 1 ov 
—— and vee 
KGh KGh oz , 
introduce the effect of shear strain into the second and third of 


Equations [12]. It will be seen later that this effect is important 
only in the third of Equations [12]. The omission of these terms 


would be tantamount to the replacement of a in Equations [9] and 
[11] by Ow»/dz, as is usually done in the theory of bending. In 
that case Equation [8! would become superfluous since we would 
then have six Equations [9] and [11] for the six unknowns up, wo, 
£ Tos T 6, and M, 
Equations [12] by allowing K to approach infinity in such a man- 


The effect of shear strain can be removed in 


ner that V, as given by Equation [8], remains finite when a@ ap- 
proaches Owo/dz. 
VELociITy—F REQqUENCY RELATION 


It is introduce dimensionless variables and 


parameters 


convenient to 
as follows 
ap 

en 
pith 
aq 


per* 


"a 


where 


Using Equations [13], | 
£ | J 
[15] 
and neglecting terms containing second and higher powers of &, 
one obtains from Equations [12] the following equations in di- 
mensionless form 
o*u* dtu* 


>t *2 or*? 





258 


In the second of equations [16] another tracer S denoting a 
curvature correction to the hoop strain is introduced. The 
parameters 7 and vy may conveniently be used as tracers for the 
effect of shear strain and the influence of Poisson’s ratio, respec- 
tively, although their values are not unity. 

Eliminating u* and V* and neglecting terms containing £*, one 
obtains the following equation in w* 


3 a? ot 
[2 + & (s are 4 z=) | [ (2 lies ) 
ow" : a'w* 
a? a? otw* 
N——A ——2F - 
ot*? or*? 2Fv) oxr*? 
— Hsu" | i Sewers ri 


Here we have also assumed that the influence of the shear stress 
which the fluid exerts on the wall is very small and have therefore 
neglected all terms containing q*. 
For the case of sinusoidal waves one may write 

u* = U *et(mz* —w*t*) 
w* = W *et(mz* —w*t*) 
p* = Ptet(mz* —w*t*) } 
where U*, W*, and P* are the amplitudes of the waves, and w* and 
m are dimensionless parameters related to the circular frequency 
w and the phase velocity c for the propagated wave by the follow- 
ing equations 


On using Equations [18] and [19], [17] yields the following re- 
dations between m and w*, or c* and w* 


P* 
{1 — &n(Nw*? — Am?)] [ a — Cm?) (doe —H + 7) 


— nt | — &(Lw*? — Cm*)[HS 
— (Nw*? — Am? + 2Fv)m?] = 0..... . [20] 


and 


c*2[c*2? — Enw*(Nc*? — A)] | (aes — C) 


P* 
i) ~ ef £(Le*? — C)(HSe** 


— Nw*4c*? + Aw*4 — 2Fyw**c*?) = 0. 


(do —H + 


From Equation [21] it is seen that, with the tracers D and H 
equal to 1, the ratio of the contributions of inertia in the radial 
direction and hoop strain is w**. Therefore, when w* = 1, the 
two terms cancel each other. The axial and the radial motions 
of the tube are coupled through the presence of Poisson’s ratio 
v. If the terms due to v are neglected, Equation [21] reduces 
to the following two equations 
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2* 
c*? [c*? — Enw*Ne*? — A)] (do —H+ =) (22] 


— &HSc** — Nw*tc*? + Aw**) = 0 


Le*? —C = 0 | 


The first of these gives the phase velocity for longitudinal vibra- 
tions, the second for radial vibrations including rotary motion. 

For the empty tube P* = 0; Equation [21] may then be writ- 
ten as a quadratic equation in w*?, the coefficients of which are 
polynomials in c*? 


Ap + Aw*? + Aw*t*=0...... — 


where 


Ay = (CH — v? + CHS£)c** — HL(1 + S€)c* 
| 


A, = (ACHn — Av’ — 2CFv)éc*? 
— (CD — 2FLvt + CHNEn + AHLEn — v*En)c*™* | _ 

+ L(D + HNén)c* tates 
A, = ACE —(AL + CN + ACDn)éc*? 


+(LN + CDNn + ALDn)ic** — DLNEnc** | 


? 


For a given value of c* the corresponding values of w*? 
obtained from Equation [23] by solving the quadratic equation 
with the coefficients given by Equations [24]. 

To find the values of c* corresponding to a given value of w*, it 
is convenient to write Equation [21] in the form 


can be 


Bo + Bic*? + Bic*4 + Byc** = 0 [25] 
where 
By = ACEw** 


B, (ACHn — Av*n —2CFv)iw*? 
— (AL + CN + ACDn)iw* 


B, = (CH — v? + CHSE) —(CD — 2FLvé | 
+ CHNE + AHLEn — v2tn)\w** | 
+ (LN + CDNn + ADLn)tw** | 


B, = —HL(1 + SE) + L(D + HNEn\w*?— DLNEqw* | 

If we take account of all the physical quantities in the equa- 
tions, the tracers A, C, D, F, H, L, N, and S have the value of 
unity, and Equations [23] and [24] yield the following relation be- 
tween c* and w* in terms of the parameters £, 7, and v 


&(1 — c**)*(1 — ne*?)w** 
+ c*%1 — c**)[(n — vy — 2v)E — (1 + En)c**]w*? 


+ c*[1 + E—v?—(1 + Ee*] = 0. . [27] 


~é 
Examination of the coefficients [24] shows that, since §< 1 
and v < '/2, the S-terms in Ap may be neglected without ma- 
terially affecting thec* —w* relation. Similarly, a more detailed 
examination will show that the F-terms in A; may also be 
omitted. These approximations permit us to set up simplified 
expressions for 7's and M, to replace the original expressions in 
Equations [11], for the study of wavelike deformations. They 
are obtained by dropping terms containing F, and by substituting 


Hw /a for (Hwo/h)in[(2a + h)/(2a — h)] 


(i.e., by retaining only the first term in the expansion for the 
logarithm ), in Equations [11] 
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M 


The use of Equations [28] in the preceding analysis leads to the 
following equation in place of Equation [27] 


so 


g c*?)3(1 — no**)w*4 


} 


+ c**(1 — c**)[(1 — v*)&n — (1 + En)c**]w** 
+ c**(1 — vp? — c*2) = 0... [29] 


Equation [29] may, of course, be obtained also directly from 
Equations [23] and [24] by putting F = S = 0. 

It will be seen that for practically interesting values of &, 
(h/a < say '/s), c*? has a minimum value which is approximately 
given by 


c™nin = 201 — p2)'/2g%/2 


so that the remaining £-terms in the coefficient of w*? in Equation 
Since this further approximation does 
not, however, lead to any further simplification to the expressions 
for T,, Ts, and M, and since it does not substantially facilitate 
numerical computation, we have retained the terms in the follow- 
ing. 

We shall only look for unattenuated waves, for which both w 
* 


[29] are also negligible. 


and c, or w* and c* are real. The sign of the ratio c/w or c*/w 


will then indicate the direction of propagation. In discussing the 
relation between c* and w”* it is therefore sufficient to study only 
From Equations [23] to 
[26] it is seen that for a given positive real value of c* there are 


the positive real values of c* and w*. 


at most two positive real values of w*, and for a given positive 
real value of w*, there are at most three positive real values of c*. 
Therefore for a given frequency there exist at most three modes of 
vibration. 

From Equations [29] the limiting values of c** and w*? can be 
obtained 


1 — v?, atw*? = 0 


, 1, and 1/7, at w*? = @ [30] 


1 and 1/£n, at c*? = « 


For c*’?¥< 1, 
and recalling that <<< 1, Equation [29] may be written approxi- 


It is of interest to find the minimum value of c*. 


mately as 


»*4 


Ew*4 — c*4y*? + (1 — y*)e™4 = 0 


Substituting 


Ae 


12 


one finds from this a minimum of c** and its corresponding value 
of w*? given, respectively, by 


i 
c* 42s = +=") oy h* 
3 


w*? = 2(1 — vy?) 


or dimensionally, on using Equations [19], [13], and [14] 
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By means of Equations [31] more accurate expressions for c*min 
and its corresponding value of w? are obtained from Equations [29] 
by iteration. They are 
| Eh 
3741 — v?)'/? pa 


, 1 1 ) Seoul og 
2 \l—»p 7 3 
vy? h 
l — my a —a oe 
3/%1— v?)/* a 


It is interesting that cmin is essentially proportional to (Eh/p,a)' 
2E/pa*. Thus, keeping all 
other parameters fixed, the minimum phase velocity decreases as 


2E 
wo? = anes 
pa? 


: 


and occurs approximately at w? = 


the radius a increases and it occurs at lower frequencies. 
Equation [29] can be used to compute curves showing the varia- 

tion of c* Two such 

curves are shown in Fig. 2. 


with w* for various values of A* or &. 


1 only the “‘first’’ mode 
> 


For w* « 


occurs. The dimensionless phase velocity c* of the first mode is 











wee 
in 


present solution 
neglecting rotery inertia and transverse shear 


h/a = '/g and 1/5 
vy = O.3and K = /, 


Fic. 2 Puase Vetocrry Versus Frequency 


1 
It decreases from (1 — v?)’* to an approxi- 


1— i — 
3 


always less than 1. 
mate minimum value 
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as w* varies from zero to approximately 2'/%1 — v)'/*, and then 
increases to a limiting value 7~'/* as w* increases to infinity. 
The dimensionless phase velocity c* of the second and third 
modes are always greater than 1. For the second mode c* starts 
atw* = 1. It decreases at first very rapidly from © to a value 
a little above 1 as w* increases, and then approaches 1 asymp- 
totically as w* approaches @. The third mode exists for w* > 
(£n)—'/* with c* becoming infinite as w* approaches its minimum 
value. With increasing w*, c* decreases monotonically to 1. 

When both the rotatory inertia and shear-strain effects are 
neglected, Equation [29] reduces to 


&(1 — ¢°8)w** — e*4(1 — c*?)w*? 


+ c°(1 — p*§— c**) = 0...... [33] 


This may be obtained from Equations [23] and [24] by putting 
F=S=Nez2yn=O0andAez=C=2D=2H=L= 1. Since 
the coefficients of w** and w*? differ from those of Equation [29], 
it may be expected that the effects of rotatory inertia and shear 
strain will be important at high frequencies. To demonstrate this 
importance the variations of c* with w* given by Equation [33] 
are also shown in Fig. 2. It is seen that for h/a = '/s a change in 
c* of the order of 15 per cent is obtained in the region 2 < w* < 4. 
For h/a = '/s the change is 15 per cent in the region 10 < w*< 
20. 


SrrRAIN AND AMPLITUDE Ratios 


The mean value of the strain ratio €9/e, over the cross section 
of the tube is equal to the value of €g/e, at r = ro. From Equa- 
tions [4] and [13] 


€6 a w* 
— oS oeeeeneee 
€, Jr=r Tf) Ou* 


oz* 


Setting g* = 0 for an empty tube, and setting the tracers C = L 
= 1, one chtains from Equation [16] 


For a sinusoidal wave, using Equations [1], [18], and [19], 
Equations [34] and [35] yield, respectively, the strain ratio 


ct? — 1 


€8 oe 
(*) a) Be | eee [36] 


and the amplitude ratio 
as 


e ix/2 [37] 
ee IE one 


w* 
omer (698 — E)e 37] 
vc 


It is interesting to note that (€9/€,);=r > 0 forc* > 1, and 
(€9/€,)r=ro < O forc* <1. Physically this means that both the 
mean radial and axial strains are either compressive or tensile 
when the phase velocity c > c; as in the second and third modes, 
while one is compressive and the other tensile, or vice versa, when 
c < ¢, as in the first mode. The factor e'*/2 in Equation [37] 
indicates that there is a phase lag of 7/2 between the axial and 
radial displacements of the tube wall. Tostudy the ratio W*/U* 
the relation between c* and w* given by Equation [21] must be 
used. For an empty tube P* = 0 and Equation [21] may be re- 
placed by [29]. Equations [36] and [37] are valid so long as g* 
is zero. 
From Equation [36], neglecting £, one has at r = ro 
leo] < |e,| for (1 —v)'”* S c* S (1 + v)'”* 


lel > le,| for c* < (l1— v)' orc* > (1 + v)'” 
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Using the curves in Fig. 2 and Equation [37], the type of vibra- 
tion which occurs for different ranges of c* (and hence w*) can be 
determined. When c* = 1, W*/U* = 0, giving mainly axial 
motion. When c* >1 


*.* 
W*/U* = —. e't/2 


Since this occurs for w* > 1, the motion is predominantly one in 
the radial direction. Whenc*< 1 
tx/2 


W*/U* = — ——e 


ve 
Since this occurs for w* > 0.7 approximately, the motion is again 
primarily radial. 

So far as the dimensionless velocity c* is concerned, the relative 
importance of the various terms for different ranges of values of 
w* can be conveniently determined from Equations [23] and 
(24). For w* < 1, only Apo of Equation [23] is of impor- 
tanee, and from Equation [24] it is seen that the terms in A» are 
due to (a) axial strain C; (b) hoop strain H; (c) axial inertia L; 
and (d) Poisson’s effect vy. For w* > 1, Az of Equation [23] is of 
importance, and from Equation [24] it is seen that the terms in A» 
are due to (a) conventional bending A, as in a beam; (5) axial 
strain C; (c) radial inertia D; (d) axial inertia L; (e) rotatory 
inertia N; and (f) the shear strain 7. 


LIMITATION OF THE THEORY 


The foregoing theory is based on the assumption that the thick- 
ness h of the tube is small compared with both the radius and the 
wave length AX = 2mrc/w. Let 


h 
—< Eseonkaw 
x <T< 


It follows from Equations [19] that 


e* h* 


= 


If one writes 


it follows that 
h 
min = tan~! —— 
vy an onl 


Therefore, in the c* versus w* diagram, the theory may be ex- 
pected to be valid in the region where Y > Wmin. From Equation 
[41] it is seen that for a given I’, Wmia decreases with h*. Hence 
the smaller the ratio h/a, the larger is the region Y > Wmin. 


Comparison WITH Previous ResuLts 


1 Asaspecial case of the problem, neglecting terms due to (a) 
rotatory inertia, (b) shear strain, (c) bending, (d) curvature cor- 
rection to hoop tension, and (e) curvature effect coupled with 
Poissen’s ratio, and considering only terms due to (a) axial strain, 
(b) inertia in the radial direction, (c) inertia in the axial direction, 
(d) hoop strain, and (e) Poisson’s effect, one has for an empty 
tube 


P*=N=n=A 
C=D=L 


S=F=0 | 
H=1 | 


On using Equations [42], [20] reduces to 
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(w*? — m*)(w*? — 1) — vy*m? = 


Writing 
, v ) 
oy x —_ | 
l1—vp \ 


ce? = G/p 


and using Equations [13], [14], [15], and [19], one obtains from 
Equation [43] 


w*R? | w*R? : 
_ -—2(1 + v’)(1 + m*) | + 4(1 + 2p’)m? = O.. [45] 


c:? C2? 


This checks with the axisymmetric case of Rayleigh’s (1) solution 
for vibrations of empty tubes. The w/c2, EZ, v’, and m of Equa- 
tion [45] correspond, respectively, to Rayleigh’s k, a, N, and h. 

2 As another special case, neglecting terms due to (a) rotatory 
inertia, (6) shear strain, (c) curvature correction to hoop strain, 
and (d) curvature effect coupled with Poisson’s ratio, one has 


P*=N=7 : "=_ () 
A C=D f ] 


[46] 


Substitution of Equations [46] into [20] yields 


(w*? — m*)[w*? — 1 — Em*] — v*m? = 0.. [47] 


This checks with the axisymmetric case of Naghdi’s and Berry’s 
solution (4). The & w** and m of Equation [47] correspond, re- 
spectively, to their k, yp*, and id. 

Using Kennard’s (3) simplified equations of motion, Naghdi 
and Berry (4) obtain another relatian between m and w*. In 
terms of the notation of the present paper this relation for the 
axisymmetric case can be written as 


< 


94 y 

(w*? — m?*) | wt? — 1— & — — Em‘ | — v*m? =1).. . [48] 
2(1 v) J 

where the torsional vibration parameter of (4) has been set equal 


tozero. Equations [47] and [48] differ only in the constant terms 


ae x 1 ’ 
inside the bracket. Since <1, andO<v< >» the difference 
is negligible. 

3 As a limiting case, letting the radius a of the tube ap- 
proach infinity, using Equations [13] and [19], and putting A = 
27rc/w, one obtains from Equations [20] 


c? = ¢,? 
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These equations apply to the vibrations of an infinite plate. The 
first equation gives the velocity for vibrations which take place 
in the plane of the plate. The second equation gives the w — A 
relation for the straight-crested flexural waves in an infinite 
plate, and it checks with the solution given by Mindlin (9). The 
c:? and ¢,*/n in Equations [49] correspond, respectively, to c,* and 
x*c,? of Equation [46] in (9). 
For h/A < 1, Equation [49] yields 


ee 
3\" 3 al” 
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In Equations [50], c, is given by Equation [14]. In the case of a 
bar, on assuming plane stress, Equation [14] is replaced by ¢,? = 
E/p,. The first of Equations [50] then checks with Timoshenko’s 
(8) solution for the flexural vibrations of prismatic bars. The 
parameters w, A, 7, h*, and ¢,* correspond, respectively, to P,,, 
2L, E/Xc, 12k?, and a?/12 of (8). The second of Equations [50 
gives the frequency of thickness shear vibrations in terms of 
wave length. It has a much higher value than that for the 


} 


flexural waves. 


Discussion AND CONCLUSION 


The effects of rotatory inertia and transverse shear are of im- 
portance at high frequencies. They tend to lower the velocity of 
propagation and introduce an additional mode in the velocity- 
frequency diagram. 

The limit of the velocity for the second mode, as the frequency 
becomes very large, is made finite; it should be noted, however, 
that the results for very large w are possibly not reliable because 
in this range the condition h< \ is violated. 

Since the effects in question do not vanish with decreasing 
h/a, they cannot be investigated by retaining higher-order terms 
in a theory of thin shells based on power-series expansion in h/a 
without retaining higher-order terms in h/A. 

The minimum phase velocity of the “first”? mode is essentially 
equal to 

(hE /ap,)'/2/[3(1 — v?)]'/* 


and it occurs approximately at w? = 2E/a%p,. Thus, keeping all 
the other parameters fixed, the minimum phase velocity de- 
creases as the radius a increases and it occurs at lower frequencies 
Without changing the frequency, the minimum phase velocit 
may be reduced by using a thinner tube with the same radius 

The motion is mainly axial when ¢ = ¢;, and becomes primaril) 
radial when cc, ore >c;. For the second and third modes the 
mean radial and axial strains over a cross section are either com- 
pressive or tensile, while for the first mode one is compressive and 
the other tensile, or vice versa. 

The accuracy of the present theory may be improved by using 
additional terms in the power series for the displacements and by 
considering moments of higher orders in the equations of equi- 
librium. 

The present theory may be extended to include various modes 
of torsional vibrations by using a similsr expression for v as is 
used for u 
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On the Wake Energy of Moving Cascades 


By N. H. KEMP? ann W. R. 


The rate of transfer of energy to the vortex-wake pattern 
is calculated for isolated thin airfoils and cascades of thin 
airfoils in unsteady flow. This part of the work parallels 
earlier investigations by Garrick (7)‘ and Keller (1). Ap- 
plication is made to the elementary two-row stages treated 
in an investigation (2) of the induction effects due to rela- 
tive motion of the blade rows. The results show that the 
energy transferred to the wake pattern is a small fraction 
of the work absorbed by the rotor. Cross-induced con- 
tributions for a two-row stage may be negative but are 
small. By far the greatest contribution to the wake energy 
is that due to the circulation fluctuations induced in a 
blade row by the relative motion of the adjacent down- 
stream row. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
A = coefficient of vortex sheet, Equation [13] 
= axial distance between centers of stator and rotor 
rows (Fig. 4) 
axial distance between trailing edge of stator row and 
leading edge of rotor row (Fig. 4) 
coefficient of trailing vortex-sheet, Equation [15] 
blade semichord (Fig. 4) 
Fourier coefficient of quasi-steady circulation, Equa- 
tions [7], [31], [32] 
steady lift coefficient 
pitch of blades in direction of rotation (Fig. 4) 
average energy per unit length and width transferred 
to wake of a blade as a result of interference of 
blades of same row 
average energy per unit length and width transferred 
to wake of a blade as a result of interference of 
blades of adjacent row 
steady bound vortex-distribution function, Equation 
[33] 
Bessel function of first kind 
Jo — iJ; 
K, modified Bessel function of second kind 
K,/100 ratio of wake power to rotor power, Equation [35a] 
P,—see Equation [30] 
Qom—see Equation [28] 
G—real part 
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SEARS! 


time 
= constant time lag between occurrences at consecutive 
blades 
rotational speed of rotor, positive down 
= speed of flow relative to blade 
upwash normal to vortex sheet 
= co-ordinate along blade from center, positive toward 
trailing edge 
z— Vt 
angle of stagger of blades (Fig. 4) 
angle between rotor and stator blades 
angle defined in Fig. 3 
strength of bound-vortex distribution, positive clock- 
wise 
strength of wake-vortex distribution, positive clock- 
wise 
= puc/V 
(2rV, d, )e"(* ‘2 — as) 
(2xV,/d,)e—*¢*/2 — 7) 
circular frequency of motion in time 
v, = 2xU/d,, v, = 2rU/d, 
air density 
velocity potential 
Drottom — Drop 
solidity 2c/d 
reduced frequency vc/V 
circulation, positive clockwise 
induced velocity factor, Equation [18] 
dimensionless time lag, Vt’/d 
vd/V 


Postsubscripts 

8 = stator 

r = rotor 
Presubscripts 

0 = steady quantities 

q = quasi-steady quantities 

t = time-dependent quantities 
Superscripts 


stator 
rotor 
kth, nth blade 


s= 
f= 


(k, n) = 
INTRODUCTION 


The blades of a typical turhomachine stage move through a 
field of flow disturbed by neighboring blade rows, and therefore 
experience periodic fluctuations of such quantities as angle of 
attack and relative speed. One result is that the circulation 
around such blades fluctuates in a periodic manner about some 
mean value, and, in accordance with the laws of fluid flow, wakes 
of vortexes are shed at their trailing edges and are carried down- 
stream by the flow. The production of these vortex wakes repre- 
sents an expenditure of energy, i.e., a transfer of energy from 
more useful forms into the kinetic energy of the vortex-wake 
pattern downstream. It is important in the design and develop- 
ment of turbomachinery to make an evaluation of this energy 
transfer in comparison with other “losses.” 

This problem was attacked by C. Keller (1), who calculated the 
energy transfer for a single row of blades in terms of the percentual 
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fluctuation of blade circulation. The magnitude of this fluctua- 
tion, however, was not estimated in his paper. 

Basically, the theory of the present paper is the same as 
Keller’s. The present work differs from his principally in the 
fact that the circulation fluctuations are calculated according to 
the approximations of thin-airfoil theory. In this sense the 
paper is a continuation of an earlier one by the same authors (2). 
Two cases are considered, viz., (a) the general case of a single 
cascade of blades experiencing periodic disturbances, and (6) the 
case of an elementary compressor stage consisting of two rows 
of blades in relative motion. In the first case the results are given 
in terms of the Fourier constants of the quasi-steady circulation, 
which is a quantity describing essentially the periodic geometrical 
situation encountered by the blades. The second case is the same 
one for which the unsteady blade forces were calculated in ref- 
erence (2). Here the results involve the quasi-steady circulations 
of both rows of blades. As numerical examples, these results are 
applied to the particular stages treated in reference (2), where the 
fluctuations of quasi-steady circulation arise solely from the inter- 
ference effects of the adjacent blade row. 

As in reference (2), the first step is to replace the rotating cas- 
cade by an infinite two-dimensional one. It should be emphasized 
that the wake pattern involved here consists entirely of vortexes 
with their axes lying in the radial direction; i.e., it is a case of 
plane flow. In a real turbomachine there are also trailing vor- 
texes, whose axes are normal to the radial direction, due to radial 
variations of circulation, and the energy represented by them is 
probably important. These are not the concern of the present 
investigation. 


Wake ENERGY OF AN AIRFOIL 


The kinetic energy of any two-dimensional flow, per unit depth, 
is (1, 3) 


. (1) 


where p is the mass density, @ the velocity potential, A a surface 
bounding the flow, and 0@/On the derivative of @ in the direction 
normal to this surface, i.e., the normal velocity component, taken 
positive in the direction out of the fluid. Applying this well- 
known formula to a plane vortex sheet in an infinite body of 
fluid, one has for the energy per unit width 


1 
» Pf weds we .. [2] 


where now tlie integral is taken along the sheet (which lies in the 
z-direction), Ad is the potential jump across the sheet, @bottom 
top, and w is the fluid velocity normal to the sheet, positive 


€(x,t) 


Arrrorn AND WAKE tn Unsteapy Motion REPRESENTED As 
Vortex SHEETS 


Fia. 1 


Consider now the case of a thin airfoil with its trailing wake, 
Fig. 1. In the familiar thin-airfoil theory both the airfoil and its 
wake are approximated by plane vortex sheets, whose strengths 
are y(z, t) and é(z, t), respectively. From the definition of @ as 
the line integral of the velocity, it follows that the expression for 
A¢(z, t) in this case is simply 


Ad(z, t) = —T(t) . e(&, t)dé 


where I(t) denotes the circulation about the airfoil, i.e 


c 
fig oae 
—c 


Furthermore, the wake strength ¢«(z,¢) and the circulation I(t 
are related by the condition that the rate of shedding of vortexes 
t the trailing edge is —aT /dt, i.e. (4) 


r'"(t) = Vee, t) [4 


(where the prime denotes differentiation) and the condition that 
the free vortexes are carried rearward with the speed V, i.e. (4 


—I’ (: _ >) = Vez, t) 


re) 


Upon substitution of Equation [5] into Equation [3], the following 
simple formula is obtained for the potential jump across the wake 


ai ( > ‘) 


Thus the jump at z is determined by the value of the circulation 
at an earlier instant, the instant at which the part of the wake 
now at z was created at the trailing edge. 

In the present study it will be assumed that the circulation of 
each airfoil consists of a steady part plus a periodic fluctuation, and 
It is easiest to ex- 


Ad(z, t 


this will be expressed in Fourier-series form. 
press the instantaneous state of affairs at any blade in terms of its 
“quasi-steady” circulation I(t), which is the circulation it would 
have, as a result of the instantaneous flow conditions encountered, 
in the absence of any effects of its vortex wake (4). Thus, in a 
cascade, ,I'(t) accounts for all the induced effects of neighboring 
blade rows and of members of the blade’s own row, and is simply 
calculated by application of steady-flow airfoil theory with no 
attention to the vortexes shed by the blade in question. Since 
,i (t) is assumed to be periodic, let it be expressed in a Fourier 
series 


TH = Yo Cyeimet oP 


m=1 


where v is real and positive’ and the constant oI represents the 
steady or average circulation. 

The theory of thin airfoils in unsteady motion relates ,.['(t) to 
the total circulation I'(t) and, by Equation [5], to the wake-vor- 
tex strength ¢(z, t); viz., corresponding to Equation [7] (4, 5) 


P(t) = D> Care! S(mw)eimt + oD’. (8) 


m=1 


where w denotes the reduced frequency vc/V and S(w) is a com- 
bination of modified Bessel functions of the second kind 


S(w) = {iw[Ko(iw) + Ki(iw)]}—....... .. [9] 
S(w) is plotted in Fig. 3 of reference (6) and tabulated in reference 
(5). 

Equations [6] and [8] provide an expression for A@(z, t) for use 
in the calculation of the wake energy for any periodic case. It is 
necessary now to work out the normal velocity at the vortex 
wake, w, and to do this one must sum up the effects of all blades, 
wakes, and rows. It is clear that the energy formula, Equation 
[2], is nonlinear, so that wake energies cannot be simply summed 


* Complex notation will be used throughout; the real part is always 
implied, unless otherwise stated. 
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up. Such summation or superposition is permissible, however, in 
calculating Ad@ (as has been done in the foregoing) and w. 

Before going on, it will be mentioned that the calculation of 
wake energy for an isolated airfoil in oscillatory motion is a much 
easier matter, since, far behind the airfoil, the velocity w is simply 
related to¢. The integral in Equation [2] takes on an especially 
simple form. This type of calculation has been used (7) to calcu- 
late the drag or thrust of oscillating airfoils. 


VeLociti1es INDUCED BY WAKES 


In this section a general expression will be derived for the ve- 
locity induced by the vortex wakes of a cascade of blades, far down- 
stream of the blades. The cascade is sketched in Fig. 2. The 
blades are numbered both ways from n = 0 as shown and z™ is 
the co-ordinate measured in the free-stream direction from the 
center of the nth blade; d is the circumferential spacing, and a the 
angle of swirl relative to the cascade. 


Fig. 2 Cascape or THIn AIRFOILS AND TRAILING WAKES 


Now the formulas of the preceding section describe the wake 
of any one of these blades in terms of its co-ordinate z™ and the 
time. To relate the events at various blades with respect to a 
common time scale, it will be assumed that there is some con- 
stant time lag ¢’ between any occurrence at successive blades. In 
other words, any event occurring at time ¢ at the (n + k)th blade 
is repeated at time ¢ + kt’ at the nth blade. This implies, in par- 
ticular, that if e™(z™, t) describes the strength of the nth wake, 
the (k + n)th wake strength is exactly 


elttny(piktn) 4) = e(m(zittm) ¢ + kt’) ) 
= (")(z(tt») — Vht', t) f 


Thus the wake pattern consists of identical, periodic wakes 
shifted in the stream direction relative to one another. The 
velocity induced by such an arrangement will now be evaluated. 
It will be necessary to describe all the wakes in terms of the co- 
ordinate z, say; this ‘s easily done since 


zc) = 7% + kdsina 


Furthermore, since any wake configuration, in the present ap- 
proximation, is steady relative to a co-ordinate system trans- 
ported with the stream, it is convenient to adopt such a system 
here, i.e. 


X® = 7 — py 
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Consider first the sinusoidal vortex sheet of Fig. 3 whose 
strength is 


«(X) =—Ae~X_. [13] 
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Fic. 3 CatcuLaTion or Vetocity InpucEep at a Point P, NEAR A 
PLANE VorRTEX SHEET OF SINUSOIDAL STRENGTH 


where A is a complex constant. Let / be the perpendicular dis- 
tance from the sheet to a point P, positive as sketched. The 
velocity w at P in the direction shown is 


i { e®’ whenl > 0 ) 


w= 2 Ae~**Xe- lll cos B’ when! = 0 > .... [14] 


e~® when 1 < 0 


The strength of an airfoil’s vortex wake follows from Equations 
[5] and [8]. For the wake of the zeroth blade 


Er, 1) = — 7. B,,etmr(t—2/ vy) 


m=1 


— Zz B,,e 7 tr XO/V a [15] 


m=1 


where B,, denotes imvC,,S(mw)/V. Similarly, the strength of the 
kth wake is, from Equations [10], [11], and [12] 


(7), t) = Ez), t + kt’) 


as » is B,,e~ 1X +kd sin a—kVt')/V . [16] 


m=1 


Thus, far downstream from the cascade, each vortex wake con- 
sists of a superposition of sinusoidal wakes of the same form as 
Equation [13], and Equations [14] can be used to calculate the 
velocity induced by any one of these. 

Velocity Induced at Zeroth Wake. The velocity w induced by 
all the wakes at the zeroth wake and normal to it is found by use 
of Equations [14] with 8B’ = 0. The distance from the kth wake 
is 1, = kd cos a; the result is 

w w 


—— my 
>: B,e~imXO/V > exp ; mie (|kd cos al 


m=1 k=—-@ 


og os s 
— ik( Vt’ — d sin a)} 


The series over k is a geometric series and can be summed 
value is 
sinh (m@ cos a) 


en = 


cosh (m2 cos a) — cos [mQ(r — sin a@)) 


. [18] 


where 2 denotes vd/V and r denotes Vt'/d. The final expression 
for the normal velocity at the zeroth wake is therefore 


'19] 


1 = ma) _ r(o) 
. — C,,S(mw)P pe imoX fe 
u = > 7 (mw)y 


m=1 
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The functions y,, approach unity as the spacing d approaches 
infinity for any m, and the difference ¥, — 1 for each term repre- 
sents the effect of the wakes of the other blades. This function 
also appears in the work of Keller (1), where it is denoted by F, 
with the argument of the hyperbolic and circular functions being 
h/l and a/l, respectively. Keller has plotted F in his Fig. 8 and 
tabulated it in his Chart I for various values of },/l and a/l. 


Wake ENERGY OF A SINGLE CASCADE 


Formula [19] makes it possible to calculate at this point the 
kinetic energy in the vortex wakes of any single cascade of air- 
foils. Equations [6] and [8] give the potential jump and Equa- 
tion [19] the normal velocity at the zeroth wake, for substitution 
in the energy formula, Equation [2]. The calculation is carried 
out far downstream of the blades, where Equation [19] applies, 
It. is only 
necessary to integrate over one full wave length of the periodic 


and can be expressed in the X co-ordinate system. 
wake; in fact, the average energy transfer per unit length of wake, 
per blade (per unit radial distance), is the quantity of interest; 


it is 
w 2rce/w 
p w™ AddX™ 
41rc 0 


It must be remembered that real parts of complex quantities 
are implied in all the foregoing analysis. Upon multiplying w 
and Ad it is necessary to work out the product of real parts by 
use of one of the formulas 


1 
R{w}R{ Ag} a Jp > [4¢ + Aeit 


E = (20) 


- 


[w + w aah 21] 


> 

= °? _ 

{2 

where ® denotes the real part and the bar denotes a complex con- 

jugate. Thus, upon multiplication, one has two double summa- 

tions, but these reduce to a single summation when the integra- 
tion is carried out, by virtue of the formulas 


a” ikw! dX © =x 


It should also be noticed that the constant term in Equation [7] 
does not contribute to £ 
The result is 


[23] 


miC,, 2! S(me) *y,, 
C m=1 

After multiplication by the wave length 27c/wm to give the 
average energy in one wave length of the wake, each term of this 
result may be compared with equation [26] of Keller (1). It can 
be shown that Keller’s result and the present one are identical, 
with the amplitude of the fluctuating circulation, called by Keller 
AT’/2, here taken to be |C,,S(wm)|, according to the theory of 
thin airfoils in nonsteady flow. While Keller only estimated the 
size of AT’/2, use of nonsteady theory makes it possible to caleu- 
late this quantity, if the nonsteady velocity field operating on a 
blade is known. (See reference 2, for example.) 

The Fourier coefficients C,,, describe the quasi-steady conditions 
encountered by a blade; wy,, involves the geometry of the flow 
and the blade-to-blade lag time t’; and S is a tabulated function. 
Equation [23] would be applicable, for example, in a case of cas- 
cade-blade flutter. Unfortunately, in most other applications 
the velocity component w in Equation [2] will involve contribu- 
tions from other sources than the wakes of the single cascade; 
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for example, it will often include the same disturbance velocities 
that cause the circulation to be unsteady in the cascade. The 
analysis is consequently more complicated. 

In the next section a typical case, namely, that of an elementary 
stage consisting of rotor and stator, will be treated. 

Wake Enercy or ELEMENTARY STaGe 

The application of the present theory, to an elementary turbo- 
machine stage, consisting of a stator cascade followed by a rotor 
relative to it, Fig. 4, is straightforward in 
principle but involves lengthy calculations. The stage of Fig. 4 


cascade moving 
has arbitrary chords, pitches, and staggers, and arbitrary axial 


Pe, 


ROTOR 
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AND CONFIGURATION OF RbO- 


MACHINE STAGE 


Fig. 


distance between the rows. The stator blades lie nearly in the 
direction of the entering stream V,, as is consistent with thin- 
airfoi] approximations, while the rotor blades bear the same rela- 
tionship to their relative-stream vector Fis It is easy to verify 
that the rotor wakes lie (in first approximation) in the direction of 
V,assketched. This is the configuration studed in reference (2) 


If, as in reference (2), the only unsteady effects present are 


r 


those due to the relative motion of these two rows, the circular 
frequencies of periodic quantities pertaining to the stator and ro- 
tor blades are, respective ly 

vy, = 2nU/d, and vp, = 2rU/d, 24) 
These correspond to the frequencies at which the blades of the 
adjacent row are seen to pass an observer sitting on one of the 
blades. Furthermore, the lag times ¢,’ and ¢,’ for the stator and 
rotor are just d,/U and —d,/U; i.e., the dimensionless time lags 
T are 

V,/U and tr, = — 


Let the stator and rotor quasi-steady circulations be expressed 


as 


mi sas 


C,,%¢ vemi 4 Te 


m=1 


«© 
el” an > C,"e8rr™ hp ol”. 


m=1 
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The potential jumps across the wakes of both families are then ex- 
pressed in the same terms by Equations [6] and [8]. The self- 
induced normal velocities, i-e., those induced at a wake-vortex 
sheet by the sheets of its own family, are still given in each case, 
by Equation [19]. Thus for each cascade there is a self-induced 
energy transfer which is given by Equation [23] with the respec- 
tive geometrical parameters, frequency, and time lag inserted. 
The cross-induced contributions, however, must also be calcu- 
lated. The cross-induced velocity component is calculated by 
use of Equation [14] with summation over the Fourier com- 
ponents of the wakes and over the infinity of wakes. The ap- 
propriate values of 8’ are, Fig. 4, 8( =a, + a@,) for the calcula- 
tion of velocities at the rotor wakes and —f for the velocities at 
the stator wakes. The cross-induced velocities are, of course, 
periodic, and it is found convenient to express them in Fourier- 
series form. The result is, for the cross-induced normal velocity 
component at the zeroth stator wake due to the rotor wakes® 


a a 
vw, = > > 


p=1 m=1 


mn Pass (+) 


C,,"S( mw, )e~ mr 
d, cos @, 


Yr imwr 
a C m”S( maw, )e*™” Q> ’ (—) eiprsXe o/s V, 
d, cos @, ss 


where 


4 2) -1 
paVs sec 8| \ . [28] 
md,V, f 

An analogous formula, which may be obtained from this one 
by an interchange of subscripts, gives the cross-induced velocity 
w,, at the rotor wakes due to the stator wakes. 

Use of Equation [27], together with the expression for the po- 
tential jump across the stator wake (cf. Equations [6] and [8] ), in 
the energy expression, Equation [20], finally leads to the result 


> > C,,"S(mw,)e~ *mr 


m=1 p=1 


Vv 
Qpnt (+) == Pe }! + cot? B [: + 


—p 
E 8 ap eee 
. 4d, cos @, 


x PP Gan (+) roe P,Qym' (—)] 


This is the average energy in a stator wake due to the velocities 
induced by the rotor wakes, per unit length and width. The co- 
efficients P,* are defined by 


bU U ' 
P,' = C,'S(pw,) exp | —no.» GG a? )} ...+ [30] 


The analogous formula for the average energy FE," in a rotor 
wake due to stator-induced velocities is obtained by interchanging 
all subscripts and superscripts s and r in Equations [29] and [30]. 
The total “cross-induced” energy, per unit length and width, is 
the sum of E,* and E,". The Fourier coefficients C,” and C,’, 
it will be recalled, describe the periodic quasi-steady situations 
encountered by the rotor and stator blades, respectively. S(w) 
is a tabulated function, and all other symbols in Equations [29] 
and [30] refer to the geometry of the configuration. The charac- 
teristic frequencies vy and lag times 7, it must be remembered, 
have already been put equal to their values (Equations [24] and 
[25] ) for the case when the only fluctuations are due to inter-row 
interference. 

Application to Stages of Reference (2). As numerical examples, 
the theory of this section will now be applied to the elementary 
stator-rotor stages considered in reference (2), using the results 


* The details are given in reference (8). 
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obtained there by an approximate analysis of aerodynamic inter- 
ference between rows. The stages con “idered there are of the type 
of Fig. 4. The calculations of refer.nce (2) were based on the 
assumption that the steady part of the circulation about any 
blade oI’ is large compared to the fluctuating part ,I'(t). The 
steady part oI’ is due to the blade’s angle of attack and all 
the steady induction effects of other blades, while ,T'(¢) includes all 
the effects due to relative motion of the cascades. On the basis 
of this assumption, an approximate calculation was carried out, 
the numerical results of which confirmed the basic assumption re- 
garding the relative magnitudes of ,I' and ,I(t). 

This analysis leads to the following results for the Fourier con- 
stants C,, of the quasi-steady circulation functions for the stator 
and rotor: 

Stator 


1 
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Here P,! is defined in Equation [30]. Q,,,"(-—) may be obtained 
from Equation [28] by interchanging the subscripts r and s. J(z) 
denotes 


Jz) — iJi(z) 


and 


/ = Anti” — Ar” 
= Jo(ama,e~*("/2 — @r)) 4+ » (—t}* — + Ea 
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ey 
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The coefficients H,,* are exactly the same as H,,’ but with all 
subscripts and superscripts r replaced by s, and vice versa. In 
these coefficients the symbols A,” and A,* appear, for various n; 
these are the coefficients of the ‘‘Glauert series’’ describing the 
steady circulation distributions of rotor and stator blades, re- 
spectively. Thus the stead» circulation or chordwise lift dis- 


tributions are expressed in the form 


1 — cos 6 = 
y(z) = 2V | A, ———— +2 
sin 0 ant 


A,, sin ne]. .. [34] 


where either a superscript r or s is to be added to appropriate sym- 
bols and @ denotes cos~(x/c). 

In reference (2) two typical circulation distributions were 
considered, viz., a fiat-plate case, for which all the A, are zero ex- 
cept Ao, and an elliptical distribution for which all the coeffi- 
cients are zero except A;. For these special cases, it will be noted, 
the coefficients H,,’ and H,,* are especially simple. Actually, 
only the elliptical distribution was assumed for the stator blades, 
while both cases were investigated for the rotor blades. 

At this point it is only necessary to substitute the foregoing 
values written out for C,,” and C,,* into Equations [23] and [29], 
in the appropriate combinations, in order to evaluate the self- 
induced and cross-induced energies for both rotor and stator. 


Numerical Results. In order to calculate numerical values it is 





KEMP, SEARS—ON THE WAKE ENERGY OF MOVING CASCADES 


convenient to work with nondimensional quantities. Following 
Keller, the rate of energy production in the wake will be normal- 
ized with the rate of energy input to the rotor of the elementary 
compressor stage. £ is the energy per unit length of wake, and V 
is the rate at which the wake is produced. Therefore EV repre- 
sents the power input to the wake. The steady power per blade 
necessary to turn the rotor is the component of rotor lift in the 
direction of motion, .I'"pV, cos a,, times the rotor speed U. 
Thus the ratio of wake power to rotor power may be written, 
using Keller’s notation 


ee | Se 
100 ol *pV,U cos a, 


.. [35a] 


Actually, for calculation, it is further convenient to write this as 
K,/100 EV% 1 


Ch pV, L 


ol ol*pV,U cosa, — [356] 
so that the various:parameters appear on the right only as ratios 
of the same kind of physical quantities, instead of combinations 
like '/(Ud). It is in the form of Equation [355] that the power 
ratio was calculated for the case of a representative compressor 
stage. 

Since the purpose of the calculations was to obtain an estimate 
of the size of the energy in the wake, they were carried out for 
only one simple cascade, for two different types of steady-state 
loading. The geometrical parameters were chosen to be typical 
of present-day compressors, viz. 


go 


o,=0,=1, d/d,=1, a, = a, = 45°, b'/c, = 0.2 


Here 


b’ = b—c, cos a, — c, cos @, 


is the separation of the two rows of blades (Fig. 4). The ratio of 
steady-state circulations was fixed by assuming that the stage 
produced no net turning of the flow. Since the turning produced 
by a stage is proportional to oI’ /d, the condition of no net turning 


1s 


ol*/d, = — I*/d, or ol*/I* = —d,/d, 


The circulation ratio is thus related to the spacing ratio, and is 
equal to —1 for the stage under consideration. 

It remains only to specify the coefficients A, of the chordwise 
lift distribution on the rotor and stator blades, which are defined 
in Equation [34] and appear in the H-functions of Equation [33]. 
To investigate the effect of a variation in this lift distribution, two 
cases were considered: 

(a) Lift distribution on both stator and rotor blades is the 
“elliptical’”’ distribution 4V.A; sin @ so that 

A,’ =A,’ =0, n #1! 


(6) Lift distribution on stator blades is elliptical as in case (a), 
but on the rotor blades it is ‘‘flat-plate”’ 


- 24 (7 ad) 
[eee sin 6 


0, n>1 


so that 


With the data just given, the quantity 
(Ky/100)/oC, 


was calculated for both rotor and stator blades from Equation 
[355], using the energy expressions in Equations [23] and [29] and 
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the quasi-steady circulation coefficients from Equations [31] and 
[32]. In order to reduce the numerical work for this estimate, only 
the first two terms in each of the summations were kept; i.e., the 
summation indexes m, p, and k took on the values 1, 2only. The 
results are summarized in Table 1. 


RESULTS OF CALCULATIONS 
Case (a) 


0.00017 
0 .0000042 


TABLE 1 
Case (5) 
0.0069 


Stator wake: (Kvs/100)/eCLs.... 
0.000046 


Rotor wake: (Kvr/100)/oCLr.. 
DiscussIoN 


In view of the fact that the steady-state lift coefficients of the 
blades will usually be somewhat less than 1, Table 1 shows that 
the power in the vortex wakes is a very small fraction of the power 
necessary to turn the rotor. Keller (1) obtained values of Ky be- 
tween 0.004 and 0.010 for various configurations when he as- 
sumed the amplitude of the circulation fluctuation to be 10 per 
cent of the steady-state circulation. A calculation of this circula- 
tion ratio for the cases of Table 1 confirms’ the fact that it is sub- 
stantially less than 10 per cent except for the stator blades in Case 
(6), where the value obtained for Ky does, in fact, agree with 
Keller's values. 

An interesting feature of the energy calculations is brought out 
by Table 1. The energy in the stator wake is about 100 times as 
large as that in the rotor wake. This is primarily a reflection of 
the fact that the stator nonsteady circulation is about 10 times 
that of the rotor. Since the energy is the product of induced 
velocity and wake strength, it varies as the square of the non- 
steady circulation. 

Actually, this large difference in circulation and energy is not 
dependent on the function of the blades as “rotor” or “stator’’ but 
on their relative position upstream and downstream. A blade 
will always have a considerably larger nonsteady circulation and 
energy loss induced by motion of the adjacent downstream row 
than by motion of the adjacent upstream row. The reason for 
this is seen in the importance of the velocity field at the trailing 
edge of a blade in determining the circulation. The formula for 
the circulation of a blade in a given upwash field (Munk’s first 
integral formula) clearly shows the heavy weight given to the 
upwash at the trailing edge. Put another way, the circulation is 
determined by application of the Kutta condition at the trailing 
edge, so the upwash there is decisive in its determination. Apply- 
ing this idea to a turbomachine stage, one sees that the circulation 
fluctuations induced by the downstream neighborefi row will 
usually be larger than those induced by the row upstream. (In 
reference (2), however, it was found that the lift fluctuations in- 
duced by upstream and downstream neighboring rows are of about 
the same magnitude. ) 

Detailed consideration of the wake-energy calculations indi- 
cates the possibility of some approximations to simplify them. In 
the first place, the factor y,, is very close to unity for all the con- 
figurations studied here and in reference (2), and probably for all 
typical cascades, and can be put equal to 1. Since y,, — 1 repre- 
sents the effect of the wakes of all other blades in a cascade on the 
velocity induced at the wake of a given blade, this means that only 
the velocity induced by its own wake need be considered. 

Also, for upstream blades, the cross-induced energy is only a 
few per cent of the self-induced energy. Although this cross-in- 
duced energy may actually be negative, thus representing a re- 
capture by the upstream blade of some of the energy lost by the 
downstream blade, it is so small as to be negligible and its calcula- 
tion seems umnecessary. 

For the downstream blades, however, the self-induced and 
cross-induced energies are of the same order. This is because of 
597. 


7 See reference (2), table 2, p. 





268 


the large size of the upstream wakes relative to the downstream 
ones, as just discussed. Again, some of the cross-induced terms 
are negative, representing energy recapture. Therefore, in order 
to find the energy in the wakes of the downstream blades, it seems 
necessary to obtain both the self-induced and cross-induced ener- 
gies. 

In practical application to multistage machines, however, any 
typical blade row has both upstream and downstream neighbors; 
it seems justifiable to neglect the influence of the former entirely 
and to take the wake-energy transfer to be approximately equal 
to the self-induced component due to induction of the downstream 
row. Combining this conclusion with the approximation y,, ~ 1 
suggested in the foregoing, one arrives at a greatly simplified 
procedure for the estimation of wake energy, viz.: 


1 Determine the magnitude of circulation fluctuations due to 
the adjacent downstream blade row, e.g., by the approximate 
methods of reference (2). These data are most conveniently ex- 
pressed by the Fourier coefficients C,,. 

2 Calculate the wake energy by use of Equation [23] with 
¥,, = 1. The resulting formula is recognized to be just the ex- 
pression for wake energy of an isolated airfoil experiencing 
periodic circulation fluctuations. It is therefore a generalization 
of a formula given by Garrick (7) for the oscillating airfoil. 


CONCLUSIONS 


An evaluation has been made of the transfer of energy into 
kinetic energy of the vortex wakes in the case of unsteady two- 
dimensional flow in cascades of thin airfoils. In particular, the 
analysis has been applied to the elementary two-row stages 
treated in reference (2), where the unsteady effects due to aero- 
dynamic interactions between the blade rows were calculated 
approximately. 

The general conclusions of the investigation are as follows: 


1 The magnitude of the energy transfer, in the numerical 
examples studied, is small, amounting to less than 1 per cent of the 
energy absorbed by the rotor. 

2 The results of an earlier investigation by Keller (1) are 
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generally verified. Keller's work concerned only a single row of 
blades and also left the magnitude of the circulation fluctuation 
undetermined. 

3 Fora two-row stage, the cross-induced energy transfer may 
be negative, but in the present example it is always very small. 
The energy transfer of the upstream row, moreover, is many times 
as great as that of the downstream row, because of the disparity of 
the magnitudes of the respective induced circulation fluctuations. 

4 In view of item 3, it is suggested that in practical applica- 
tions the wake-energy transfer for a typical row of a multistage 
machine be estimated by use of isolated-airfoil formulas, ap- 
proximating to the circulation fluctuations by neglecting all in- 
duced effects except those resulting from the adjacent down- 
stream blade row. 
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A Suction Device Using Air Under Pressure 


By L. F. WELANETZ,' SYOSSET, N. Y. 


An analysis is made of the suction holding power of a 
device in which a fluid flows radially outward from a cen- 
tral hole between two parallel circular plates. The hold- 
ing power and the fluid flow rate are determined as func- 
tions of the plate separation. The effect of changing the 
proportions of the device is investigated. Experiments 
were made to check the analysis. 


INTRODUCTION 
T IS a popular trick to place the hole in a spool of thread above 
and close to a small piece of paper, then to blow gently 
tiiough the spool. If the conditions are correct, the piece 
of paper will be attracted to, rather than repelled from, the end 
of the spool. This phenomenon results from the fact that the 
air, in flowing radially outward between the end of the spool and 
the paper, has a high velocity and a correspondingly low pressure, 
in fact, less than atmospheric. The purpose of this analysis is to 
investigate the characteristics of this device with the view that 
it may serve as a suction-restraining device when applied in new 
product designs. It is assumed that it would be used to hold a 
thin sheet or membrane in close proximity to a flat plane, but 

separated therefrom by a thin film of air. 














° 
SUPPLY PIPE 








—<$———_. —— 


Fig. 1 Suction Device 

For purposes of analysis the device is assumed to have the form 
shown in Fig. 1. The air is assumed to flow from a reservoir at 0, 
where its velocity is practically zero and its pressure is po, through 
the circular tube to 1, from which point it flows radially outward 
between the plane end of the tube and the thin sheet or disk. At3 
the flow emerges into the atmosphere, at which point the pressure 
is the ambient pressure p,. By using the general energy equation 
of steady flow and accounting for the various energy losses along 
the path, it is possible to derive the equations describing the char- 


acteristics of the device. 
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DEVELOPMENT OF THE FLow Equations 


As the fluid flows through the system it may suffer energy losses 
at different sections. In going from the reservoir 0 into the tube 
an entrance loss may occur. However, with a well-rounded en- 
trance, this loss is negligibly small.? It will be assumed here that 
the entrance can be suitably rounded. In passing through the 
tube a pipe-friction loss is incurred. For turbulent flow this may 
be written in the form 


SQ? 


Epipe = 4n*r5 


where 
f pipe-friction factor 
l = length of tube 
= volume rate of flow 
ry radius of tube 


As will be seen later, much of the range of operation of the device 
would be in the turbulent region, in which case the pipe-friction 
factor is substantially constant and dependent upon the relative 
roughness of the tube. For very rough pipes, f = 0.06. For 
small tubes this is a reasonable and conservative estimate. 

The flow at entrance to a tube requires some appreciable length 
of tube to develop fully to that type which characterizes steady, 
uniform pipe flow. Even for turbulent flow the minimum length 
is about 25 diam. For laminar flow it may be much greater. 
In the device under consideration it is desirable to make the tube 
as short as possible; for example, of length equal to tube radius. 
Under these conditions the foregoing estimates of pipe-energy loss 
may be greatly in error. It is believed that this is not serious be- 
cause the loss is small in any case and, furthermore, it is probably 
less than estimated. 

The possibility of energy loss at the point of transition from pipe 
flow to radially outward flow between the plates should be con- 
sidered. For the smaller values of plate separation h, which will 
be seen later to be the more important condition, the flow is con- 


verging. The limiting value is 


h = 1r,/2 

It is common experience? that losses in converging flow can gen- 
erally be made low by careful shaping of the channel. In the case 
under consideration rounding of the exit edges of the tube pro- 
vides a suitable channel shape. Therefore it is considered justifia- 
ble to neglect transition loss here. 

The radially outward flow between the parallel plates is similar 
to one-dimensional flow between infinitely wide parallel plates 
For friction-loss calculations the diameter of an equivalent pipe is 


taken as® 


cross-section area of flow 


wetted perimeter 


2mrh 
- = Qh 
4rr 

2 “Hydraulies,’’ by R. L. Dougherty, McGraw-Hill Book Company, 
Inc., New York, N. Y., 1937, p. 221. 

3**Elementary Mechanics of Fluids," by Hunter Rouse, John Wiley 
& Sons, Inc., New York, N. Y., 1947, pp. 204, 205 

* Thid., pp. 188, 189. 

§ Tbid., pp. 215, 216. 
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where 


r = radius of any annular flow cross section 
h = parallel-plate separation 


Since the cross-section area of flow varies along the flow path, 
the energy-loss equation is expressed in incremental form as 


fArQ? 


AE = 
16m*r*h? 


where AE = energy loss occurring in the pipe length Ar. 
By integration, the energy loss through the outer portion of 
radial distance between the plates is 


a 28 
By = 2 (— — 
16mr*h®\ r 
The total energy loss between the plates is 


- &(+ 2 
16mr*h® = 


r 


2; 


Substitution of the energy-loss terms in the general energy 
equation for steady-flow results, by rearrangement, in the follow- 
ing equations which permit the determination of the pressure p at 
any radius r between the plates 
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r;? r,5 2h r; T3 
It has been assumed that the density p of the fluid is constant. 
For the region r; < r < r; the total force is 


Py = f" (pa — p) 2ardr (6) 
1 


It is positive if it tends to force the disk against the end of the tube. 
For the region 0 < r < nr; the total force is that required to deflect 
the stream flow from an axial direction to radially outward. It is 


where V; = velocity of the fluid in the tube 1. 

Substituting Equation [5] in Equation [6], and Equation [4] 
in Equation [7] and adding the results gives the following equa- 
tion for the total force on the disk 


3 r;? — r;? 


. 
2 — In — — 
(Po — Da) | n =" or,? 


f ( r;? mens r;? 
= =| gg I 
: 2h 2r; 


Pa = a a 
1 2flh? 1 1 
Sr eee 
r3? r5 2h rT; T3 
This equation may be simplified by using the following dimen- 
sionless terms: 
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Total-force factor, Y = —— ian 
™rs*(Po — Pa) 


Tube-radius factor, y = r;/r; 
Tube-length factor, X = l/r; 
Plate-separation factor, 7 = h/r; 


The dimensionless equation is 
nl — y? + In y?) + — (1- 
fhm of (1— 
ore La A ‘ Y 
9 - Y 


Using Equation [4] a dimensionless equation may also be 
written for flow rate as 


ig od ial 
wr;? V (po — Pp.) 


f 
2 


iG 


EFrFrect oF VARIATION OF DIMENSIONS 


The magnitude of the friction factor f can be controlled only 
to a limited extent; that is, by care in creating and maintaining 
smooth flow boundaries the value of f may be reduced below a 
maximum value of 0.06, but the amount of reduction that can be 
guaranteed is probably small. By care in design the tube-length 
factor \ can be made small. A value as low as A = 1 should be 
attainable without great difficulty. The tube-radius factor y may 
be varied by design over the rangeO0 < y <1. The plate-separa- 
tion factor 7 is controllable by fixing the position of the upper disk. 
The lower limit is zero. 

It may be seen by examining the equations that both the total 
force and the flow rate will be reduced by an increase in either 
friction factor f or tube-length factor A, and that there is no opti- 
mum value of either which is greater than zero. On the other 
hand, this is not necessarily true with regard to tube-radius factor 
¥ and plate-separation factor 7. In order to find the maximum 
value of total-force factor y it should be possible to differentiate 
y partially with respect to 7 and also to n, equate the derivatives 
to zero, to solve the two resulting equations simultaneously for the 
values of y and 7 at which the maximum occurs, and finally to 
obtain the maximum of y by substitution of these values in the 
original equation for ¥. However, the resulting equations are so 
unwieldy as to preclude the possibility of using the foregoing ra- 
tional method of solution. Therefore the method was adopted of 
choosing series of arbitrary values for the four independent varia- 
bles, calculating the corresponding values of W, and also of flow- 
rate factor x, and plotting the results as a family of curves. 
These curves are shown in Figs. 2 and 3. 

In Fig. 2 is plotted a family of curves of total-force factor as 
a function of plate-separation factor 7 for various values of tube- 
radius factor , for a constant, value of friction factor f and for a 
tube length / equal to its radius r;(A = y). It will be noted that 
for small values of plate-separation factor 7, the total-force factor 
y is negative. This means that the total force acts in such a direc- 
tion as to blow the upper disk away from the lower plate. 

It is noted in passing also that for small values of total-force 
factor ¥ the curves are nearly linear. Thus, if the upper disk is 
retained in its position by a resilient support or is freely floating, 
the conditions are favorable for the establishment of a natural 
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vibration condition subjected only to the viscous damping of the 
flowing fluid. 

As the plate separation is increased, the total force tending to 
force the upper disk back against the lower plate increases to a 
maximum. For higher values of plate separation this force again 
decreases. The magnitude of the total-force factor Y depends on 
the tube-radius factor y, the maximum occurring between y = 
0.25 and 0.30. 


EXPERIMENTAL VERIFICATION 


In order to determine the accuracy of the derived results, ap- 
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.3 Frow-Rate CHARACTERISTICS 


paratus was eonstructed and tests were run using air as the 
fluid. The orifice plate and disk were made as shown in Fig. 4 
The pressure in the large pipe (p 
The flow rate was measured by a thin-plate orifice 


Pp,’ was measured by a corner 
tap as shown. 
The force on the disk was measured by a Hunter spring scale 
The plate separation was measured by the combination of a 
micrometer screw on the spring-scale support and the dial gage on 
The air flow was varied from 0.04 to 0.63 cfs 
The 
maximum pressure occurring in the large pipe was | psi at which 
time the plate separation was 0.004 in. and the flow rate was 0.10 
cfs. 

The results of several tests are shown in Fig. 5 
of total-force factor w versus flow-rate factor x. 
shown is for the derived function with y = 0.25, A = y, and f 


the spring scale. 
The plate separation was varied between zero and !/s in 


This is a graph 
The curve 
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0.06. The experimental results follow generally the curve of the 
derived characteristics for the region up to the maximum value of 
total-force factor. In the region of zero total-force factor the ex- 


perimental results have a steeper characteristic than the derived 


curve. Somewhat before the point of maximum total-force fac- 
tor on the derived curve the tests indicate that the flow-rate factor 
ceases to increase. Actually as the plate separation is increased 
further the flow-rate factor decreases slightly. The maximum 
value of the experimentally determined total-force factor is ap- 
proximately the same as the derived maximum value. 

The failure of the flow-rate factor to increase as predicted by 
the analysis is believed to be the result of flow separation occurring 
at the transition from the small tube to the space between the 
plates. During the tests, operation in the region of, and beyond, the 
point of maximum total-force factor produced a high pitched sound. 
The calculated velocities at the transition area were subsonic. 
Flow separation may also be the cause of the steepness of the trend 
of the experimental results in the region of small flow-rate factor 
since flow separation would result in a narrower flow channel, and 
effectively it represents a smaller plate separation. 

In the test apparatus the upper disk did not exhibit a tendency 
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to flutter in spite of the fact that it was spring-supported. How- 
ever, it was relatively heavy and the frictional damping appar- 
ently was high. Operation at plate separations greater than the 
point of maximum total-force factor required care in adjustment 
because of the inherent instability of the system in this region. 


CoNCLUSIONS 


The suction-holding device has a force characteristic which in- 
creases as the flow rate of the fluid increases until a maximum is 
reached. For a higher flow rate the holding force decreases. 
Also, for very small and very large flow rates, the direction of the 
force is reversed. 

For maximum holding power the central tube should have a 
diameter 0.25 to 0.30 times the disk diameter. The central tube 
should be short and well formed to reduce energy losses. 

Tests with a short, rounded, central tube with diameter 0.26 
times the disk diameter gave general agreement with the analysis 
for the smaller values of plate separation. The predicted maxi- 
mum total-force factor was obtained. The predicted flow rates at 
large plate separations were not obtained, probably because of 
flow separation. 





Stress Functions for Rotating Plates 


By P. G. HODGE, JR.,1 BROOKLYN, N. Y. 


The general theory of two-dimensional bodies subjected 
to body forces is well known. However, except for a few 
examples in which gravity is the body force, and vari- 
ous examples of rotationally symmetric rotating disks, 
comparatively little appears to have been done with this 
theory. The present paper applies the theory to the gen- 
eral case of a thin plate rotating about an axis in its plane. 
As specific examples, a circular plate rotating about a 
diameter, and a triangular plate rotating about a side are 
considered. For the case of a long thin triangle, the result 
is shown to reduce to that previously obtained by using an 
extension of beam theory. 


Basic THEeory 


ET us consider a thin plate of uniform thickness ¢ rotating 
about an axis lying in its plane. Co-ordinates are chosen 
so that the y-axis is parallel to the axis of rotation and at 

a distance } from it, Fig. 1. We assume that the boundary of the 
plate can be represented by two continuous and piecewise con- 
tinuously differentiable functions 


y=h(r), y = hex) 


where h,(z) < ho(x). In particular, we rule out the possibility of 
a finite vertical boundary. 

Assuming conditions of plane stress, the only stress components 
to be considered are o,, o,, and 7,,. These must satisfy the 


equilibrium equations 


y? 


do,/dr + Or,,/dy — pw(b — z) = 0 
dc,/Oy + Or,,/dz = 0 
and the compatibility relation? 
Vo, + o,) = —(1 + v)pw? 


In order to reduce Equations [1] and [2] to a single equation, we 
first define the body force potential V by 


V = —pw*(zr?/2 — br). 


A stress function ¢ is then defined by 


\ 


f [4] 


/ 


o, = 0°y/dy? + V, a, = 0?¢/dzr? + V 
Tz, = —O*g/dzrdy 
The substitution of Equations [4] into the equilibrium equations 
yields an identity, while the compatibility equation is trans- 
formed into 


1 Associate Professor of Applied Mechanics, Department of Aero- 
nautical Engineering, Polytechnic Institute of Brooklyn. Mem. 
ASME. 

?**Theory of Elasticity,”” by 8. Timoshenko and J. N. Goodier, 
McGraw-Hill Book Company, Inc., New York, N. Y., second edition, 
1951, section 16. 
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Rotatine Piate 


re) 


Vig =(1 Vv )pw* \o 


Along the edges of the plate no loads are applied so that the 
Thus, if a, and 
Q@ represent the inclinations of the bottom and top edges of the 


resulting normal and shear stresses must vanish. 


piate 


N, = o, sin? a, + 0, cos* a, — 27,, sin a, cos a, = 0 


7 


T, = (o, — @,) sin a, cos a 


(sin? a, — cos? a,) = 0,k = 1,2 


Tr Tey 
It is readily verified that these equations are equivalent to 


o, tana, = T,, = 7, cot a, 


along the edge. Finally, since tan a, represents the slope, we 
may write the boundary conditions in the form 


oA (x = ¢,/h,"(x) on y = h(x) 


oe 
oe (zx = Tey = Cy he'(x ony = ho x) 
Therefore the solution of the problem is reduced to the deter- 


mination of a solution of Equations [5] which satisfies the 


Boundary Conditions [6]. Since no boundary conditions are 
specified on the axis of the plate x = b, such a solution will be 
valid only in the sense of Saint Venant; i.e., at a reasonable dis- 


tance from the axis of rotation. 


CrrcuLar PLATE 


For a circular plate rotating about a diameter it is convenient 
Fur- 
ther, we may evidently use polar co-ordinates to advantage. 
Thus from Equation [3] 


to choose the y-axis as the axis of rotation, so that b = 0. 
V = —(pw?/2)r? cos? } = —(pw*/4)r(1 + cos 28) 
Any stress function of the form 
¢ = [pw*(l — v)/64]( go, + r*) [7] 


where ¢ is biharmonic will satisfy Equations [5]. In terms of ¢, 
the boundary conditions may be written 





JOURNAL OF APPLIED MECHANICS 


We may integrate the second of these equations on r = a to ob- 
tain 
22. & 


on r = 4, > = . 
r a 


.. [9a] 
Further, substituting Equation [9a] into [8] we may integrate 
twice with respect to J on r = a, obtaining 


onr=a, Q= ( 


In each case the constants of integration have been set equal to 
zero since they do not affect the stress components. 

Any biharmonic function can be written as the real or imagi- 
nary part of a complex function 


16 a‘ 
:) a‘— 31.,™ 28. . (9b) 


f(z) + Zg(z)...... . [10] 


where f and g are analytic. Applying this to functions 
f= 2 = re? = r(cos nd + i sin nd) 
ag = 22"*! = r™*2 (cos nd + i sin nv) 
we obtain four sets of solutions 
r*+2cosnd, r®*2 sin nd 


rcos nd, r° sin nd, 


In view of the Boundary Conditions [9] we are led to a function of 
the form 

gi: = A + Br + Cr? + (Dr? + Er*) cos 20 
The constants are easily evaluated from Equations [9] and the 


condition that the stresses be finite, and the resulting stress func- 
tion is 


( ~: s) (e* + a*r*) + ~ 
= —<—— — a a*r? ——_——— 
" v 3(1 — v) 
(r4 — 3a*r?) cos 20 
Finally, the stresses are then found to be 


1+cos2? 1—vp 
SP OTe gg Fe 
) 


| 
= (a? — r2) + =" an—a | .. [11] 


1 p 
Te j pw*(r? — a?) sin 28 


While Equations [11] were obtained only from the stress- 
boundary conditions on the outer edge of the plate, they also 
satisfy the boundary conditions on the axis. Owing to symmetry, 
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these latter may be written 


at 3d = 7/2, v=0 
atr = 0, wand v single valued 


where u and v represent the radial and tangential displacements, 
respectively. It is readily verified that the displacements 


:[ /3—2»—»? 1 ] 
u= — | =" a + ¥ 29) a’r | 


i—y 1+? 
sesh meena sds aeons ‘ 3 
( 6 2 cos 20); | . .. fe 


| 
2 
= — areas (3a2r — 2r*) sin 20 
satisfy these boundary conditions and are related to the stress 
components (Equations [11] ) according to Hooke’s law.* There- 
fore Equations [11] and [12] represent the complete solution for a 
circular plate rotating about a diameter. 
Of some interest is the maximum speed at which the plate can 
rotate and still be wholly elastic. If the Mises yield criterion is 
adopted, then this will be the maximum speed for which 


3J2 = 0,2 — o,09 + os? + 37,9? < Y? [13] 


everywhere in the plate. Here Y is the yield stress in simple ten- 
sion. Without computing 32 in full detail, it is evident that the 
resulting expression will be a quadratic in r*. Collecting only the 
coefficient of (r?)?, we obtain 


(p*w?/256)[64 + 8(1 — v)(3 cos 28 — 2) + 7(1 — v)?] 


Evidently this term is positive for all real 3; hence 3J2 may be 
represented as a function of r? by a parabola which is convex up- 
Therefore the maximum value of 3./¢ will occur at one of 
Each of these 


ward. 
the end points of the interval, r? = a* or r? = 0. 
extreme values turns out to be independent of @, and the latter 
is readily verified to be the larger. Therefore Inequality [13] will 
be satisfied everywhere if and only if 


3J(0, 3) = (p*w'at/256) [64 — 8(1 — v) + (1 — v)*] < Y? 


Finally, then, the maximum speed for fully elastic behavior is 
given by 


pa* 
Wn Y 


As a second example we consider a triangular plate rotating 
about one of its sides, Fig. 2. In this case it is convenient to take 
the origin at the opposing vertex. The two sides are then given by 


. [15] 


= 4/64 — 8(1 — v) + (1 — v)*] -* [14] 


TRIANGULAR PLATE 


h\(x) = Sz, hex) = Tx 


where S = tan a, 7’ = tan Qe. 
We choose a stress function of the form 


¢ = [pw(1 — v)/24)(g: + y*) [16] 
where ¢; is biharmonic, in order to satisfy Equation [5]. We seek 
a polynomial solution, and it is easily shown that all boundary 
conditions on polynomials higher than the sixth degree are 
homogeneous and hence such terms are excluded. The most 
general polynomial of the fifth degree is obtained from taking the 
real and imaginary parts of the functions 2", Zz"~',n = 2, 3, 4, 5. 
The resulting function may be written 


3 Footnote 2, chapter 4. 





HODGE—STRESS FUNCTIONS FOR ROTATING PLATES 


gi = A(x! — Gr*y? + y*) + Birt — y*) + Cry 
+ Dry*? + Ex* + Frty + Gry? + Hy® + Ix? + Jry + Ky? 
[17] 


The stress components are now easily computed from Equations 
[16] and [4] and the arbitrary constants determined from Equa- 
tions [15] and [6]. 

Since the resulting expressions become algebraically compli- 
cated we shall here limit ourselves to a right triangular plate 
rotating about one side. Then S = 0 and the boundary condi- 
tions become 

ony =0, o, =7,, =0 


. - + 
ony = Tz, To, =T,, = @,/T | 
z zy oe 4 


.. [18] 








Fig. 2 TRIANGULAR PLATE 


When Equations [18] are used to evaluate the constants in Equa- 
tion [17] the resulting stress components are found to be 
pw* 
Oo, = rye ‘lo [ 
4T(3 + T? 
+ 6(1 + vT?)ry +271 


(7 + 27? + v7?) 2? 


— 3v)y? — 4b(3 + T?)(y — Tz)| 


Here again it is desirable to find the maximum elastic speed. 
In general, this would involve finding the maximum value of J; 
which is of the fourth degree in z and y. However, at least when 
T < ~/2, it can be shown as indicated in the Appendix that the 
maximum value of J, occurs on the bottom edge, y = 0. 


a, is then the only nonvanishing stress component, Equation [13] 


Since 


reduces to 
 &F 


z 


Setting y = 0 in the first Equation [19] and evaluating the rela- 
tive maximum as a function of z we find 


3+ 7 
(Oz )max = pw*b? - nod 


7+(2+9)T? 


Therefore the maximum allowable elastic speed is given by 


| pb? 7+ (2+) 


ma, 3+ 7 


Comparison Wrrn Beam THEory 


In a previous paper‘ the problem of a long rotating triangular 
plate (7 small) was solved by an extension of simple beam theory. 
There it was assumed that plane sections normal to the bottom 
edge of the plate remained plane and normal to the deformed 
bottom edge. We can now use the present theory to assess the 
limits of the validity of that assumption. 

We first observe that normals to the bottom edge must remain 
norma! for all small elastic deformations. Indeed, since one of 
the boundary conditions is zero shearing stress along the bottom 
edge, it follows from Hooke’s law that the shear strain is zero and 
right angles remain right. 

To investigate the assumption of planarity, we must first com- 
pute the displacement from Hooke’s law.’ In this example we 
cannot satisfy the boundary condition that u = 0 on the axis y = 
b, so that the solution given by Equations [19] is not exact 
However, Equations [19] are still a solution in the sense of Saint 
Venant and will become increasingly close to the exact solution 
away from the axis. 

For definiteness we have assumed that the boundary conditions 


against rigid body motion are 
u(b, 0) = v(b, 0) = du/dy(b, 0) = O.. 21 


Further, we have taken Poisson’s ratio to be '/; since this leads to 
particularly simple expressions. The resulting displacements are 
-7Tx* + 9xr*y + Try? — Ty? 


36bry + 6bTy? + 27b*y — 1175) 


u = (pw*/36ET )| 
+ 18bT' x? - 
- Ty? 


27b*z + 126°] 


= (pw?/36ET )(—3z* + 77 xty — 3zy? 


+- 18hr? — 12bT zy + 6by? 


Within the limits of small strain theory the deformation from 
plane of an originally vertical element will depend only upon the 
horizontal displacement u. The section would remain plane 
y; hence the nonlinear y-terms are a 
To obtain a definite 


only if u were linear in 
measure of the variation from a plane. 
measure, let us compare the displacements at the top surface, 
y = Tr. From the first Equation [22] the exact top surface dis- 
placement is 


Up = (pw?/36E)\(x b\(2 22— 16br + 11b? 67T?x? [23a 


On the other hand, if terms in y? and y' are neglected, the ap- 
proximate top surface displacement is 


us, = (pw?/36E)(x — b)(2r? 16br + 11b? [23b 
It follows that the error depends only upon the last term in 
Equation [23a] and becomes vanishingly small for sufficiently 
small 7’. 

A convenient dimensionless measure of the error is obtained by 
dividing the error by the displacement at the tip. Thus we de- 


fine 


Us Us 


‘ T%(x/b)X1 — ; 24 
u(0, 0) 


= (6/11 


The maximum value of this function occurs at x 3)b and is 


given by 
Xmax = 247'2/297 (25 


Therefore, even for T = 1 the error is less than 10 per cent while 
for T = 1/3 it is less than 1 per cent. 

‘Stress Distributions in Nonsymmetric Rotating Rays,” by P. G. 
Hodge, Jr., JourNAL or Apptiep Mecnanics, Trans. ASME, vol 
77, 1955, pp. 311-316. 

’ Footnote 2, chapter 3. 
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If the maximum elastic speed is desired, the results of the beam- 
theory approach are even more applicable. From footnote 4, the 
maximum elastic speed is given by 


w,,'V pb*/¥ = +/7/3 


Comparison with Equation [20] shows that for y = 1/3 the ap- 
proximate solution is exact for all 7 for which Equation [20] is 
valid. If we consider a range of Poisson’s ratio, then even for 
T = 1 the error is less than 2 per cent for y = 0 and less than 1 
per cent fory = '/,, Therefore the beam-theory approach used‘ 
appears to have considerable merit even for plates with con- 
siderable slope. 


Appendix 


The proof that the maximum value of J2 occurs on the bottom 
edge of the plate for 7? < 2 is carried out by first showing that 
dJ2/dy is negative on the bottom edge and positive on the top 
edge for all0 <<2z<b. It follows that the maximum value of J; 
must certainly occur on an edge unless Jz has two relative 
minima and a relative maximum in 0 < y < Tr; i.e., at least 
three extrema. A necessary condition that this be so is that 
0*J;/dy* = 0 has a root in the interior. However, we can show 
that 03/,/dy' is always negative and hence the maximum occurs 
on the boundary. 

For simplicity we consider only the value y = '/3, although the 
method is general. Further, we make a change of variable defined 
by 

ee, ae 


The bottom surface is then given by p = 0 and the top surface by 
p = 1, so that the remarks of the preceding paragraph apply with 
y replaced by p. It then follows from Equation [19] that the 
stress components are 


a, = (pw?/12)[(—7 + 6p)z? + 12b(1 — p)z] ) 
o, = (pw?/12)[—p?T*z?] . . [28] 


T., = (pw?/12)[p7T(2 — 3p)z?] 


ty 
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Since J: = (1/30, — g,0, + ¢,* + 3r,,') 


oJ 1 
op 3 


oc, da or, 
| 20, — ¢,) - + (20, — o,) oo + 67,, <] 


On p = 0 it is readily verified that 
(OJ2/Op) = —(p*w*r?/36)(12b — 7x)(2b — zx) 


which is obviously less than zero for all0 <z <b. Similarly, on 
p=1 

(OJ2/Op) = (p*w*r*/108)[(—3 + 77? + T*)x + 3(2 — T*)b] 
The sign of this function will depend upon the sign of the linear 
function in brackets. This in turn is positive at z = 6 for all 7, 
and positive at r = Ofor T?< 2. Therefore, for 7? < 2, d/2/dp is 
positive on the top edge. 

Next, since J; is decreasing at p = 0 and increasing at p 
= 1, J: can have a relative maximum in 0 < p < 1 only if 0/:/dp 
has three roots in that interval. This, in turn, implies that 0°/,/- 
dp? change sign at least twice and hence 0*J;/dp? has at least one 
root. This last quantity is easily found to be given by 

08J2/dp* = (p*w*i*z*/36)[(2T? — 54)px — (15x + 6b)] 
which is certainly negative provided T? < 27. Therefore the 
maximum value of J: occurs on either the top or bottom edge. 

On p = 0, we easily find 

J2 = (p*w*/432)(—7z? + 12br)* 
The maximum value is readily found to occur at z = 6b/7 and to 
be given by 
[29] 


(J2)mi = 3p*w'b*/49... 
On p = 1, we obtain 
J2 = (p*w*/432)r(1 + T?)? 
This function increases with z; hence its maximum occurs at z = b 
(J2)m2 = (1 + T?)*p*w'd*/432 


Evidently (J2)m2 is less than (J2)m: provided only that 7? < 29/7. 
Therefore, for vy = '/3, the maximum value occurs at (60/7, 0) and 
is given by Equation [29]. 





High-Frequency Extensional 


ibrations otf Plates 


By T. R. KANE? anv R. D 


The equations of generalized plane stress are applicable 
to the extensional vibrations of plates only for the low 
modes of motion of thin plates. In this paper equations 
are derived which are applicable to both low and high 
modes of thin plates and to low modes of thick plates. As 
an example, the equations are solved for the case of axially 
symmetric vibrations of a circular disk and comparisons 
are made with the theory of generalized plane stress and 
with experiments. 


1 INTRODUCTION 
XTENSIONAL vibrations of thin plates are described 
satisfactorily by the equations of generalized plane stress 
provided the wave lengths, or distances between nodes, 
In terms 
of frequencies, that is to say that the theory of generalized plane 


are large in comparison with the thickness of the plate. 


stress gives good results for frequencies which are much lower than 
the frequency of the first mode of thickness vibration of the plate. 
The essential reason for the limitation of the equations of general- 
ized plane stress is the absence, in them, of the phenomenon of 
coupling between extensional and thickness modes of motion. 
Consider, for example, the radial vibrations of a circular disk. 
As the radius of the disk diminishes, the frequency of the funda- 
mental mode of vibration increases without limit, according to 
This is illustrated by 
However, it is apparent that, in a disk whose 


the equations of generalized plane stress. 
Curve I in Fig. 1. 
diameter is considerably smaller than its thickness (i.e., a rod) 
there must be a mode of, essentially, thickness vibration whose 
frequency is much lower than that of the radial vibration. Ina 
real disk, the coupling between the thickness and radial vibrations 
affects both the mode shapes and the frequencies to a very 
marked degree even at frequencies well below the fundamental 
frequency of thickness vibration. 

It is the purpose of this paper to describe the derivation of a 
set of differential equations and boundary conditions which take 
into account coupling between extensional motions and the first 
mode of thickness vibration and to give the solution for the 
axially symmetric vibrations of a circular disk as an illustrative 
example, followed by a comparison with experimental measure- 
ments. The scheme adopted for the derivation of the equations 
is intended to exhibit the nature of the approximations by which 

1 This investigation was supported by the Office of Naval Research, 
the Signal Corps Engineering Laboratories, and Bell Telephone 
Laboratories, Inc. 

? Assistant Professor of Mechanical Engineering, 
Pennsylvania, Philadelphia, Pa. Assoc. Mem. ASME. 
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the Diamond Jubilee Annual Meeting, Chicago, Ill., November 13-18, 
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Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1956, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, April 8, 1955. Paper No. 55—A-50. 
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AND III SHow Frequencies or First Two 
Symmetric, EXxTENSIONAL VIBRATIONS 
ro Equations or Tus Parer 


Fic. 1 Curves I 

Mopes oF AXIALLY 
Cire Disk AccORDING 
Circled points are from experimental data obtained with bariu 
titanate disks at Bell Telephone Laboratories. Curve I shows fre- 


ies of first mode according to theory of generalized plane 
stress.) 


LAR 


the three-dimensional theory is reduced to a two-dimensional one 


without carrying the reduction so far as to arrive at the theory of 


generalized plane stress. An alternative course is to start with 
the e juations of generalized plane stress and add correction 
terms, as was done by E. Reissner (1) in a related investigation 
aimed 
stress through the thickness of the plate 


at obtaining improved expressions for the variation of 
The equations derived 
in the present paper are not applicable to that problem. 


2 Turee-DimMensionaL Equations 


It is useful to review a derivation of a few of the classical equa- 
tions of the linear theory of elasticity, arranged in such a manner 
as to serve as a guide in the derivation of the plate equations 

The law of conservation of energy (considering only mechanical 
effects) states that the rate of increase of energy in a body is 
equal to the rate at which work is done by the external forces 
Thus, omitting body forces 

4 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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oT ov 
fff (2 + ) dzdydz 
OU - OU — Ou 
= RX—+V7 —+27—)as.. 
fh ( = % at +2) as, (1) 


where 7’ and V are the kinetic and potential energy-densities, re- 
spectively, and %, ¥, Z (2) and u,, u,, u, are the rectangular 
components of the surface traction and displacement, respec- 
tively. The triple integral is taken throughout the volume of 
the body and the double integral over its surface. Note that if 
the time derivatives are replaced by variations, Equation [1] is 
the variational equation of motion.® 


— ou, \? ou, \* ou, \* 
, - 51 (3) + (3) + (%)'] — 


= Pe, 4 2S (3] 
ot dt? Ot of? dt dt? dt — 


Now 


so that 
Ou, Ou, 


Also, since the potential energy is a function of the components 
of strain (€,,..., Yys, -- -) Which are, in turn, functions of time, 
the rate of increase of V may be expressed as 

oV—soOOW Oe, 


hn ov OY ys ae 
ot Oe, OF 


™ OVy2 Ot 
ou, ou, ou, 
= =< = 


 @ a, 2 2.0 Ve ™ ae 


Now z or dy 


and (3) 


ov ov 
= ph bey T. : . [6] 


o = oe 
" Oy 
Hence the rate of increase of potential energy-density may be 
written in the form 
oV re) + re) i o0\ ou, 4 
— £16, + Fog = ee 
ot * or ¥ dy ** oz) Ot 
ou, 
~ 


oe, or or, 
om te + ge jae 
( Ox oy +t oz 


By integration by parts 


f n eo] ou, ., ou, a. ou, - oe 
el J or s or Tyz or Tex dt rT... | Grdydz 
Ou, 
= ff [co + 7,,m + 7,,8) os anes pee | ds 
ou > OU ou 
: F— +P —*+2—)as 
Sf ( ot ‘3 ot ot 


where 1, m, n are the direction cosines of the outward drawn nor- 
mal to S. Hence, substituting Equations [3] and [7] in [1], the 
law of conservation of energy reduces to 


| (2: ‘ or, + o7,, d°u,\ du, 
or oy oz p ot? ot 
testes, Jdndyde = 0 +25 


Since this must hold for all volumes, the integrand must vanish, 
and, since the integrand must vanish for all velocities, the quanti- 


5 See reference (4), p. 167. 
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ties in parentheses must vanish. This leads to three stress equa- 
tions of motion of the type 


oo, or ot. O*u, 
‘i 


wiws = [9] 
oz dy Oz ot? aca 
In an isotropic elastic body (3) 
2Vv = Ne, + €, + €)* + 2G(e,? + €,? + €,") 
+ Gy. + Yeo? + Yey*). - [10] 


where \ and G are Lamé’s constants of elasticity. Hence the 


stress-strain relation, from Equations [6] and [10], is 


= (A + 2G)e, + AE, + €,) 
= (A + 2G)e, + AE, + €,) 
a, = (A + 2G)e, + Me, + €,) 
(Fase Tez) a ont Gy. Vez: Yzy) 


og 


= 


o 


[11] 


Substituting these in Equation [9] and using Equations [5], there 


result the displacement equations of motion 
GV*u, + (A + G) ~ P oe 

GV*u, + (A + @) “ad 

GVtu, + (A + G) ~ ‘. 


where 


Boundary conditions appropriate to these equations of¥motion 
are obtained from Neumaan’s uniqueness theorem (4). By this 
theorem it is shown that, subject to the usual restrictions as to 
continuity, single valuedness, singulariti*s and behavior at in- 
finity, it is sufficient to specify, at each point of the boundary, one 
member of each of the three products appearing in the integrand 


of 
ou - OU 
R— +7 —*+ 
ff ot ™ ot 


or their equivalents referred to co-ordinates normal and tangential 


[13] 


to the surface. 
3 Puate-Srress Equations or Morion 

Consider a plate bounded by planes z = +h and a right 
cylindrical surface intersecting the middle plane in a closed curve 
C. The components of displacement in the plate are assumed”to 
be given to sufficient approximation by 
= 0,(z, y, t) 

v,(z, y, t) 
= zh~n,(z, y, t) 


one 

J 
These expressions are substituted into Equations [8], which are 
integrated with respect to z between limits +A. The integra- 
tions are carried out explicitly wherever possible. Then, following 
the procedure leading from Equations [8] to [9], there result the 
plate-stress equations of motion 


oN oN,, re) 
2 ——* F, = 2ph 
or +r oy a . ot? 


ON,, . oN, ov | 
—# 4 — = 2ph—* | 
bet Oy The hoe fee L18) 


2) 
Vz 


oR, , we 


25) 


or téy ot? 
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A 
= f" a a See [16] 


h 
=f, Crees toy ede .. [17] 


Tez) Tey» Tz) ems = ie Tey —Os) =a. . [18] 


N,, N,, and N,, are the usual forces per unit of length which 
appear in the elementary theory of plates acted upon by forces 
in the middle plane (5). N, is 2h times the average transverse 
stress. FR, and R, are components of “pinching” shear. They 
play a role, in the last of Equations [15], analogous to that of the 
components of transverse shear force, Q, and Q,, in the corre- 
sponding equation of the theory of flexure of plates (6). F,, Fy, 
and F, are the components of surface traction. They play the role 
in Equations [15] that is played by body forces in the three- 
dimensional theory. 

The first two of Equations [15] are identical with those of the 
theory of generalized plane stress, but none of the terms of 
the third equation appears in that theory. 


4 Pvate-DispLACEMENT EQUATIONS OF MOTION 


The relations between the plate-stresses (N,, i N,, = R,, 
R,) and the plate-displacements (v,, v,, »,) are obtained, as in the 
three-dimensional theory, from the potential energy-density V. 
In order to improve the results, the thickness strain, ¢,, in Equa- 
tion [10] is replaced by xe, where x is a constant which plays a 
role analogous to that of the square root of the constant k’ in 


Thus 


Timoshenko’s theory of beams (7). 


2 + 2G(€,? + €,? + x*e,?) 


2V = Ne, + €, + Ke, J . 


. » 24 ° 1190) 
T GY y T Vex" T Vey } [19] 


The motivation for the introduction of x, with the concomitant, 
fictitious anisotropy, is discussed in Section 7. 
Using Equations [19] and [6], there results 

=(A + 2@)e, + Ne, 

= (AX + 2G)e, +e, + Ke) 

= (A + 2G)x*e, + Ax(E, + €,) 

an a ae a, 


+ K€,) 


The Expressions [5} for the strains in terms of the displacements 
are now inserted in Equations [20], following which the Approxi- 
mations [14] are used to replace the displacements u,, u,, u,. The 
resulting expressions for the stresses in terms of v,, v,, v, are in- 
serted in the right-hand sides of Equations [16] and [17] and the 
integrations are performed, with the results 


Ov Ov t 
2h | (A + 2G) — +A 4+ nA 
or Oy h 


Oo Oo ’ 
2n [a + 2G) —* +x = +r" 


oy Or h 


. ov ov 
+20) + an (2 + vy 
h Or oy 


= 2hG (2: ee 
or Oy 


2h°G dv, 2h?G ov, 
i, . R, = ee 
3 Oz 3 Oy 


P] = 


The displacement equations of motion are now obtained by 
substituting Equations [21] into [15], with the result 


ra) A ov 
GV:4, +(A +G)—+—-— 
or h Ox 


a 2 Oo kA ov, 
GV iv, + (A + G) — + + 
oy h oy 


3xAe, 3K 
h h? 


. . 
(A + 2G)v, + = 


GV "x, — 


where 


7: 
Vi = ox 


dy’ Ox? oy? 


It may be observed that Equations [22] degenerate to those of 
generalized plane stress if the third equation is ignored and if »,, in 
the first two, is replaced by its value, in terms of v, and v,, ob- 
tained from the third of Equations [21] by setting NV, = 0, and 


kK = 1. See p. 497, Bibliography (4). 


5 Bounpary ConpDITIONs 


Boundary conditions, on the edge of the plate, sufficient to 
assure a unique solution of Equations [22], are obtained by sub- 
stituting Equation [14] into [13] and performing the integration 


with respect to z, with the result 


or . 2 y 
f a +7,.— 4 

Cc ol h ot 

where s is measured along the edge of the plate 

i. ’ ® m 

Y, = 
} A = 1 + Rym 

and / and m are the direction cosines of the outward drawn normal 

to the edge. 
The integrand of Expression [23] may be referred to co-ordi- 
nates n, s, normal and taneciiiai to the edge, by means of the 


transiormations 


Rl + Rim 


with the result that Equation [23] becomes 


or 
Cn ee) ee 
Cc * Ot 7 ae h 


The first two products in Expression [26] are identical with 
those occurring in the theory of generalized plane stress but it is 
seen that an additional boundary condition is required for Equa 
tions [22]; namely, either the shear 2, or the velocity Ov, /Ot must 


mes 


be specified. 
6 ALTERNATIVE PROCEDURE 


The results in Sections 3, 4, and 5 were obtained by inserting the 
Approximations [14] into equations at several stages of the ce 
velopment outlined in Section 2. This type of exposition was 
adopted in order to emphasize the relations between correspond 
ing equations in the three-dimenzional and plate theories. Al 
ternatively, the approximations may be inserted directly into 
Equation [1] and the integration with respect to z performed once 
and for all. The plate equations thea follow logically (except for 
the arbitrary introduction of x) by a procedure analogous to that 


in the remainder of Section 2. One advantage of this method is 
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the appearance of explicit expressions for the kinetic-energy 
density of the plate 


rem ol (Se) + (3) +5 (3) 


and the potential energy-density of the plate 


2V* = Ah(e, + e, + Ke,)*? + 2Gh(e,? + e,? + K%e,?) 


+ Gh (‘" 
uae 


h? ; 
Cn* + 3 Gea® + Gor" 


where 
1 Ov, 
h ody 
1 Ov, 
h Ox 


ov ov 
hey © = 


a 
or oy 


=z 


are the components of plate strain. Also, the relations 
ov* 


ov* 
= — R, = 
OG ys 


ive =a. 9a) @& 
de, 


r 


y 


are found. 

In addition, a rigorous proof of the theorem on uniqueness of 
solutions may be developed along the lines described in a previous 
paper (8) on flexural motions of plates. 


7 DETERMINATION OF K 


The constant « was inserted in the expression for the strain 
energy in order to overcome a difficulty inherent in approximate 
equations of the type described here. In the present case the 
source of the difficulty is the assumption of a particular (linear) 
of the thickness displacement u,. 
This can be correct only at one frequency. At low frequencies 
the thickness stresses, 7,,, 7,,, 7,, and the thickness inertia p0*u,/- 
dt? are small and, accordingly, the thickness displacement follows 
the extensional stresses, o,, o,, as in statical defor; 

Since the extensional stresses are essentially independent of z, at 


functional dependence, on z, 


ion. 


low frequencies, the best assumption for u,, in this range, is pro- 
portionality to z. This is the assumption used in Equation [14]. 
However, as the frequency increases, a range is reached where 
strong coupling exists between extensional motions in the plane 
of the plate and the first mode of pure thickness vibration of the 
plate, in which u, varies as sin (7z/2h). For this range it would be 
preferable to start with the assumption 


u, = v,(z, y, t) sin (942z/2h) 


but then the low-frequency results would be in error. A two-term 
approximation could be used, at the expense of increased order of 
the differential equations. Alternatively, the factor x can be in- 
troduced and its value fixed so that the frequency of the first 
thickness mode, at which the important coupling occurs, is cor- 
rect despite the incorrect distribution of displacement. At low 
frequencies, all the terms containing x are negligible so that the 
equations reduce to the appropriate form of generalized plane 
stress. 

The value of x is chosen, then, by equating the frequency of pure 
thickness vibration, obtained from the plate equations of motion, 
Equations [22], with the corresponding frequency obtained from 
the three-dimensional equations. 

In Equations [22] let 
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i — 
, =F, =0\ 


‘ eed [27] 
v, = C exp(iwt)) 


Then the first two of Equations [22] are satisfied identically and 
the third yields 


‘ 3x? AX + 2G 


: [28] 
h? p 


oo 
It may be observed that no such frequency is contained in the 
equations of generalized plane stress. It is, in fact, the presence 
of such a mode of vibration in Equations [22] that makes them 
applicable to much higher frequencies than those accommodated 
by the equations of generalized plane stress. 
The frequency, corresponding to Equation [28], obtained from 
the three-dimensional equations is 
. wrA+26 
eo = 


4h? p 


[29] 


Equating [28] and [29], we find 


2 


A 
8 Free VIBRATIONS 


In the case of free vibrations, the equations of motion, Equa- 
tions [22], take a simple and revealing form when expressed in 
terms of the potentials of the dilatation and rotation in the plane 
of the plate. 

Let 


ree) oH 
= di. cm 


vy, = 
Ox oy | 


Ps ov OH | 


v, 
oy or 


Then, introducing a time factor exp(iwt) (omitted in the sequel), 
Equations [22] are satisfied, in the absence of surface tractions, if 


c2V 2H + oH =0 |) 
cr’Vi2¢ + we + (kA/ph)v, = 0 
c2°V 120, + (w? — 3x%e,2/h?)v, — (3xA/ph)V 29 = 0 


where 


2 = (A + 2G) Pp, c2? =G p [33] 


Eliminating v, between the second and third of Equations [32], the 
equation governing ¢ is found to be 


(V;? 


+ 62)(V2 + 6:%)¢ = 0 


where 
3x? 2 

a? = —— | (a + £) — — 1 —(—1) 
23h? w? 


v f= 1i4 
ae w? w? i 
+ tap — (: -=) 


y = iG + B) = — i} 


4GA+G) | E | 


~ pA +26) p(l — v*) 


C3 


in which £ is Young’s modulus and vp is Poisson’s ratio. 

Hence there are three independent displacement potentials: 
¢1, G2, and H (where g; + ¢: = ¢). They are governed by the 
three equations 


(Vie + 61?) = 0 ) 
(Vi? + 52 )po =0 
(Vi? + 5;*)H = 0 


. . [36] 
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where 5; = w*/c2*. It may be seen that there are three phase 
velocities in this theory, given by w/6,;,i = 1,2,3. The velocity, 
w/5; = co, of the rotation, is the same as in the theory of general- 
ized plane stress; but there are two dilatational velocities 
(w/6, and w/d,) as opposed to only one (c;) in the theory of gen- 
Furthermore, the two dilatational velocities 
are dispersive, whereas c; is not. Examination of the expressions 
for 6, and 6, shows that 4, is always real but 6, is real for w/a > 1 
Hence, an important change in the 


This 


eralized plane stress. 


and imaginary for w/a < 1. 

vibration spectrum of the plate occurs at the frequency @. 

is why the appropriate choice of the value of «x is essential. 
The plate displacements are expressed in terms of the three 

potentials by 

oH 

Oy 

OH 

Ou 


oy 
or 


Os 


af, 


Fate) oo 


Oy 


JA. 


where 
hirX 


[38] 
KX 5 


v, in terms of ¢, and ¢g. comes from the second 


The expression for 
of Equations [32] and the first two of Equations [36]. 


9 SYMMETRICAL VIBRATIONS OF A CrrcULAR Disk 


In this case the variables are expressed in terms of polar co- 
ordinates r, 6, by means of the relations z = rsin @and 
[25]. For symmetrical vibrations, 


rcos@,y = 
the transformation Equations 
H = Oand¢ = ¢(r), so that Equations [36] reduce to 


(+ Soe 
dr? a” : “s 


The solutions of Equation [39], for a solid disk, are 


1 A,J (br), 2 = A J (ber [40] 


where J is the Bessel function of the first kind and A, and A: are 
Hence 


constants. 
~A\6,J (5,7) — AsdoJ (ber) 
= 0 [41] 
= Aoi) (bir) + Asted o( ber 


We consider the case of a free edge r = a. The appropriate 


TABLE 1 COMPUTED FREQUENCIES O! 


CIRCULAR 





0 0 
0.863 0 


496 
85 


0.67 0.81 
2.0 1.7 


TABLE 2 
1 2 

diam, c thickness, ecm 
0.648 
0.440 
GQ. 504 
0.637 
0.638 
16 0.729 
58 0.596 
59 0.612 
58 0.604 
58 0.580 
31 0.639 
05 0.636 
05 0.637 
783 0.629 
777 0.636 


68 
63 
16 
16 
17 


TTS) 


Se et te et ee ROO NE 
~~ rr er BO DD BO ND NS eGo 
:) ID SCwow 


EXPERIMENTAI 


components of edge traction are, from Equations [25], [26], and 


(21) 


t 


. 
r + X : 
r ’ h 


2Gh? dv, 


3 dr 


A unique solution is obtained by setting these equal to zero at 
This results in a pair of simultaneous,* homogeneous 
equations in A, and A, The determinant of the coefficients 
whe equated to zero, vields the frequency equation 


r=a 


2n| 8 
2n a 


8 ny Jol 
a J 


9} 


15 


The frequency spectrum may be computed from Equations 
[43 44 
a and 8 depend only on Poisson’s ratio v, while § and » depend 
Hence a choice of vy and w/w reduces Equa- 
For each root, 


and [45] in the following manner: First, it is noted that 


only on v and w/w. 
tion [43] to a transcendental equation in ¥ only. 
y, of this equation, there corresponds a value of a/h in ac- 
cordance with Equation [45]. Thus, for a given material and 
thickness, a sequence of disk diameters is found that will vibrate 
at a given frequency. Then the frequency is changed and a new 
set of diameters is calculated in the same manner. The process is 
repeated until sufficient data are obtained to enable curves to be 
drawn of w/@ versus a/h. Results of such computations for the 
first two modes (vy = 0.3) are shown in Table 1 and illustrated by 


Curves IT and IIT in Fig. 1. 

® It may be observed that for boundary 0, R, 
(analogous to a simply supported edge in the theory of flexure 
are not couple 1 


conditions 0, = 


two modes of motion represented by ¢i and ¢: 
Equation [43] is replaced by the two simpler equations J;(d:a 


and J;(d:a) = 0. 


FIRST TWO MODES OF VIBRATION OF 


DISK 
First Mode 
1.81 
Of 


Second Mode 


1.47 2 
1.1 0.95 


DATA 


0.686 
0.690 
0.720 
0.773 
0.774 


0.920 
0.910 
436.6 0 926 
0.922 


G62 


410.5 
430.0 bs 0 
427.0 j 0.956 
572.0 1.265 
579.0 1.295 
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10 Discussion or Disk FREQUENCIES 
The interpretation of the results for the disk is facilitated by a 
study of several limiting cases. 
Low Frequency, Large Diameter. For w/a << 1, the first and 
third of Equations [44] reduce, approximately, to 


& = —@*/aBw?, n = 1/2a 


Hence Equation [43] reduces to 
Y <4y = 
Ji(y) 
and Equation [45] reduces, for large a/h, to 
a Wweyy 


h Twe; 


A 2G 
Moo 


y.| EF 
on - @-————.... 
a p(1 — v?) 


That is, the frequencies are given by Equation [47], in which y 
are the roots of Equation [46]. This is exactly the solution of the 
equations of generalized plane stress. Hence, for the low frequen- 
cies of thin plates, the present equations, as they should, give the 
same results as the equations of generalized plane stress. Ac- 
cordingly, the lower right-hand portions of Curves I and II in 
Fig. 1 are essentially identical. See p. 498, reference (4). 

Intermediate Frequency, Small Diameter. In this case a/h< 1. 
Hence, from Equation [45], y< 1. Now, for small z 


I J oz ) 


] 
Jz) wa ?2.. [48] 


Hence Equation [43] reduces to 


(: =) a — 20) = (£2 — 2n) (E—20).... [49] 


a a 


1— 
5) (6,2 — 6,2) = 0.. 
This equation has only one real, positive root 


w y= 
@ 


which is the ordinate of the first mode, illustrated by Curve IT in 
Fig. l ata/h = 0. 
Equation [51] can be rewritten in the form 


T |B 
Yo= — poe 
2h p 


52] 


This will be recognized as the limiting value of the exact solution 
for the longitudinal vibration of a thin rod in its fundamental 
mode. It seems remarkable that a plate theory should contain 
such a result; that is, at least for the fundamental mode, the 
equations are valid for a plate so thick that, in comparison, its 
diameter is negligibly small. Of course this remarkable property 
is not held by the second mode, since only one thickness mode is 
contained in the theory. For a/h — 0, the second mode should 
couple with a second thickness mode and approach thrice the fre- 
quency of Equation [52] as a limit. In the present theory the 
second radial mode does, however, couple with the first thickness 
mode. This is evidenced, in Fig. 1, by the slight reversal of curva- 
ure of Curve III in the neighborhood of w/@ = 1. This effect 


JUNE, 1956 


becomes more pronounced with the higher radial modes at large 
values of a/h. In fact, for large a/h and w/@ > 1, coupling 
occurs, in addition, with overtones of the first thickness mode; 
i.e., with motions characterized by multiple circular nodes as dis- 
tinguished from nodal planes. These curves are not shown in Fig. 
1, but they are very similar to those found for the high-frequency 
flexural vibrations of a disk (9). 

High Frequency, Small Diameter. Although, for very small 
diameters, only the lowest mode is correct for intermediate fre- 
quencies, the theory again gives good results for very high fre- 
quencies. For w/@ > 1, the first and third of Equations [44] 
give, approximately 


&? = B/a, 7=8 


Hence Equation [43] reduces to 


EyJAgy) 28 _ 2G 
Ji( EY) a A + 2G 


ty _JA + 2G Le 
a [55] 
a p 


Accordingly, the frequencies are given by Equation [55], in 
which £y are the roots of Equation [54]; but this is exactly the 
solution of the three-dimensional equations for the radial vibra- 
tions of an infinite rod. Thus there are two ranges of frequencies 
of a thin rod which are contained, exactly, in the plate theory. 

Intermediate Frequency, Large Diameter. In this case, for a/h 
— o, Equation [45] gives y — ©. Hence one solution of 
Equation [43] is 2 = 0, that is,w = @. Thus the solution con- 
tains, as one of the frequencies of vibration of an infinite plate, 
the correct frequency of the fundemental thickness mode. This, 
of course, is to be expected, in view of the procedure by which the 


and Equations [44] yield 


value of x was chosen. 


11 ExXperiImMENTAL INVESTIGATION 


Frequency measurements were performed’ on 15 barium- 
titanate disks with diameters, thicknesses, and ratios a/h shown 
in columns 1, 2, 3 of Table 2. 

After the disks were lapped, spotted, gold-plated, and polarized, 
their resonant frequencies were measured by applying the output 
of a tunable oscillator to a frequency counter, the frequency of 
oscillation being controlled by the disk under test. These fre- 
quencies are recorded in columns 4 and 5 of Table 2. 

The frequencies w,/27, of the fundamental mode of vibration, 
were obtained without difficulty for all the disks except numbers 
6 and 10, both of which appeared to be mechanically defective. 
The frequencies of the second mode were more difficult to measure 
as it was necessary not only to locate resonances, but also to 
evaluate their relative strengths. The frequencies recorded in 
column 5 are thus to be considered less reliable than those in 
column 4. 

To compare the experimental results with those predicted by 
the theory, the ratios w/@ were computed for each disk, using for w 
the experimental values and for @ (see Equations [28], [29], 


(30]) 
- £/A+2%\" -« aa 7)" 
~ p ~ 2h Lp — 2r) 


7 At Bell Telephone Laboratories. 
§ The values of the elastic constants were supplied by W. P. Mason 
and the density by L. Egerton. 


with® 
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v 0.3 


7 = 49.3 X 10 dynes/em?* 
p = 5.33 gm/cm?* 


The results are recorded in columns 6 and 7 of Table 2 and are 
plotted as circles in Fig. 1. 
As may be seen, the agreement between theory and experiment 


is good, especially for the first mode of motion. For diameter-to- 


thickness ratios less than 3, the theory furnishes a considerably 
better description than the theory of generalized plane stress. 
For a/h = 0, there is, of course, ample confirmation, by experi- 
ments with thin rods, of the predicted value of the frequency of 


the first mode 
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Propagation of a Sudden Rotary Disturbance 
in an Elastic Plate in Plane Stress 


By J. N. GOODIER? anv W. E. JAHSMAN?! 


Detailed results are found for two plane-stress problems 
of an elastic plate with a hole from which a symmetrical 
disturbance is propagated. In the first a uniform shear 
stress is suddenly applied and maintained at the hole. 
In the second a uniform (rotary) velocity is suddenly ap- 
plied and maintained. The subsequent motion is entirely 
rotary and involves shear stress only. The problems are 
mathematically analogous to those of symmetrical pres- 
sure and radial velocity at the hole, already solved by 
Kromm, and his analysis is followed. The existence of a 
similar analogy in the statical cases is well known. 


INTRODUCTION 


HE problem of finding the motion of an elastic plate follow- 

ing sudden rise of pressure in a hole (as a plane-stress prob- 

lem), or sudden imposition of a “radial’’ velocity at the 

hole, was solved by A. Kromm‘ in 1948, who gives detailed results 

as curves in dimensionless variables. The operational method 

used incorporates devices of a special nature, reducing the original 

differential equation in the radial displacement to an integral 

equation of Volterra’s first kind, amenable to numerical solution. 

The problem of “rotary”? motion—caused by sudden applica- 

tion of (in-plane) shear loading uniformly round the hole, or sud- 

den imposition of a rotary velocity at the hole—turns out to be 

closely analogous, and is worked out here by Kromm’s method. 
The results appear in Figs. 2, 3, 4, 5. 


Tue Equation or Rotary Motion 


The dynamical equations corresponding to plane stress in 
polar co-ordinates are (with u for radial, v for tangential dis- 
placement) 

oc, 4 
Or r 06 
OT+@ 

» 

or r 06 


1 Ore + i ( O7u | 
» o, 9) =p ot? | 


1 00g 4 v4 o* 
T, = a 
> p Ot? 
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The accelerations have been linearized by restriction to suf- 
ficiently small velocity and displacement. The Hooke’s law rela- 
tions 

Ou 1 1 Ov u 


1 
— = -tiweed (lee = ‘oo —(g9—ve,) 
. eee ae Seer oe 


TE se a ee 
Or r r 06 - 


/ 
complete a set of five equations in the displacements u, v, and the 


stress components ¢,, o, 7,9, Fig. 1. E, G, v, p are Young’s 
modulus, the shear modulus, Poisson’s ratio, and density. 





Srress AND DisPLACEMENT NOTATION IN PoLaR Co-Orpl- 
NATES 


Fig. 1 


Purely rotary motion is possible, characterized by u = 0; », 
C,, T@, Teg are independent of 8. 

It follows from Equations [2] that ¢, = o¢ = 0. The first of 
Equations [1] is identically satisfied, and the second gives 


d%y G 


; . ‘ = c* = . [3] 
Or Ce p 


The problem is reduced to the solution of this equation for 1 
under the appropriate initial and boundary conditions. Kromm 
reduced his problem of symmetrical radial motion to an equation 
of the same form with u instead of v, ¢,? [= E/p(1 — v*)] instead 
of. c2°. 

The plate is here taken as infinite, and initially at rest and un- 
Two cases are considered, involving distinct boundary 
They are as follows: 


strained. 
conditions at the hole r = a. 
(a) A shear stress 7) is suddenly applied and maintained at the 

hole, att = 0. Thus 
(T9)rea = —To, t>0. [4] 


(b) A sudden rotary velocity vp is imparted and maintained at 


the hole. Thus 
(°°) =, t>0 (5) 
ot r=a 


The initial conditions in each case are 
(v)mo = 0, (Ov/Ot)mo = 0, r>a.. (6) 
SoLuTion BY Kromm’s Meruop‘ 
In view of the initial conditions [6], Equation [3] yields as the 
equation for V(r, s), the Laplace transform 
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f u(r, t)e~* dt of v(r, t) 
0 


+5)V 0. aw 


r2 


Primes indicate differentiation with respect to r. 

The solution satisfying the transform of the boundary condi- 
tion [4] is 
K,i(sr/ce 


K:(sa/c2) 


Tole 


Gs? (8) 


V(r, 8) = 


where K,(), K2() are modified Bessel functions of the second kind. 
The general solution of Equation [7] would contain also the 
modified Bessel function of the first kind /,(sr/c.), but this is dis- 
carded here to insure regularity of the solution for v(r, ¢) as r be- 
comes infinite. 

It is convenient to introduce new variables defined by 
r. =r/a, t 


= (t/a, 8 = a8/Co, 


v. = Ge/ra, V. = GaV/7,07, 


v. = Ov./Ot. = (G/eet,)Ov/Ol, 7.6 = T0/To 


It follows that 


Then Equation [8] becomes 


[11] 
The transforms of 7,9 and of the particle velocity Ov/Ot can now 
be found, using for 7,9 the transform of the third of Equations [2] 
the results are 


with u = 0. In terms of the new variables [9] 


1 K2(s.r.) ] K,(s.r.) 
= » Liv.) = — 
s. K.(s.) s. Kos.) 


[12] 
where L[{ ] symbolizes “Laplace transform of,’’ as in Equation 
{10}. 

So far the procedure has been a straightforward application of 
the transform method. 
v.(r., t.) ean be found which has the right-hand side of Equation 
that is, if the inverse of this trans- 


The problem is solved if the function 


[11] for its Laplace transform 
form can be found. It has not been found in tables of transforms 
and the inversion integral seems to offer no aid toward a form 
suitable for numerical evaluation. Following the method devised 
by Kromm for the closely analogous problem of radial motion, 


we multiply the first of Equations [12] by e*-K.(s 


L |r.,9] :e*-K2(s.) = 8. —e*-K2(s.r.) : [13] 


The advantage of this lies in the fact that the inverses of the func- 
tions e*-K2(s.) and (e*-/s.)K2(s.r.) can be found, as Kromm shows. 
On the left of Equation [13] we have a product of two trans- 
It therefore represents the transform of a convolution in- 


Thus if 


for-as. 
tegral. 
8.~'e*-K.(s.r.) = L{f,(r., t.)] [14] 


e-K(s.) = L{k(t.)], 


we can take the inverses of the two sides of Equation [13] and 


I 
0 


Similarly, the second of Equations [12] may be written 


write 


T..o(f., x)k(t xr)dz = 


Lib.) -e*-Ke(s.) = 8.~'e*-K,(8.r.) 


ROTARY 


DISTURBANCE IN AN ELASTIC PLATE 


and if 
8.~'e* Ky (s.r 


we can write 


t 
f, v.(r., z)k(t. z)dx = f,(r., t.) [18] 


Numerical results for 7.,¢ and v., from which the curves in Figs. 
2, 3, 4, 5 were plotted, were obtained from the integral Equations 
[15] and [18). 
k(t.), fi(r., t.), and fo(r., t.) so far defined only by their transforms 


This required evaluation of the three functions 


in Equations [14] and [17]. Inversion of these transforms is 


effected by the Schlafli integral representation® of K,(z) 


) [mw - 1)? dt. . [19] 
1 


T'(1/2) 


Se 
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SHEAR STRESS ro SUDDENLY Appiiep at Hove (r. = 1) AND 


MAINTAINED 


Fie, 2 


particle velocity at several lox 


(Time variations of (a) shear stress, (b) ations 
after suitable manipulation in each case. For instance, to find f;(r., 
i.) from its transform s.~'e*-K2(s.r.), Ke(s.r.) is written in the form 


[19] and multiplied by e*: to give 


of Equations 


e-Ke(s.r 


Changing the variable of integration to r 


ing parts leads to 


Changing the lower limit to zero, with a zero value of the inte- 


grand in 0 T<? 1, it follows that s.~'e* Ke(s is the 


transform of 
0 when t 


fir ff 
Ji(r., f 


r.2 when / 


,42 +1 Vie +1) 


The other two functions are 


0 when t. < r. 


1 


Tr. 


v (4. + 1)? r.2 when ¢ 


5 ‘Treatise on the Theory of Bessel Functions,"’ by G. N. Watson, 
The Macmillan Co., New York, N. Y., second edition, 1945, p. 172. 
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Fie. 3 Sear Stress ro SUDDENLY AppLiep aT Hote (r. = 1) AND 
MAINTAINED 


(Variation of (a) shear stress, (b) particle velocity along a radius at several 
times.) 


k(t.) = [2(t. + 1)?— 1) [(t. + 1)?— 1])-"? whent. > 0 


In the numerical evaluations, 7.,6(r., z) in Equation [15] is 
treated as stepwise constant in a succession of short subintervals 
of the range of integration. The integration is thereby reduced 
to integration of k(t. — 2x) itself, which is elementary. Since 
fi(r., t.) is zero for t. < r. — 1, it follows from Equation [15] that 
T.,9is also zero for t. <r. — 1. The range of integration is reduci- 
ble to r. — 1 to t. in Equation [15]. The physical interpretation 
is that the disturbance arrives at dimensionless radius r. when 
The front of the disturbance is therefore propa- 
Similar considerations apply to Equation 


ti #=r.— 1, 
gated at velocity cs. 
[18]. 
Discussion oF RESULTS 

Figs. 3(a, b) show the propagation of a disturbance due to shear 
stress T, suddenly applied at the hole, then maintained. Fig. 3(a) 
shows the stress distribution with respect to the radial co-ordinate 
at various times. Fort. = 4.0, for instance, the vertical line is the 
wave front. The stress behind the front is represented by the 
catenarylike curve ascending on the left to —1 at the hole (repre- 
senting the applied shear stress). At later times ¢. = 8.0, t. = 
12.0, t. = 16.0, the front is found further out (moving with ve- 
locity c;), and the height is diminishing. The heights follow the 
law® (7.,9) front = —1 ava r. This follows at once from Equation 
[15] considered for ¢. = r.— 1 + ¢€, and taken to a limit as e — 0. 

Fig. 3(6) shows the particle velocity Ov. /Ot. in a similar fashion. 
Behind the fronts the velocity falls off, to the left, and becomes 
negative in the neighborhood of the hole. At ¢. = 4.0 its value 
at the hole is negative, but small. When ¢. = 8.0 the value at the 
hole is imperceptible, and remains so, indicating local quiescence. 
The stress in the quiescent region is represented by the horizontal 
parts of the curves in Fig. 2(a). These curves show the time 
history at fixed points r. = 2.5, r. = 4.0, ete. Atr. = 2.5, for 
instance, we find the sudden rise of stress, followed (to the right) 
by a fall, then a slight rise to a steady value—which is the 
statical value given by T,9/T) = 1/r?. Accordingly, it has become 
very small at r. = 12. By contrast, the wave-front stress is 


still very much in evidence, diminishing only as /V r. Fig. 2(b) 
shows the particle velocities rising suddenly at, for instance, r. = 
2.5, quickly falling to negative values and climbing back to zero. 


As far as the curves actually drawn show, quiescence is reached 


* This, and following results of the same nature, are also obtained 
for nonsymmetrical propagation (including symmetry as a special 
case) by the method of characteristics, in a forthcoming paper. 
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Rotary VELocity vo SuppENLY APPLIED aT Hote (r. = 1) 
AND MAINTAINED 
(Time variation of (a) shear stress, (b) particle velocity at several locations. 
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(Ci) 
.& Rorary VELocity vo SuppENLY AppLiep aT Hoe (r. = 1) 
AND MAINTAINED 


(Variation of (a) shear stress, (6) particle velocity along a radius at several 
times.) 


by the time the wave front has gone a distance of about 6a past 
the point in question. 

The quiescence as to velocity and associated statical stress 
values represent in a finite plate a temporary local equilibrium 
which will in due course be disturbed by an incoming wave re- 
flected from the outer boundary. 

The effects of a rotary velocity suddenly applied and main- 
tained at the hole (boundary condition [5]) are shown i. Figs. 4 
and 5. Unlike the preceding curves for the stress problem, these 
were obtainable by a simple adaptation from Kromm’s results for 
the pressure problem. If we make our v.( = cyw/avo, v being the 
imposed velocity) analogous to Kromm’s dimensionless radial 
velocity @ = c,u/av, it turns out by Equations [2] that our di- 
mensionless shear stress 


T.19 = C2T,6/U0G 


becomes analogous to Kromm’s 
(e1/v9) (1 — v*)/E](o, — o@) 


The curves of Figs. 4 and 5 show that after the wave front passes a 
given neighborhood, the neighborhood soon settles down to a 
quasi-static state corresponding to a static displacement at the 
hole of magnitude mf. Again, the ordinates at the wave front 
diminish as 1 in/ r, the fronts themselves traveling with velocity 
Ce. 





Effect of Hub Radius on the Vibrations 


of a Uniform Bar’ 


By W. E. BOYCE,? PROVIDENCE, R. I. 


Methods are discussed for obtaining upper and lower 
bounds on the frequencies of a uniform beam, rotating at 
a constant speed about an axis at one end, and vibrating 
transversely to the plane of rotation. Previous results are 
extended to include the case of a nonzero hub radius. 
Bounds on the first two frequencies are given for several 
ratios of hub radius to beam length. These show that the 
frequencies depend almost linearly on the hub radius for 
various rotational speeds. 


INTRODUCTION 


HE problem under consideration is that of determining the 

frequencies of vibration of a uniform beam, rotating at con- 

stant angular speed about an axis at one end perpendicular 
to the axis of the beam, and vibrating transversely to the plane of 
rotation. Previous work on the problem has utilized the assump- 
tion of a zero hub radius; that is, the constraining device at the 
fixed end was assumed to be so small that the boundary condi- 
tions could be applied at the axis of rotation. In practice this is 
not the case and the purpose of this paper is to investigate the 
effect on the frequency of vibration produced by considering a 
nonzero hub radius. 


DERIVATION OF EQUATIONS 


Let the transverse displacement of the beam be denoted by 


u(s,t). Then the differential equation of motion may be written 


_, fu mAY? od [ | 0*u 
EI —— —— | (J? — s?) — | = —mA —..[1] 
ds* 2 6 6@ ds ot? 
where E is Young’s modulus, J] the moment of inertia of the 
cross section about the principal axis parallel to the plane of rota- 
tion, m the mass per unit volume, A the cross-sectional area, {2 the 
angular speed of rotation in radians per second, and / the length 
of the beam. Removal of the time-dependent factor exp iAt and 
normalization to a beam of unit length transforms Equation [1] 
into 


ee... 
= (1 — 2?)w’l’ = Bw 


where 

1 This research has been supported by the United States Air Force 
through the Office of Scientific Research of the Air Research and 
Development Command. The material in this paper forms part of 
a thesis submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at Carnegie Institute of Technology. 

? Research Associate, Division of Applied Mathematics, Brown 
University. 

Contributed by the Applied Mechanics Division and presented at 
the Diamond Jubilee Annual Meeting, Chicago, Ill., November 13-18, 
1955, of Tar American Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1956, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, April 11, 1955. Paper No. 55—A-44. 


a? = mAl*Q?/E], 8B? = mAl*d*/EI 


w is the normalized displacement function, and primes and roman 
numerals denote differentiation with respect to z. 

Assuming the fixed end to be elastically supported, the bound- 
ary conditions there are 


w(d) = 0, w'(d) — ew"(d) = 0 ~~ [3] 


Here ¢ is a positive constant depending on the degree of elastic 
support, while 6 is a small positive number which is the ratio of 
the hub radius of the restraining mechanism to the length of the 
beam. 

If the other end is free, the boundary conditions there are 


w''(1) = 0, w’’(1) = 90..... — 


The portion of the beam for 0 < z < 6 is assumed to be rigid. 
The eigenvalues 8 now clearly depend on the three parameters 
a, 6,¢. Ina previous paper (1)? upper and lower bounds for the 
first two frequencies, 8 and 8, were determined as functions 
of @ and e¢, 6 being taken to be zero. In the current work the 
effect on these bounds produced by a variation in 6 is studied. 


VARIATIONAL THEOREMS 


Before proceeding further, it is convenient to state without proof 
several] well-known results which will be useful later. The eigen- 
values 8 of the boundary-value problem, Equations [2], [3], [4], 
can be characterized by a minimum principle involving functionals 
of the following form 


1 at 
Diw,t) = wt” + — (1 — 2z*)w't’ | dz 
8 2 


l 
+ — w’(d)t'(d) 
€ 


1 
H(w,t) = f, wtdx 


The notation D(w) will be used to denote D(w, w) and similarly 
for H(w). The following minimum principle can then be proved. 

Let W be the class of functions w having continuous first 
derivatives, piecewise continuous second derivatives, and satis- 
fying w(d5) = 0. Then of all functions w belonging to W, that one 
which minimizes D(w), subject to the side conditions H(w) = 1 
and H(w, w) = 0,4 = 1,...,n—1, is the nth eigenfunction of 
the System [2], [3], [4]. The minimum value of D(w) is the 
corresponding nth eigenvalue, ordered in increasing size, and de- 
noted by 8™?. The functions w™, i = 1,...,n— 1 are the 
first n — 1 eigenfunctions. 

Courant’s maximum-minimum principle (2) can then be used 
to establish the Rayleigh-Ritz-Galerkin technique for the calcula- 
tion of upper bounds for eigenvalues. This procedure makes use 
of a trial function 


w=agi+... 


v AnWPn 


* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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where the ¢g; are members of W and the a; are undetermined con- 
stant coefficients. Inserting w into the minimum principle (dis- 
regarding the orthogonality requirements) and minimizing with 
respect to the a; leads to an algebraic nth-order eigenvalue prob- 
lem. This gives rise to an nth-degree polynomial characteristic 
equation having n real roots. It can be shown (3) that each suc- 
cessive root is an upper bound to the corresponding eigenvalue, up 
to the nth. 

Finally Courant-Hilbert (4) give the following useful result. 


., ¢, be functions belonging to W and satisfying 


H(¢,;) = 1, 


Let ¢:, .. 
H(¢;, ¢;) = 0,t #5 
Then 
Bor +... + BM? = min [D(g,) +... + D(g,)] 
6 


where the minimum is taken over all admissible sets of functions. 


Variation oF 8™ Wrrn 6 


Qualitatively, the variation of B™ as a function of 6 may be 
expressed quite simply. If all other parameters are held fixed 
and 6 is increased, then 8™ does not decrease; conversely, if 6 
is decreased, then 8™ does not increase. 

The proof depends on the maximum-minimum characterization 
of 8™, Admissible functions for the problem associated with a 
beam of hub radius 6 may be extended into the region 0 < x < 6 
so as to become admissible functions for the problem associated 
with a beam of zero hub radius. By proper manipulation it can 
be shown that the eigenvalues of the latter problem are no larger 
than those of the former. An extension of the proof for the gen- 
eral case is obvious. A detailed discussion will not be given since 
these results are not so useful as those to be given later. 

Precise determination of the eigenvalues is generally possible 
only at the price of extended numerical calculations, so the quan- 
titative relation between B™ and 6 is best ascertained approxi- 
mately by means of upper and lower bounds on 6“ which can be 
found with comparative ease. 

Numerous methods are available which give upper bounds on 
the eigenvalues. The Rayleigh-Ritz-Galerkin technique is per- 
haps the simplest when bounds on only the first few eigenvalues 
are desired. 

A method for finding lower bounds originates in the variational 
representation of B™, that is 


1 
2 1 
B™? = min f [we a = a— yw’ | dz + — [w’(6)]? 
8 2 € 


weW 


under the side restrictions 


H(w) = land H(w,w™) = 0, i =1, 


The right-hand side of Equation [7] can be broken into two parts 
and each considered as a separate minimum problem. First let 


1 
: " 1 
po? = min f w"*de + — [w’(d)]*......... [8] 
F) € 


weW 


subject to the conditions H(w) = 1 and orthogonality conditions 
of the usual form, but involving the eigenfunctions of this prob- 
lem. By familiar methods of the calculus of variations, it can be 
shown that Equation [8] is equivalent to the boundary-value 
problem 


w = ptw 


w(d) = 0, w'(d) — ew’(5) = 0 
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w’(1) = 0, 


Introducing the new variable 


this boundary-value problem becomes 


d‘w 


as = (1 — 6)*w 


dw . d*w 
2 %-*a (0) =0 


w(0) = 0, ds 


d*w 

—(1)=0 

a (1) 

whose eigenvalues have been tabulated for certain values of « 

(1). The successive values of u™* can then be found at once. 
Now let 


: at . 
vy? = min = (1 — 2*)w"dr a 
weW J8 


subject to the conditions H(w) = 1 and orthogonality conditions 
analogous to the previous ones. Again employing the methods 
of variational calculus, the differential equation 


2 
(1 — 2*)w']’ +2 w =0 
a 


results, together with the natural boundary condition that w have 
less than a logarithmic singularity at z = 1 and the assigned 
boundary condition that w(5) = 0. 

If 


py? 
2 oe p(p + 1) 

then the differential equation is Legendre’s equation and the 
solutions are Legendre functions P,(z), which may be written as 
infinite power series in z. For 6 = 0 the series terminate and 
the solutions are the odd Legendre polynomials, the even poly- 
nomials being eliminated by the boundary condition atz = 0. In 
this case p is an odd integer. For 6 ~ 0, but small, the series do 
not terminate and the solutions are Legendre functions whose 
orders differ slightly from the odd positive integers. In this case 
the values of p and hence of vy? may be found from a study of the 
zeros of P,(z). 

To find the value of p corresponding to a given value of 4, it is 
necessary to determine the order of the Legendre function which 
vanishes atz = 6. First, write P,(z) as a power series 


Pz) = 1+ 2; ap" 


n=l 


whose coefficients are functions of z. Gray (5) har given expres- 
sions for the expansion coefficients a, which are valid for small p. 
Since values of p near the odd positive integers are of interest, it is 
convenient to write 


p=n+o.. [10] 
where n is an odd positive integer and a issmall. Then, by the re- 
currence formula for Legendre functions 


2n —1+2¢ 


—l1 
Pits)='= a—ite, 
n+o¢ 


n+do¢0 


zx P,-1+e(2) = a-t+e! r) 





BOYCE—EFFECT OF HUB RADIUS ON THE 


P(x) may be expressed in terms of P(x), for which the series 
expansion in terms of ¢ is valid. Truncating the series at a suita- 
ble term, substituting the proper value of z, and solving the re- 
sulting polynomial equation yields the desired value of o and 
hence of p. 

The characterization of the sum of the first n eigenvalues, pre- 
viously given, states that for all values of n 


Bn? + (11) 


+ B™* = min [D(¢g,) +... + D(¢,)] 


a 
where the set ¢; is orthonormalized and each of its members be- 


longs to W. Then 


: ‘ie Fa 
Bo? +... + B™* 2 min ) gi" dx + [g:'(6)]? +... 
er 8 € 


1 
+ [ ¢,” dz = levi" 
* 8 € 


+ min - z7)p,"*dzr +... 


i 


f 1 
\f 


1 2 
a , /2 
+ —{% z*)¢, ang 
4 Saad 

The first term on the right is the sum of the first n eigenvalues 

: - ; ' 

pe", ..., w™ > of a uniform nonrotating beam, while the second 
term is the sum of the first n eigenvalues y“” vy”)? of the 


Legendre equation. Hence 


Br? + 2. + BO? D> pO? + 22. + p* + yO? + LL, + pir? 

[12] 
Upper and lower bounds can now be found for each eigenvalue 
For n = 1, Inequality [12] becomes 


Br > pv? + pin? ... [13] 


in turn. 


This is a relation of a sort first given by Southwell (6). In his 

development Southwell does not mention boundary conditions, 

but adds the finiteness requirement at zr = 1 as an additional re- 

striction. It is seen here to arise as a natural boundary condi- 

tion. The Southwell method may be extended in the following 

way 80 as to provide lower bounds for the higher frequencies. 
For n = 2, Inequality [12] becomes 


Bro? 4 Bo? > pon? + pu 22 pro? 4+ p(2? 


Denoting by 8*? the upper bound for 8? found from the 
Rayleigh-Ritz-Galerkin process, a lower bound for B®? is given 
by the inequality 


2 2, 2 i 2 2)2 
Bor 2 pO? 4 yi? + yo? 4 yl? - 


~ pro? 


This stepwise procedure may be continued indefinitely, though 
presumably with decreasing accuracy and increasing labor re- 
quired for the computation of the successive upper bounds. 

This technique is applicable to a rather general class of prob- 
lems, as it is valid whenever the basic minimum principles hold. 
Its practical utility depends to a large extent upon the ease with 
which the subsidiary problems may be solved. Another aspect of 
the problem at hand has already been approached in this manner 
(1). 


NUMERICAL CALCULATION AND CONCLUSIONS 


Upper and lower bounds have been computed for 8™ and B® 
for the case € = 0 for several values of a*. This corresponds to a 
beam cantilevered at the fixed end and rotating at various speeds. 
The boundary conditions at z = 6 then are w(d) = 0, andw’(d) = 
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VARIATION OF FreQquENCY §‘” Witu Tue Hus Rapivs } ror 
Fixep VaLvues oF Rotation PARAMETER a? 


Fie. 1 


(For each value of a* upper and lower curves correspond to upper and lower 
pounds on §''), respectively. 
I nds on 8 tively.) 


0; the boundary term in D(w) vanishes Also, the admissible 
functions for the minimum principle must be subject to the fur- 
The values of 6 used in the computa- 


The case 6 = 0 


ther restriction w’(6) = 0. 
tions are 6 = 0.005, 0.01, 0.02, 0.05, and 0.10. 
has been considered earlier (1) 

The Rayleigh-Ritz-Galerkin technique has been used to com- 
pute upper bounds with 

6) + 5(1 5)? 
5)? + 10(1 — 6)*}(x — 4)? 


(x — 6) + a(x — 5 


(x — 6)§ + 2: 


w= 


as the trial function. The parameter a is determined from the 
minimizing condition which yields upper bounds on the first two 
frequencies. 

Lower bounds were computed from Equations [13] and [14] as 
outlined in the preceding section. The series for P,(z) was cut off 
at the second-degree term, yielding a cubic equation in @ for the 
first eigenvalue and a fifth-degree equation for the second eigen- 
value. These were solved by iteration and p then found from 
Equation [10]. The results appear in Table 1. In addition, 
there is a typical graph of B™ versus 6 for fixed values of a', Fig 
1. 

Astudy of the tabulated data reveals that 8 and 8 depend on 
din avery nearly linear fashion, at least for0 <6<0.10. Thisis 
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TABLE 1 


Lower bound Upper bound 
for 6) 


a? for 8) 


-516 3. 

. 897 8. 
23. 
57.25 


10000 i 112. 


in sharp contrast to the behavior of 8B and B® as functions of «, 
for 6 = 0; in that case the variation of 8 was concentrated in the 
range of small ¢ (1). 

An examination of the slopes of these curves shows that, as a 
function of a?, the slopes remain practically constant for small and 
moderate values of a, but have a nearly linear dependence on a 
for values of a? larger than several hundred. 


ACKNOWLEDGMENTS 


The author would like to express his appreciation to Prof. 
G. H. Handelman for his helpful suggestions during the course of 
this investigation. He also wishes to thank Miss Carol Trammell 
for her help with the computational work. 


JUNE, 1956 


UPPER AND LOWER BOUNDS FOR £8'(a,6) AND 8°?)(a,é) 


Per cent 

Lowerbound Upper bound of gap 
) or 8°?) to mean 

O89 
994 
094 
344 


Per cent 
of gap 
to mean for 

22.034 22.725 

27. 

58. 

134.5 

244. 
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OF Or Or Go Go 


tod COS 


Or Ot dm Goce 
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A Method of Stepwise Integration 
in Problems of Impact Buckling 


By A. F. SCHMITT,' LAFAYETTE, IND. 


The equations for the dynamic buckling of an axially 
impacted column are discussed. A method is presented 
for the calculation of approximate load and deflection 
variations in problems of high-velocity impact. The 
method may be extended for cases wherein the stresses 
exceed the elastic limit. Results of calculations are pre- 
sented for two cases. In one of these, agreement with a 
previous exact solution is found to be good. 


INTRODUCTION 


HE analyses available in the literature for the problem of 

dynamic-column instability may be divided into two 

classes: (a) Those in which an impulsive load of constant- 
known magnitude is applied for a specified period (1, 2).? (6) 
Those in which the ends of the column are assumed to be dis- 
placed axially at a uniform rate (3). In each case referred to, 
the speed of propagation of longitudinal waves is assumed to be 
instantaneous so that the load is uniform throughout the column 
at any given time. In addition, elastic behavior is assumed. 

In the course of an experimental program testing the dynamic 
failure of structural elements, another analysis was sought to 
explain the results obtained in the impact buckling of columns. 
The analyses referred to proved inadequate in applications em- 
ploying impact velocities in excess of 20 fps upon columns of usual 
proportions, 

ANALYSIS 

In the axial impact of a mass on a slightly bowed column, Fig. 
1, the end of the column is displaced axially at a nonuniform rate. 
For many practical problems the ratio of impacting mass to speci- 
men mass is great enough so that the impacting mass velocity 
may be taken constant. The column load then builds up by a 
series of reflections, the longitudinal wave traveling back and 
forth in the column. The result at each column station is a load 
which is stepwise increasing with time. An increment in particle 
velocity is related to an increment in stress level by (4) 


¢ 6d 
af — in) 
0 Vv p E, 


where p is the material density and £, is the tangent modulus. 
In the elastic range this relation becomes 


aye 
VpEeE 


AV = 


[la] 


1 Instructor of Aeronautical Engineering, Purdue University. 

2? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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AY, the particle velocity increment, is equal to the relative veloc- 
ity between the impacting mass and the impacted column end. 
While the load-time history is similar at each column station, 
differences exist due to the finite velocity of travel of the longi- 
tudinal waves, Fig. 1. 


STATION A 


STATION 8 


Histories aT Two STaTions OF AN AXIALLY 
Impactep CoLUMN 


Fic. 1 Loap-Time 


Under the usual assumptions of small displacements and uni- 
form properties, and neglecting rotary and shear inertias, the dif- 
ferential equation for the lateral deflections y at station z of an 
axially loaded column is 


o¢ a oy 
a + (p 4) + pa EI 
or* Or or 


O*yo 


oxr* 


where EI is the flexural stiffness and A the cross-sectional area; 
yo is the initial imperfection and P is the axial load. Rewritten 


this becomes 


_, ofy oy OP 
EI — +P — + +p — 
or‘ Or OF ot? 


o*y = KI ove 


ox* 


The term OP /Odz is zero at all points of the column except the 
longitudinal wave front where it is very great. Then at the 
wave front, since in general Oy/Oz is not zero, the other terms 
likewise must be large. The wave front is thus a constant source 
of new traveling flexural waves. The situation has been well 
described by Taub (5). 

The problem of traveling flexural waves may be dismissed by 
the observation that the velocity of propagation of longitudinal 
waves is great enough in comparison with those of flexural waves 
so that the lateral deflections are (practically) excited simulta- 
neously at each station rather than successively, thus resulting in 
standing flexural waves. This is equivalent to the assumption 
of a uniform column load at all stations; i.e., 0P/Or = 0 every- 


where. 
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Return now to the picture of the stepwise load build-up at each 
station. The height of each load increment per wave cycle is 


ap = 24a0 = AE (y,_ 2) 
a dt 


where V; is the impact velocity, a is the velocity of longitudinal 
wave travel, and 6 is the axial displacement of the impacted end 
of the column. Since the period of one wave cycle is At = 
2L/a, one has 


ar. 48 (7,4 
At L : 


If now the velocity of impact is small enough so that the load 
increments AP are fine, then it is permissible to approximate the 
stepwise load-time curve by a smooth function. Thus let 


ne 
A dt 
and integrate to yield 
AE... 

Pom = [Vit — (6 —bo)I.-- eee 15] 
where 6 and 6 are, respectively, the axial displacements of the 
column end at time ¢ = tand?¢ = 0. 

This last step is also accomplished by letting the longitudinal 
wave velocity a become very large so that At approaches zero. 
This assumption is again compatible with putting 0P/dzr = 0. 

Assume now the deflected form of the column. Let 

Wr 


y(xz) = ysin—; 


Li w(z) = yo sin —. barat 


L 


Substituted into Equation [3], with 0P/dz = 0, this yields 


d*y P 
#40(1-2) y= 0% 


wEl 
P,= rT 
and the independent variable is now 


- 
r=— 1! 
€, 


Here 
AE 


Further, with the assumed shape, one may evaluate 


r? 
= a ane een 
) 5, 4L (y Yo") 


Substituted into Equation [5] and then Equation [7] one gets 


da? 
ae +Q(1—ry—e +2 (Pay! mh ico fl 


where f and e are y and yo, respectively, nondimensionalized by 
the radius of gyration of the cross section. 

Equation [8] was obtained by Hoff (3) and was solved in series 
form. The solution there obtained showed that the motion of a 
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column loaded as assumed—uniform displacement of the ends 
at a moderate rate—is composed of two movements. The mo- 
tion is that of the steady outward bowing experienced in a static 
test with an oscillatory motion superposed. 

The foregoing analysis is valid only so long as the use of a 
smooth curve to replace the stepwise load variation is permis- 
sible. An approximate index of the range of validity of this 
analysis is the number of cycles (N) of the impact wave which 
may occur between the time of impact and the time at which the 
static Euler load is reached. If P; is the load developed at initial 
impact then the number of cycles required is given by 


N = P,/2P, 


since the axial load increases by 2P; per cycle due to reflections of 
the wave. Now for columns of practical size and proportions 
impacted at velocities of 10 mph or more, N will seldom exceed 4 
or 5 and will be more nearly 1 or 2. Consequently, any analysis 
which explains behavior in this rang2 cannot avoid the stepwise 
nature of the loading. In addition, the stresses are certain to 
exceed the elastic limit and account must be taken of this fact. 
To handle the problem of a traveling step load, an integration of 
the partial differential equation, Equation [2], would appear 
necessary. 

The foregoing difficulties may be avoided and the major re- 
sult—knowledge of the load-displacement-time relationship in 
the early loading stages—obtained by the following approximate 
method. 

Assume that any one load step, as it leaves the end of the 
column, instantly covers the full column length for a period equal 
to the time this wave would require to travel the column length. 
A reflection then occurs and again the new total load is applied 
to the entire column for a like period. Envisioning this action it 
seems not implausible to assume a half-sine-wave shape, thus 
reducing the problem to a step-by-step integration of an ordinary 
differential equation with constant coefficients. In addition, 
the sine-wave shape is that shape for which the critical load is 
lowest. Thus, for monotonically increasing loading, the result- 
ing deflections will form an upper bound to the actual column 
action. 

For columns wherein the elastic limit is exceeded, the method 
encounters no difficulty provided an effective elastic modulus is 
used where appropriate. Here, however, the use of a half-sine- 
wave deflected shape may be open to question as plastic columns 
tend to kink. The possible use of other deflected forms is sub- 
ject to investigation. 

Now adopt the scheme for solution just described. During the 
period of travel of any one load increment Equation [7] applies 
(since 0P/dx = 0) and has, moreover, constant coefficients. 
The solutions for the mid-column displacement and velocity at 
the end of the nth traverse of the longitudinal wave in terms of 
the corresponding quantities at the end of the n-1st passage are 


Yn = Yn-1 COS w,A,(t, — tn-1) 
Yn-1' 


Warn 


sin w(t, — tn-1) 


_ e {1 — cos w,A,(t, — tn—1)] 


Yn) = —Yn-1 A, SIN W,AQ(L, — bn-1) 


+ Yn-1" cos Waraltn — th-1) 


oW, . 
+ = sin w,A,(1, — tr) 


h= V1—P/P, 


wt = Qr 





SCHMITT—METHOD OF STEPWISE INTEGRATION IN 


— HOFFS SOLUTION 
¢ °° POINTS COMPUTED BY 
PROPOSED METHOD 


LaTeRAL Mip-Span Dervection or aN Impactep Evastic 
Cotumn Versus Time py Two Metuops 


Fia. 2 


and ¢ is real time. The quantities A, and w, are the quantities 
associated with the load P, and which quantities will vary with 
the effective modulus of the material. Note, that when P/P,> 1, 
the parameter \ is imaginary and the appropriate changes from 
trigonometric to hyperbolic functions must be made. 

The method of calculation is now clear. Begin with assumed 
values of the initial imperfection (yo) and initial velocity (yo’, 
probably zero). With the load P; corresponding to the stress 
level of the first wave down the column one evaluates all the 
parameters w, \:, and the sonic velocity a;. Put ¢t,-; = t = 0 
and t, = 4; = L/a;. Solve Equations [9] and [10] for y; and yw’. 
These are approximate values of the mid-span deflection and 
velocity at the end of the first wave passage. The wave is now 
assumed to be completely reflected, the stress increment being 
given by Equations [1] or [la], and resulting in aload P;. Again 
all parameters are evaluated and t, — t,-; is put equal to L/a, 
so that yz: and y2’ may be computed. The process is repeated; 
the deflections and velocities thus found forming approximations 
to the true column behavior. 

One additional point: At the end of each period t,, for n even, 
before computing the new load P,,+;, one computes 
om Ty Un 2L 


AV = V,—d5/dt = V,; 


This same value of AV also applies for the wave reflection im- 
mediately following when n goes from odd to even. 
EXAMPLES 


First an impact 


Two problems are worked by the method: 
problem wherein the stresses are entirely elastic owing to the great 
The second is a 
high-velocity impact on a column of usual proportions wherein 
the stresses quickly exceed the elastic limit. 


slenderness ratio and low impact velocity. 


Case 1. The same problem was taken for calculation as was 
used by Hoff (3) so that the solutions might be compared. The 
results are shown in Figs. 2 and 3. The parameters could be 
obtained by impact at a velocity of 0.256 ips upon a steel column 
of slenderness ratio 370. Hoff’s solution, which is exact under 
the assumptions discussed in obtaining Equation [8], is shown by 
the solid line. The circles represent points calculated by the 
stepwise method proposed herein. It should be noted that the 
points shown represent only a few of those calculated. In all, 
over 300 traverses of the longitudinal wave (and as many points) 
were calculated to cover the range of nondimensional time 


PROBLEMS OF IMPACT BUCKLING 


LuMN-Loap Variation Versus Time as ComMpuTED BY 


Two Mertruops 





ANO 
YIDSPAN LATERAL DEF LE 
FOR 4/30 STEEL TUB/NG 
SEE TABLE I 


«/3@¢ 


Co1umn Bexsavior Unper Hies-Vevociry Impact as 


ComPpvuTeD BY Proposep Metuop 


Fie. 4 


shown. Lest it be thought that this number of steps represents 
a formidable work barrier, it should be reported that all the work 
was performed by a slow-speed digital computer in less than 
2 hr. 

In comparing solutions it may be seen that the solution by the 
proposed method swings above Hoff’s while the load is increasing. 
This overshoot ultimately causes the axial load to undershoot 
Hoff’s on the first swing, in turn producing a lower deflection on 
the first oscillation in the deflection. 

Case 2. A complete calculation for a steel-tube column 
similar to those tested in an experimental program is shown in 
Table 1. The results are plotted in Fig. 4. In this case the im- 
pact velocity was great enough to produce a load which exceeded 
the Euler load and stresses which went above the yield stress 
after only a few reflections of the longitudinal wave. Note that 
in the table corrections are applied to P,, w, and a for the reduc- 
tion in effective modulus. The values of Ao were calculated 
with the aid of a plot of Equation [1] prepared for the particular 
alloy and not shown here. 


Cone 


A method of stepwise integration has been presented to permit 


USIONS 
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TABLE 1 SAMPLE CALCULATIONS y VERSUS ?t; P VERSUS? 


4130 Chrome-Molybdenum Alloy-Steel Tube 
D = 1'/4; t = 0.058; L/p = 50; Pe = 24,850 lb; w = 1890 sec™?; yo = 0.02 in.; yo’ = 0; Vi = 207.5 ips 
Pa, wn, Tn, cos wAT or sin wT or Yn, tn, 
Ib E: Pen Pra/Peo i An sec™! milsec ya-1 cosh wAT sinhwdAT E/An* in. i milsec AV 
6520 30X10 24800 0.262 1890 0.105 x 0.986 0.170 0.027 0201 9 0.105 
13000 16 13240 ’ 4 .128 1380 0.144 . 0.025 .22 206 7 0.249 
16700 : 4560 2 5.6K -63(5) 809 0.245 : 0.326 0.0075 27 . 0.495 
19300 p 2070 9.30 p 537 0.370 07 0.590 0.0025 0398 49.8 0.864 
21000 250 84.6 OK 9.1 189 1.05 J : 3.00 0.0002 -213 365.0 1.910 
Pen = (Et/E)Pe an = 200,000 E:/E ips on = oVEi/E sec™ An® = 1 — (Pn/Pen) 


BE; from material Ae from plot of Equation [1] = =Tn 
stress-strain curve for 4130 steel 


calculation of approximations to the loads and deflections in the Both Ends,” by Carel Koning and Josef Taub, National Advisory 
A 7 Committee for Aeronautics, TM 748, June, 1934. 
r > buck -olumns. ce a ie e j 
dynamic bu kling of co a . : 7” : : 2 “On the Dynamics of Elastic Buckling,’’ by J. H. Meier, 
For low-speed impacts on purely elastic columns the solution —yo),,nal of Aeronautical Sciences, vol. 12, 1945, pp. 433-440. 
agrees well with previously computed results. The method may 3 ‘The Dynamics of the Buckling of Elastic Columns,” by N. J, 
easily be applied to high-speed impacts wherein the stresses ex- Hoff, Journat or Apptiep Mecnanics, Trans. ASME, vol. 73, 1951, 
“eed the elastic range and where the assumption of infinitely PP: ®8-74- IF _ 
™ : * ne : aoe ‘ + I wager . 4 ‘The Permanent Strain in a Uniform Bar Due to Longitudinal 
great longitudinal wave velocity may not be appropriate. Impact,” by M. P. White and LeVan Griffis, Office of Scientific Re- 
search and Development, Report No. 742, 1942. 
BIBLIOGRAPHY 5 “Impact Buckling of Thin Bars in the Elastic Range for Any 


End Condition,”” by J. Taub, National Advisory Committee for 
1 ‘Impact Buckling of Thin Bars in the Elastic Range Hinged at Aeronautics, TM 749, July, 1934. 





Theoretical Considerations of Combined 
Thermal and Mass Transfer From 
a Vertical Flat Plate 


By E. V. SOMERS,' EAST PITTSBURGH, PA. 


In free-convective processes involving both thermal and 
mass transfer, since the driving force for the fluid motion 
has its source solely in the density difference from am- 
bient, it is necessary to consider the thermal and mass- 
transfer processes simultaneously in solving any given 
problem. The present problem involves evaporation and 
condensation phenomena associated with free-convective 
thermal and mass transfer from a wetted isothermal 
vertical flat plate to a gas at an ambient temperature and 
mass concentration different from that on the plate. 
This problem presents itself in the practical case of vapori- 
zation cooling of equipment without forced circulation of 
the ambient gas. 

NOMENCLATURE 
The following nomenclature is used in the paper: 
A = dimensionless coefficient of Nusselt-Grashof correla- 
tions 
coefficients of power series representing velocity pro- 
file (u/u,) 
coefficients of power series representing diffusion 
concentration profile (g 
relative concentration of diffusing species in 
boundary layer, Equation [2] 
value of C at the wall (y = 0 
value of C at the free-stream edge of the boundary 
layer (y = 6’) 
. Cc C,’ 

=a : C,’ 
i—Cc 
specific heat at constant pressure of gas in boundary 

layer, Btu/lb deg F 
coefficients of power series representing thermal pro- 

file(@ = T/T,) 
diffusion coefficient of evaporating species, (ft?/hr) 


Cc’ = 


1—C)’ 


f(n) = u/u, 

g(n’) = C/Co, concentration ratio 

gravitational acceleration constant, (ft/hr?*) 

thermal convection coefficient, Equation [50], 
Btu/hr ft deg F 

mass-convection coefficient, Equation [44], fph 

ratio of boundary-layer thicknesses, 6’/5, mass over 
momentum 


1 Research Engineer, Mechanics Department, Westinghouse Re- 
search Laboratories. 

Contributed by the Applied Mechanics Division and presented at 
the Diamond Jubilee Annual Meeting, Chicago. IIl., November 13-18, 
1955, of Tae AMERICAN Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1956, for publication at a later date Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, October 20, 1954. Paper No. 55—A-48. 
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ratio of boundary -layer thicknesses, 6” 5, energy 
over momentum 

mass per molecule of species one, the evaporating 
or condensing species (lb/molecule) 

mass per molecule of species two, the nonevaporat- 
ing or noncondensing species (lb/molecule 

total number of molecules per unit volume (mole- 
cule /ft*) 

total number of molecules per unit volume at the 
wall(y = 0) 

total number of molecules per unit volume at the 
free-stream edge of the boundary layer (y = 6 

total number of species one molecule per unit 
volume 

total number of species two molecules per unit 
volume 

static pressure of gas mixture, psf 

static pressure of gas mixture at the free-stream edg 
of boundary layer, psf 

vapor pressure of species one at the wall, (y = 0 
psf 

vapor pressure of species one at the free-stream 
edge of boundary layer, (y = 4), psf 

temperature of gas, deg R 

temperature of gas at the wall, (y = 0), deg R 

temperature of gas at the free-stream edge of the 
boundary layer, (y = 6"), deg R 

velocity of gas parallel to the plate, fph 

maximum velocity of gas parallel to plate, fph 

velocity of gas normal to the plate, fph 

velocity of gas normal to plate at wall, (y = 0), fpl 

distance co-ordinate parallel to plate, ft 

distance co-ordinate perpendicular to plate, ft 

dimensionless coefficient in Nusselt-Grashof correla- 
tion, Equation [3] 

mr 

- 1, Equation [17] 

Me 

thermal diffusivity of gas at free-stream edge of 
boundary layer, (y = 6)(ft®?/hr) 

momentum boundary-layer thickness, ft 

diffusion boundary-layer thickness, ft 

thermal boundary-layer thickness, ft 

n = wy/z'/*, Pohlhausen variables for momentum, 
diffusion, and thermal boundary layers, respec- 
tively 


T 
O(n") = r temperature ratio 


6” Pr 
6’ Se . 
| 30,’ 
y' + 9 — | 
Boltzmann constant, lb ft/molecule deg F 
thermal conductivity of gas, Btu/hr ft deg R 
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dynamic viscosity of gas, lb/hr ft 

kinematic viscosity of gas, ft?/hr 

kinematic viscosity of gas at free-strearm edge of 
boundary layer, (y = 4), ft?/hr 

gas density, pef 

gas density at wall, (y = 0) pef 

gas density of species one, pcf 

gas density of species two, pef 

gas density of species one at the wall, (y = 0), and 
at free-stream edge of boundary layer, (y = 5), 
respectively, pef 

Pohlhausen proportionality constant 

922" io T, 

Dt Al 


g,x* my, 
CO {1—— 
Dp: ~° ( =) 
g.r* ’ ; 
DP’ here buoyancy force is assumed to be a maxi- 


mum, so that in evaluating Equations [10] and 
[22] Spalding assumes p — p, ~ pand T,— T ~ 
T,, respectively, replacing : 

h, 

ny 


T 
* by 1.0 in Gr, 


pD 
INTRODUCTION 
For,Schmidt and Prandt] numbers equaling 1 and at low con- 


centrations of the diffusing gas, Nusselt (1)? has given the follow- 
ing relationship for the mass transfer 


Nu,, = A(Gr, + Gr,,)'”............-- [IJ 


where A is a constant. Recently, Spalding (2) has derived a 
relationship for a vertical flat plate with high concentration and 
temperature differences existing across the boundary 


Nu,, = A(Gr’;)'/ Siac Tl 


where A is a variable depending on the concentration difference 
and Schmidt number of the process. The result reported here is 


Nu,, = A(Gr, + aGr,,)'*..... 


where both A and a are functions of the concentration difference, 
ratio of the ambient and plate temperatures, and Prandtl and 
Schmidt numbers. For concentrations ranging from low to 
moderate and for values of the temperature ratio near one, the 
value of A changes slowly and the value of a can be approximated 


by V Pr/Sc. 


DEVELOPMENT OF CONTROLLING EQUATIONS 


The following equations are of importance in the thermal mass- 
transfer process: Equation of state; continuity equation; mo- 
mentum equation; diffusion equation; and energy equation (3). 
Following Pai, each of these will be discussed separately, consider- 
ing their application to the model, a vertical isothermal flat plate 
wetted with a iiquid at temperature 7) and at vapor pressure Po, 
exposed to a nonmoving gas at ambient temperature 7’, and at 
ambient vapor pressure p;, for the diffusing component, and at 


2 Numbers in parentheses refer to Bibliography at end of paper. 
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pressure p,. In the vicinity of the plate where thermal and 
concentration gradients exist, there arises an unbalanced force 
giving rise to free-convective motion. In this region the Prandt] 
boundary assumptions (4) are assumed to be valid. 

Equation of State. The pressure across the boundary layer is 
assumed constant, and Dalton’s law of partial pressures is valid. 
We let 


N = total number molecules per unit volume 
N, = total number molecules per unit volume, species one 
N: = total number molecules per unit volume, species two 


where species one represents the evaporating or condensing fluid, 
and species two represents the nonevaporating or noncondensing 
fluid. At any point in the boundary layer 


No 


ee am aril etd [5] 
N 


With m, and m, representing the weight per molecule of the 
two species the gas density can be determined from Equations [4] 
and [5] 

{ pr + pr 


p= 4 mN, + mNz 
| CmN + (1—C)myN } 


The equation of state is given by 
p = NKT... 
with N, and 7’, representing the ambient conditions 


A 
y= T [(Cm, + (1 — C)m] (8) 


Continuity Equation. For two-dimensional steady flow, the 
equation of continuity, expressing the condition for conservation 


of mass, is given by 


o( O(pv) 
O( pu) +¢ pr) _ 
Oz Oy 


0. 


Momentum Equation. The equations of motion of the mixture 
are identical with the Navier-Stokes equations for the steady 
case, from which it follows that 


( Ou " Ou 
eS ee 
P\ "ads dy 


From Equation [8] we evaluate (p — ps)/p with C; = 0 


ia 2 ve 
p—M ai Flite(™-1)]". 
p re ms 


If the analysis is limited to values of T/T, ~ 1.0 and C(m/m, 
—1)<€ 1.0 


p—p T my, T 
AE. PE _ C —1 Bia [12] 
p (: i) + (™ ) 3 wisi 


If C = Cy at the wall (vaporization in this case), with C = gCy 


pP— Pp, T T my 
Pl ae C ey | 
p ( a ile ¢ (= ) 


For C, unequal to zero, especially in the case of condensation with 
C,>Cr 


O%u 


= [10] 
M dy? [10] 


— 9) — P,)-- 


{11] 


[13] 
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p (1 ~F) + uG—c, r (™—1) (14) 
p T, T, \me 


where 


We will use Equation [13] in the analysis realizing that Cy can be 
used in all cases to represent the concentration difference between 
the wall and the outer edge of the boundary layer, subject to the 


restrictions 
T . my : 
—~ 10and C,{— —1lLJ< 
T’, me 


The equation of motion now becomes 


Ou 
a 
Or 


1.0 


Ou 
Oy 


7x 
Y dy? 


' T C T m) 15] 
“ i as Z. ’ me =™ 


Note that for vaporization using a coolant of heavier molecular 
weight from that of the ambient gas, with 7’ 
Co > 0, the thermal and mass forces in the boundary layer oppose 


u 


> T, m, > me, and 


each other. 

Diffusion Equation. The diffusion equation for the evaporating 
or condensing species, applicable in the boundary layer, can be 
written as 


oO? 


, (Pr) [16] 
Oy? 


-(pw) = 1 
dy Pi 


(piu) + 
oa 


re) 


This equation reasonably assumes to be zero all diffusion co- 
efficients other than that for species one diffusing into species two; 
e.g., the thermal diffusing coefficients and the diffusive drag- 
coefficients equal zero (5). Substituting into Equation [16], 


[5] and [9], the latter being the continuity equation, 


oc BC +1\ Oo? 
= J— - 
Oy N oO j? 
where B = (m;/m: — 1 When the concentration C is small so 


that 7,/T ~ 1.0, and (8C + 1) 
proximated by 


Equations 


we obtain 


CN 


[17] 
~ 1.0, Equation [17] can be ap- 


o—el .. [18] 
Oy 


Energy Equation. The energy equation for a two-dimensional 
steady boundary-layer flow, with negligible expansion and viscous 


dissipation effects, can be written as (3, 5 


| oT or] 
pe, u ~- 1 = X 
Or Oy 


INTEGRATED Forms OF CONTROLLING EQUATION 


oT 
Ov? 


[19] 


The solution to the thermal mass-transfer problem is derived 
by considering simultaneously the partial differential equations 
for momentum, diffusion, and energy transfer, reducing them to 
three simultaneous nonlinear ordinary differential equations by 
the Pohlhausen transformation (6). 

However, the solution requires excessive numerical computa- 
tion, and a better approach is obtained by using the von Karman- 
Pohlhausen ap proximate method which employs integrated forms 
of the three transfer equations. 


The dependent variables u, C, 
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and /, 
nomials which afford direct integration of the equations. The 


occurring in the integrands, are approximated by poly- 


resulting three simultaneous equations are then solved algebrai- 
cally for the three parameters introduced into the polynomials, 
and the approximate solutions of u, C, and T are obtained 

The 
three equations over the thickness of the boundary laye1 
the fo! 


ntegral equations are obtained by integrating each of 


the 
We 


have Wing results for our particular problem: 


Vomentum 


pu y= 
dx 


e ( 


The boundary-layer thicknesses are designated as 6, 6’, and 6” 
indicating that they may not be identical; forour problem we will 
later see that either 6 = 6’ > 6” 5 


or 6 = 6" > 6’; i.e., either the 
transfer or the 


mass transfer occurs entirely within the 


energy 
momentum boundary laver. 
the w ill, the diffusior 


can be determined to be 


o(-*— 3), 


SOLUTION OF TRANSFER EQUATIONS 


From continuity considerations at 


locity it the wall 


Ou 
Dt ( 
Oy 


The solution of the transfer equations consists f two steps 


ind 7 by poly- 


nomials and fitting the polynomials to the boundary cor 


a tepresenting the dependent variables u, g, 
litions 
(b) integrating the equations and solving the resulting algebraic 
An illustration of 
vertical wetted wall is shown in Fig. 1 


equations the boundary-layer prohies de- 
veloped along a 

Re presentation ¢ f Velo 
Profiles the 


x’*), reducing the three partial differential equations 


Po ynomia Concentration 


Temperature From Pohlhausen transformation 


7 = Wy 


to three ordinary differential equations, as mentioned in the pre- 


ceding section, it is found that 
24 


where u, is a function of z only, varying with a velocity value 


within the boundary, e.g., the maximum velocity The function 


7 can now be represented by y/6, where 6 will contain the varia- 


ind 7, we will use the respective 


und 6” in 7 


tion of » with x. For u, g 


boundary-layer thickness 6, 6’, Representing 
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u . T , 
os =f(n), g = g(n’), and T. = O(n”) 


= 


means that the three profiles retain geometrically similarity as the 
flow proceeds downstream. 

We will approximate each of the dependent variables f, g, and 6 
by a polynomial of argument y/6 (or y/d’, y/5” as the case may be) 


n ) 

s = > ady/d)' 
u; | 
| 


1=0 


a= Do biv/s') 
n 


0 = >> a(y/5") | 


1=0 
The boundary conditions applicable to the polynomials are: 


Momentum 
u(0) = 0 
u(d) = 0 
o*u(d) 


n—2) | 
oy” 


0 foo mE Es 


Diffusion 


g(0) = 1.0 

g(5’) = 0 

0 9(5") ¥ 
oy” 


0 (m = 1,2,...n—2) 


(BCy + 


Energy 


T(0) 


T(6" 
a (2 


\ T 
Oy™ 


. = (m = 1,2,...m—2) | 
(7) 
rx T,/ - 


T 
o(7 
tT, 
aint oe 
Proc, Oy?* oy /y=0 
For simple calculation only the polynomial terms through n = 3 
are retained. The accuracy of such an approximation has been 


good in past applications (2, 4). With this approximation we 
obtain the following from Equations [25] through [28] 


[(3)—2(5)' + (8) ] 
misseG) 


<( 
2+.’ \é 


JUNE, 1956 


rT % T.—T\{ 3 (/y 
T. oF + (7 F ra (x) 
(0) 2001 
2+ \6" 2+ \6" 


i 4 30’ 8’ Pr , 
k= — <9, ¢ = K 
2 6’ Se 


[29] 
where | (con- 
| tinued 


For use in the energy equation with 7/7’, approximately equal to 
1.0, we obtain 


T, T—T,{ 3 /y 
~ ——* 21.9 —| — 
r . 52 (3) 


3K (;) 1 + 2x (3) || 
a = = - - . 
2+« \6 2+« \6/ Jf 

The three profiles to be substituted in the three integral equa- 
tions contain four unknown parameters u,, 6, 6’, and 6”. A con- 
venient assumption to reduce the number of unknowns to three is 
that either 6 = 6’ or 6 = 6”; this is a reasonably good assump- 
tion, since the motion has its source in a density difference caused 
by either a concentration or temperature difference. 

Solution of the Integral Equations. In the solution of the 
momentum equation, the effect of density change on both the 
inertia term and the mass-transfer convective-force term are 
neglected and p can be approximated in the thermal convective- 
force term by (p,7,)/T. We also assume 7,/7 ~ 1.0, in the 
integrals and derivatives and in the integral form of the diffusion 
In the energy equation p ~ (p,7,)/T as in the 


1— 


[30] 


equation. 
momentum equation. 
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Two separate solutions of the equations are possible—the 
first, assuming 6 = 6’ > 6”; the second, assuming 6 = 6” > 6’. 
These follow 

Momentum. The integral equation is 


é 
d ur™dy = 
dz 0 


é i 
0 f (1 - ) dy 
0 
é 
wm or 
+ gC ( ') gdy — © ( ‘) 
me 0 P, Oy y=0 


Substituting Equations [29] and [30] in [31] and performing 


” 


[31] 
the indicated operations we obtain for 6 = 6’ > 6 


1 d a Us (7: — re) su 
u.20) = y + ¢ 
105 dx ** ;** y, , 


where 


The integral equation is 


gf T, Og 
ugdy = w% —D : 
dz [ eu ; 7 (S 


? - 
a ¥/y=0 


Diffusion 


[34] 


Substitutions and operations similar to these for the momen- 
tum equation yield for 6 = 6’ > 6” 


l1 d 3 
| (55 ) ud | 
105 dx 2+ x’ J 


while for 6 = 6” 
¢ (0 
dz — 


where 


In the foregoing 


per Equation [23], accounting for the convective velocity due to 
the diffusion of the nonevaporating or noncondensing species 


toward the wall. Considering our many assumptions of Cp < 
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1.0, as in Equations [12], [21], and [34], Co’ cannot assume high 
values, e.g., Cy > 0.3, without introducing error in the result 


Energy. The integral equation is 


Substituting Equations [29] and [30] in Equation [37], we ob- 


tain foré6 = 6’ > 


d ( ul 
dz — 


Sa 


where 


VU 


while for 6 = 6 


1 d  (: 5 
29.0 
105 dz 


+x 6 Pr 


2+ «’' 6’ Se To 


For a particular problem, we can consider that in which a fluid 
of heavy molecular weight evaporates into or condenses from a 
lighter gas mixture with the Prandt] number less than 1 and the 
Schmidt number greater than 1. Since the ratio of the Schmidt 
number to Prandtl number indicates to some degree the ratio of 
6” /6’, we ean conclude that the thermal boundary-layer thickness 
6” is larger than the mass-transfer boundary layer 6’. It fol- 
lows that 6 = 6” > 6’. We now have three equations, Equations 
[33], [36], and [39], in which u,, 6, and 6’ are unknowns. These 
equations can be reduced to a set of three algebraic equations 
substituting for u,, 6, and 6’ 

u, 
6 = Qor 
6’ = Qs" 


= ~@wr 


These substitutions, arising from the Pohlhausen transforma- 
tion discussed briefly at the beginning of this section, yield the 


following 
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1 
— (Equation [42]). . [44] 
a,” 








(Equations [41] and [44]). . [45] 
= 6’/6 =k 


. «*) »(r3z)| 


3 & 
Parent. 
2+ x’ 
3 
(1 +c n) (5 ) 
_ To 2+ x’ 


Equation [45] can be solved for a; retaining a;/a2 


(1—« 


3 
Gar +e Ms) 
—_————__— . [46] 


0M: | ao 


From Newton's law of convective transfer and Fourier’s law of 
conductive transfer 
2) 
Oy /y=0 


Since p is given by Equation [14] for low concentrations, we can 
approximate 


(") by —DN(C, — C,) (°°) 
Oy /y=0 Ou/y=0 


(Pro -— prs) by No(Co — C,) 


h.(prw — Pr) = —D 


and 


and obtain from Equations [29] and [46] 


_D ( 3 ) mA AC 3 =) 
~~ OAD + K! asr'/* \2 + x’ 


3 ‘ 
( :) “ 
ny 2+ x’ 
T 











W/Gr, + aGr,,. . [48] 


JUNE, 


m 
Me 
The Nusselt-Grashof correlation of Equation [48] requires an 


additional equation defining k, which can be obtained by solving 
Equations [42] and [43] simultaneously 


2+« 1Pr T 
1 fa aon it ot © Oe 
( +aae kSe ° i) 


= [* 5(2 + x) 


1956 


92° To — T, 
Gr, = D? Tt,’ Gr 


140 iin 


recalling that 
=. Pr 
”~ & Se 


, wee 3Cy’ 
“( Hy + 1), 


The form of Equation [48] is that given in Equation [3], where 
(2 c. k M, 
a » Co’, — J ok 
Se’ ”’ 7, M, 


The foregoing refers to the mass transfer; 
tion of the thermal transfer follows 


a 7.) = —) (°") 
Oy y=0 


and [48] 


a similar considera- 


A(T [50] 


From Equations [29], + is 


‘ 
t 


hz 
= 


2 haz 
oN 2 


3 
\o3 - Sn 
+ 
+ 


x’ 
kK 


D 


~ Oand Pr = Sc = 1.0, we ob- 
The fourth-root constant 


For very low concentrations C)’ 
tain k(M2/M,) = 1.0andx =x’ = 0. 
term 


A(Cy’, T./T>, Se, Pr) = 0.380 


the same result as that obtained by Nusselt (1) 
Nu,, = 0.380 ¥ ‘Gr, + Gr,, ' 52] 


Since Nu, = Nup, with these assumptions, the calculated results 
are comparable with those for thermal convection only. The 
thermal-convection results, determined by several methods of 
calculation, are 

Pr = 0.733 


Pohlhausen’s method A = 0.359 


(Adjusted to Pr = 1.000 by a factor of Pr'/*, Pohlhausen’s con- 
stant is A = 0.388.) 

A = 0.412 Pr = 1.000 
A = 0.382 Pr = 0.733 
A = 0.429 Pr = 1.000 


Lorenz’s method (4) 
Squire’s method (4) 


Pohlhausen’s method obtains an exact solution of the thermal- 
convection equations resulting from a reduction of the partial 
differential equations for momentum and energy to ordinary dif- 
ferential equations by the transformation 


= :s 
7=@ zh 


Pohlhausen worked the problem for air at a Prandtl number of 
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0.733. Lorenz’s method (in 1881) applied to an extremely 
simplified model, yields an approximately correct value of A. 
Squire’s method obtains an approximate solution as contained 
in this report. Squire used a second-degree polynomial for T/T, 
and a third-degree polynomial for u/u,. 

McAdams (7) lists several experimental values for short 
vertical plates submerged in air (Pr = 0.733); these values range 
between A = 0.353 for Hilpert’s data (7) to A = 0.442 for King’s 
data (7). 

For values of Sc/Pr near 1.0, covering most gaseous problems, 
k ~ (Pr/Sc)'/* and M;/M, ~ 1.0; accordingly, we can rewrite 
Equation [48] with this approximation and obtain 


T aT oe 
A (« “ qT, sc, Pr) yo" + (=) Gr,, [53] 


NUMERICAL RESULTS FOR A COOLING PROBLEM 


Nu,, = 


For a cooling or heating problem, it is desirable to estimate the 
range of variation of the coefficient 


(co 78 Pr) 
A (C,’, —', Se, Pr 
T. 


in Equation [53], and that of a in Equation [48]. Ina particular 
application, the wall of a heated tank containing Freon-11 
(CC1];F) is to be cooled by wetting the walls with pentachlorodi- 
phenol (C,.H;Cl;). The Prandtl and Schmidt numbers arising 
from the use of these fluids are approximately 0.9 and 1.2, re- 
spectively. The Prandtl-Schmidt ratio is approximately 0.75, 
and the square root of 0.75 is 0.867. For a value of 7;/T> of 
0.9, the values of A and @ are given in Table 1. 


TABLE 1 VALUES OF a AND A VERSUS Co 
For 7;/To = 0.9, Se = 1.% 


and Pr =0.9 

k a A 
867 867 0.394 
875 S76 0.379 
879 883 0.355 
889 &SU 0.333 


9) 


The approximation used to obtain Equation [53] is good since 
phn 


V Pr/Se = 0.867. The range of variablity of 


A(C,’, T,/To, Se, Pr) 


in Table 1 shows that for the conditions listed in the foregoing, 
all of the values lie within 8.5 per cent of 


A = 0.363 [54] 
Thus, for a wide range of values of Cy, we can represent the 

vertical-flat-plate mass transfer for the two fluids, Freon-11 and 

pentachlorodiphenol, by the approximate formula 


Nu,, = 0.363 “Gr, + 0.87Gr,, (55) 


SUMMARY 


For combined thermal and mass transfer on a vertical flat plate, 
it has been shown for gases that 


, ut 
Nu,, = A { Co’, —, Se, Pr 
T> 


9+ x 


- 


Nu, = —— k Nu,, 


= 
2+k« 


The parameter A is reasonably constant over a range of variation 
0 < Cy < 0.3, for 0.9 < T,/T,) < 1.0, and the value a@ can be re- 


placed with V Pr/Se, yielding 
7 


arr 
Nu,, ~A yo: + (; 
Se 


2+ «' _/Pr 
Nu, & — Nu, 
2+k Se 
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Some Dynamic Properties of Oul-Film 
Journal Bearings With Reference to 
the Unbalance Vibration of Rotors 


By A. C. HAGG! anno G. O. SANKEY,? EAST PITTSBURGH, PA. 


Some dynamic properties of oil films have been deter- 
mined experimentally and their significance in the prob- 
lem of unbalance vibration and critical speeds of rotor 
systems is illustrated by an example. It is shown that 
oil films have an important role in the unbalance-vibra- 
tion behavior of rotor systems, particularly the vibration 
magnification at resonance. 


NOMENCLATURE 


The following nomenclature is used in the paper; some of the 
quantities are shown in Fig. 1. 


= static load, lb 
= rotating load, lb 
journal speed, rpm 
, . aN 
vibration frequency, rad/sec, w = 30 
journal radius, in. 
radial clearance, in. 
axial length of bearing, in. 
length of pivoted pad in direction of motion, in. 
journal eccentricity, in. 
viscosity of lubricant in reyns, lb sec/in.? 
static load per unit projected area, psi 


R\? uN : 
C Pp ,» Sec/min 


angle between rotating load and displacement, rad 
minimum film elasticity, Ib/in. 

maximum film elasticity, lb/in. 

minimum film damping, |b sec/in. 

maximum film damping, Ib sec /in. 


dimensionless film elasticity 
dimensionless film damping 


INTRODUCTION 


The usual calculated unbalance vibration and critical speeds of 
rotor systems often bear little resemblance to the observed vibra- 
tion. The defects in the calculations stem from simplifying as- 
sumptions with respect to complex and uncertain rotor-support 
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characteristics. Until the advent of rapid computers it was 
probably impractical to consider more representative support 
conditions even had they been known. However, with the lifting 
of the computing barrier, it seems appropriate to reconsider this 
aspect of rotor systems. 

In machines, such as modern turbines and generators, the jour- 
nal-center motion with respect to the bearing is usually greater 
than the motion of other nonrotating parts. Consequently, it 
seems plausible that a substantial move toward a more realistic 
system would involve the dynamic properties of the oil film which 
is the first element of rotor support. In pursuit of this view some 
dynamic tests of oil-film journal bearings have been carried out 
for the case of a rotating load at the frequency of journal rotation; 
that is, the case corresponding to unbalance vibration. The dy- 
namic oil-film properties obtained are used in an example of rotor 
unbalance vibration given later 

Attention has been centered on bearings which are subjected 
to a static load by the rotor they support and, indeed, normally 
designed on this basis alone. The dynamic load is superimposed 
on the static load. 

This case is one in the area of dynamically loaded bearings (1), 
(2);3 however, with the object of a better understanding of un- 
balance-vibration problems, we are obliged to resolve the dy- 
namic oil-film reaction into displacement-force and velocity- 
force components which are elastic and damping forces, re- 
spectively. We have also considered only the fundamental har- 
monics of journal motion, and thus our treatment is a linear one. 

The experiments of Stone and Underwood (2) are related in 
part to the present work in that vibration diagrams were ob- 
tained from which vibration amplitude and phase can be esti- 
mated. This permits a calculation of oil-film elasticity and 
damping for their case of a full (360-deg) bearing with dynamic 
load only, and certain comparisons are made later. 

Almost 30 years ago Stodola (3) considered the elasticity of 
oil films and suggested that “critical disturbances’? would be 
introduced in an otherwise rigid rotor system. Since that time it 
has become not uncommon to ascribe to oil films, at least in part, 
the observed reduction in critical speeds under those calculated on 
the basis of simple support at the bearings (4). The role of oil- 
film damping in unbalance vibration and particularly in limiting 
vibration magnification at critical speeds was suggested more re- 
cently (5). However, it appears probable that engineers con- 
cerned with rotor-vibration problems have had for a long time a 
qualitative awareness of the benefits of oil-film damping. 


DesIGn or TEsTs AND APPARATUS 


The dynamic oil-film properties were determined from measure- 
ments of the forced vibration of a journal mass contained by the 
Referring to Fig. 1, and for displacements of the jour- 
nal mass m from the position of static equilibrium up to about 
one half of the minimum film thickness in the direction of mo- 


bearing. 


tion, we assume 


§’ Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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mé + Bit + Kuz = F cos (wt + ¢) 


‘ l 
my + Boy + Key = F sin (wt + ¢) 


where the z-y co-ordinates correspond to the major and minor 
axes of the journal locus. The quantities B,, B:, and K, and Ke 
are damping and elastic constants of the oil film and are the de- 
sired dynamic properties. The quantity F is a rotating force 
directed at an angle g with respect to the journal displacement as 
shown. 

The steady-state solution of Equations [1] gives z and y as har- 
monic functions of time. 

Aty=0, r=m g=¢; andatr=0, y=y%, ¢ =¢2} 
and we obtain 


"COS G 
- + mw? 


Ky 


+ mw? 


* sin Ye c 

B, ee 
Tow 

The 

test bearing with a nominal diameter of 3 in. is mounted vertically 


A cross section of the test machine is shown in Fig. 2. 


in a rigid frame which, in turn, is securely bolted to a bedplate. 
The journal mass is axially supported by the drive motor through a 
direct-connected flexible shaft and is statically loaded through 
ball bearings and isolating springs by a lever system and weights. 
The rotating force is obtained by an unbalance weight in the 
journal. 

Vibration measurements of the journal are made by the watt- 
meter method, which is widely used in rotor balancing. In this 
arrangement a phase-reference sine-wave generator with an 
angularly adjustable stator is coupled to the test machine and 
energizes the current coil of the wattmeter. The potential coil 
of the wattmeter is connected to an electromagnetic pickup unit 
applied through graphite brushes to the vibrating journal. The 
wattmeter which indicates electrical power can be made to read 
zero with high sensitivity by angular adjustment of the generator 
stator. The stator position so obtained indicates the phase angle 
of the vibration. 
deg displaced from the phase-reference winding, the amplitude of 
vibration is indicated. The wattmeter indicates only the funda- 
mental harmonic of the journal motion corresponding to journal 
speed; thus the force functions determined from the vibration 


By switching to a second-generator winding, 90 


measurements are the linear components. 

Oil is supplied to the test bearing with regulated temperature 
and a gage pressure of 12 to 15 psi. The vibration measurements 
are made after equilibrium conditions have been reached as indi- 
cated by bearing and oil-drain temperatures. During the warm- 
up period axial adjustments of the rotor unbalance weight and 
other small trim weights are made to obtain the same motion at 
each end of the journal. A survey of the journal motion is also 
made to locate the angular positions of maximum and minimum 
vibration‘ corresponding to the minimum and maximum proper- 
ties, respectively, and the z-y co-ordinates of Fig. 1. 

Following a consistent set of vibration measurements the test 
machine and oil supply were shut down quickly and a thermo- 
couple was inserted in a journal well; rotor temperature was sub- 


‘The displacement of a brush follower on a vibrating journal is 
similar to the action of a flat-faced follower on a rotating cam; thus 
a direct indication of the journal displacement in line with the brush 
is obtained only along the z and y-axes (Fig. 1). 


Journal inertia Force 
Oil Film Domping Force 

Unbalance 

Force F 


Journal 
m 


Moss 


Oil Film Elastic Force 


Journal Path 


Fie. 1 Journat-Force EquiLisprium 


PHASE REFERENCE 
3 NERATOR 


Fic. 2 Bearinc-Testinc Macuine 

sequently determined by extrapolation of time-temperature read- 
ings. The average oil-film temperature was assumed to be very 
nearly the rotor temperature. The viscosity-temperature char- 


acteristics of the lubricant was determined by the Ostwald 


viscometer 
Test REesvutts 


The oil-film elastic and damping properties are given for a 150- 
deg partial bearing which is widely used in the support of hori 
zontal rotors, and for a pivoted-pad bearing now often applied to 
the higher-speed machines where stability is difficult or impossibk 
to achieve with plain bearings. 

The elasticity and damping may be put in dimensionless form 
through previous considerations (3, 6) as follows 


Ww 


€ 


K = f(S) 


where W is the static load on the bearing, € is the static journal 
eccentricity, and S is the well-known Sommerfeld variable 


R\* uN 
4 P 
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Test Bearing Data 

R=1.5 inches (nominal) 

L/R=2 

C= 0.0027 

C= 0.0036 

C=0.0050 

W (Static Load) 
T 





inches (o,e) 
inches ( 4,4 ) 
inches (0;@ ) 
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Fie. 3 Dynamic Properties or 150-Dec Partirat Breartne 


The eccentricity € may be written 


where C is the radial bearing clearance, and Equation [6] becomes 


C\K eps (7] 
Ww = R2) U 


where (C’/W )K is the dimensionless film elasticity. Similarly, the 
dimensionless damping is (C/W)Bw, and 


(8) 


The maximum and minimum values of the elasticity and damp- 
ing for the 150-deg bearing are given in the dimensionless form in 
Fig. 3. The maximum values are in the direction of the minor 
axis (y) of the journal path, and the minimum values are in the 
direction of the major axis (x). The curve for minimum elas- 
ticity is carried over to the value (C/W)K, = lat S =0. The 
value of K, for this end condition is the “pendulum”’ unit-force 
component along the clearance circle, and it is the elastic spring 
constant involved in the suggestion of Hummel (7) that the 
horizontal natural frequency w, of a rigid rotor supported by the 
half-bearing is approximately 


qd , 
o, = C (radians per sec) 


where g is the gravitational acceleration and C is the radial bear- 
ing clearance. The value for (C/W)K¢ is estimated to rise to the 
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Fie. 4 Dynamic PROPERTIES OF 


journal and bearing-contact elasticity as S approaches zero. 
The dimensionless damping is zero at S = 0, because (C/W)w = 
0. With increasing values of S both damping and elasticity 
should approach constant positive slopes. 

The properties of the pivoted-pad bearing are given in Fig. 4 
for the case where the static load is applied midway between two 
pads. The journal path was found to be very nearly a circle 
caused apparently by the disposition of the oil-film reactions at 
45 deg with respect to the static load and, consequently, elasticity 
and damping are each given by a single curve. The properties of 
the pivoted-pad bearing tested do not differ appreciably from those 
of the 150-deg bearing. This might be inferred from the analysis 
of Boyd and Raimondi (8). 

It may be mentioned that when the static load is numerically in 
excess of the rotating load, tests indicate that the properties are 
not changed appreciably by removal of the two pads opposite the 
static load. This may not be true for small diametral clearances 
below the usual practice of about 0.002 in. per in. of bearing 
diameter. 

In the higher ranges of S the oil-film damping force for either 
bearing tested appears to approach a value of about twice the 
corresponding elastic force. This agrees with elasticity and damp- 
ing values estimated from the diagrams of Stone and Underwood 
(2) (their Fig. 13 for 1000 rpm) for their full bearing and zero 
static load. These are Bw = Bxw = 100,000 lb per in., and K,; = 
Kz = 50,000 lb per in., approximately. 

All of the test parameters except bearing diameter were varied 
over a considerable range, and most of these could be controlled 
or measured with high accuracy. Small errors in clearance and 
in vibration measurements, particularly phase, are probably un- 
avoidable in tests of this kind, and these may account for the 
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scatter in the test results which is most prominent in the case of 
K; and B; for the 150-deg bearing. The scatter does not appear to 
be systematic; however, it may not be unreasonable to expect 
inaccuracies in the curve values of Figs. 3 and 4 of some 10 to 20 
per cent for bearing sizes near those tested. For very large bear- 
ings the errors may be greater, although the data have been used 
with apparent success for 14 and 16-in. bearings. 

It may be noted that the elasticity K and the damping Bw are 
evidently proportional to bearing diameter for geometrically 
similar bearings with design conditions of R/C, P, and S held con- 
stant. This compares with a static load capacity proportional 
to bearing diameter squared, and suggests that the influence of 
oil films on unbalance vibration would be more noticeable with 
the heavier rotors. 

The oil-film properties are, of course, quite sensitive to bearing 
clearance, and it seems possible that this may be a significant fac- 
tor in the variation in unbalance sensitivity of otherwise identical 


machines. 
INFLUENCE OF O1L Fitms ON UNBALANCE VIBRATION 


The Holzer-type calculation of Myklestad (9) for the bending 
vibration of beams or rotors has been extended to systems with 
damped-elastic supports by Miller (10). This method carried 
out on a digital computer is now in use for unbalance-vibration 
calculations which include the oil-film properties. 

A comparison of calculated and observed unbalance vibration of 
a machine rotor is shown in Fig. 5. The case is typical of the 
heavier rotors and it is probably sufficient to show the powerful 
effect of oil films in limiting vibration magnification at resonance, 
and to show the reduction in the critical speeds. The rotor weight 
of 90,000 !> was supported by 16 X 16-in. bearings. From Fig. 3 


the values 


K: = Bw = 6 X 106 |b per in. 
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were taken for 
The measured pedestal flexibility in the vertical direction was 
13.5 X 10° lb per in. 


A background vibration run with the rotor as balanced was 


conditions corresponding to 1000 to 1500 rpm 


made prior to the run with a test unbalance; the results of Fig. 5 
are the net vibration vector lengths caused by a 45 lb-in. un- 
balance which is a sizable unbalance. The agreement between 
observed and calculated journal vibration is quite good, but not 
unus 
and tests at higher modes. 
1310 rpm is appreciably below the value of 1615 rpm calculated 
on the basis of simple support of the rotor at the bearings, al- 


il as compared to other cases studied including calculations 
The actual vertical critical speed at 


though some of this reduction is caused by pedestal flexibility 
The peak in the test eurve shown at about 900 rpm is the vertical 
component of the vibration resonance in the z-direction, and is 
adequately explained on the basis of the reduced oil-film proper- 
ties in the z-direction. 

It is particularly significant that the oil-film damping accounts 
for the very low and practical level of vibration at the critical 
speeds. Finite vibration amplitudes obtained along the length of 
the rotor are a basis for judgment of internal machine clearances; 
tney are also helpful in interpretations of vibration measurement 
at and near the journals. 

It may be mentioned that in any given case of rotor vibration 
the calculated journal motion affords a check on the assumption of 
linear oil-film properties. Excessive journal vibration would 
naturally increase the oil-film forces over those determined on a 
linear basis. Present practice involves repeat calculations in some 
cases utilizing upper and lower values of oil-film constants 

In contrast to oil-film bearings, the damping in ball or roller 
bearings is very small. The critical speeds of rotors supported 
by these bearing types would be severe in most cases and probably 
destructive unless extreme measures were taken with respect to 


balancing, or separate damping devices were added to the system 
CONCLUSIONS 


The elastic and damping properties of oil films for the case of 
unbalance vibration have been evaluated on a linear basis; addi- 
tion of these oil-film properties to a rotor system yields a more 
realistic calculation of unbalance vibration and of critical speeds 
The oil-film damping explains the relative ease with which rotors 


may pass through critical speeds with low vibration amplitudes. 
levels at 


Bearing proportions for low unbalance-vibration 
resonance is a complementary and perhaps new design concept 


that may deserve more attention 
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Design Data and Methods 


It is important that the data contained in technical papers be made readily available to designing engineers. 
In order to satisfy these needs of industry, this section of the Journal includes a concise presentation of data 
and information drawn chiefly from papers previously published by the Applied Mechanics Division of The 


American Society of Mechanical Engineers. 


Computation of Roll Force and Torque 


in Cold-Rolling by Modern Theory 


By P. W. WHITTON,' VICTORIA, AUSTRALIA 


The full theory for the comparison of calculated roll 
force and torque with experimental values is outlined. 
This takes into account the strip elastic compression, the 
derivation of the yield-stress curves in cold-rolling, and 
the accurate values for friction coefficient between rolls 
Hitherto, the contribution of each of these 
This paper 
presents the combination of current theory on each. The 


and strip. 
rolling variables has been found separately. 


application of this method yields results within #5 per 
cent, a much more accurate comparison than hitherto 
presented. 


NOMENCLATURE? 
following nomenclature is used in the paper: 


thickness of strip, in 

width ol strip, in 

h he 

h h 
h 

length of are of contact, in. 


= reduction in a pass, in 


x 100 = percentage reduction in a pass 


distance along are of contact from exit, in. 
roll force, either total or per inch width (tons or tons per 
in 


roll torque, either total or per inch width (tons in. or tons 


in. per in.) 
radius of undeformed roll, in. 
radius of deformed roll, in 
coefficient of friction between roll surface and material 
angle between normal to an element in contact are and 
line joining roll centers, radians 
k*= yield stress in tension, tons per sq in 
k yield stress with inhibited spread = 1.15k*, tons per sq in. 
‘Senior Lecturer in Mechanical Engineering, Melbourne Uni- 
versity. 

2 The ton unit used here is the long ton, equivalent to 2240 Ib. 
Numerical values of stresses are given in tons per square inch, rather 
than pounds, in order to avoid confusion that would arise in conver- 
sion when the references given were consulted by readers. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1956, for publication at a later date. Discussion 
received after the closing date will be returned. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society Manuscript received by ASME Applied Mechanics 
Division, June 3, 1955. 


= mean yield stress in a pass, tons per sq it 

= tension acting on strip, tons per sq in 

= radial pressure at any point in the contact arc, tons per 
sq in 

vertical pressure at any point in contact arc, tons per sq 
in 

horizontal force on an element of unit width, tons per in 

Poisson's ratio 

Young’s modulus, tons per sq in 

rolls = 


a constant depending on elastic properties ol 


S(1 vy 


= 1.67 X 10~‘ for steel rolls, in. and ton 


TE 

units 
Suffizres 
0 denotes value when no tensions are applied 
1 or denotes entry 
2 or + denotes exit 
n denotes neutral point 
f denotes value before rolling 


INTRODUCTION 


Over the past 10 years the increased attention paid to the cal- 
the 
accurate design of mill plant and planning of pass schedules to 


culation of the cold-rolling variables has been aimed at 
meet the demands of industry for higher and higher production 
The theories take as their object the computation of roll force and 
torque for a specified reduction of strip thickness by cold-rolling 
This requires not only the geometrical properties of a pass, i. 
the initial and final thickness of the strip and the roll radius, but 
also a knowledge of the vield stress of the deformed metal, the 
elastic distortion of the work roll, and the value of the coefficient 
of friction between the rolls and strip. In addition, it is now 
generally recognized that to obtain agreement bet ween practical 
values and theory, it is essential to take into account the contribu- 
tion of the elastically deformed strip at the entrance to, and exit 
from, the roll gap 

It has been necessary to carry out searching investigations into 
each of the physical requirements named, in order to insure agree- 
ment between theory and practice, and the research has now 
reached a stage where this agreement can be obtained within +5 
While various theories have been published—von Kar- 
Ford and Bland (3), Cook and Parker 


per cent 


man (1),? Orowan (2), 


‘ Numbers in parentheses refer to the Bibliography at the end of the 
paper 


307 





308 


(4)—they have necessarily been presented “‘piecemeal.’”’ The 
object of this paper is thus to combine the separate parts to ob- 
tain the roll force and torque, with and without tensions applied, 
easily and accurately. To do this, it is necessary to consider 
separately the basic theory of rolling reduction, and to add to it 
the determination of the elastic contributions of strip and roll, 
the accurate yield stress of the strip at all points in the are of con- 
tact, and the long-sought-after values of friction coefficient be- 
tween roll and strip under the conditions encountered. 

Hitherto, calculation has been based on speed, combined with 
an accuracy within 10 per cent for the roll force and 14 per cent for 
the torque (Ford and Ellis, reference 5). Ford and Whitton (6), 
examining a new method of determining friction between roll and 
strip, recently showed that an accuracy of +5 per cent can be 
obtained when measured and calculated values are compared. 
The steps required are now shown fully, so that accurate and 
fairly rapid calculation is possible by those concerned in the 
rapidly widening cold-rolling industry. 


Tue Basic THeory 


Selection of the basic theory to determine the roll foree and 
torque has as its main considerations that (a) accuracy must not 
be sacrificed for speed if the best check of theory and practice is 
to be obtained, and (b) the theory should be as simple as possible 
within the same limitations. 

The theory selected is that of Ford and Bland (3) for rolling 
with tensions which they describe as an approximation to the 
homogeneous compression theory of Orowan (2). The theory is 
corrected by a paper of Bland and Sims (7) for passes in which 
heavy back tensions are applied to the strip. Previously, the 
theory had yielded values of roll force lower than the experi- 
mental for these passes, especially on annealed strip, Fig. 1. 


ROLL RADIUS R 











Forces AND Stresses Actinc Upon aN ELEMENTAL VERTI- 


Fig. 1 
caL Section or Strip BeTween ROuis 


It is difficult to say whether the results yielded by this theory 
are more accurate than those of von Karman (1) or Orowan (2), 
since they all give almost identical results over the practical 
range of cold-rolling. A comparison with the experimental data 
so far published leads to the conclusion that there is little to 
choose between them. The theory chosen is certainly simpler in 
its calculation method and is selected for this reason. Ford and 
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Bland (3) give the expression for the normal roll pressure, with 
tensions as 


kh 
sta — (1 ~#) e*# and 
ke 


he 
kh a; 
> = «= 1— — u(Hi—H) 
8 h, ( Ye 


denoting s on the exit side by s* and at entry by s~ and 


These expressions give values of roll force lower than the experi- 

mental, but the ‘‘no-tension” expressions obtained by putting a, 

and ¢; equal to 0, have been proved accurate when these ex- 

pressions are integrated over the contact are, i.e. 

a = eH and = 
2 1 


So %- = en(— H) [la] 


denoting the no-tension case with suffix 0. 
The correction due to Bland and Sims (7) takes as its starting 
point the equation 
df ; 
— = 2s! (sin d + wcos®@)......:.....[3] 
de 
This is the same as Bland and Ford’s equation [22], and Oro- 
wan’s equation [27] from Orowan’s “homogeneous compression 
theory” (2). It connects the normal roll pressure s at any point 
on the are of contact with the horizontal force f on the correspond- 
ing plane element of unit width, perpendicular to the direction of 
Bland and Sims (7) obtain the expressions for s 


: —o) en 
(4 — 0) ema [4] 
1 


The new equations are obtained from a proved s» and deduction 
of (s9 — s) from Orowan’s original equation. It is then possible to 
obtain from the following equations of Ford and Bland the total 
roll force and torque inserting the foregoing values for s 


Roll force P = R? f “ sd 


rolling, Fig. 1. 


> ” Oh, — rhe 
Roll torque T = RR! soddgd + - OR? 6] 
P 2 


) 


using point-to-point summation. 
Srrip Evasticiry 


It is not proposed to set out fully the theory of the elastic 
contribution of the rolled strip to the total roll force, roll torque, 
and roll radius. This has been dealt with in detail by Ford and 
Bland (8). It is sufficient to indicate the expressions used and 
modification required to the foregoing theory. The method 
applies to passes of over about 5 per cent reduction, The elastic 
zones on the entry and exit sides of the roll gap not only con- 
tribute to the roll force directly, but they cause horizontal com- 
pressive stresses on the section of the strip in the plastic are, thus 
modifying the effective back and front tensions. 








DESIGN DATA 


a) Initial Elastic Compression Zone 


Pe, 


= elastic contribution to the roll force of this zone 


y? h [R} ‘ 
1 ~ (i — 0; 
4E \ h—hke 
where 
oO; applied back tension 
2uPe 
hy 


’ 


0; 0; - 


a,’ is thus the effective back tension and is used in calculations for 
the plastic zone. Term (2uPe,)/h; is the compressive stress set 
up in the strip at entry due to elastic compression. The contribu- 
tion of this zone to both roll force and torque is, for normal passes, 
very small and usually can be neglected. (See Appendix.) 
(b) Elastic Recovery Zone 


Pe: = roll force in this zone 


elastic contribution to the 


‘7 Rhy (1 
Lod Ue 


— v*) (kz — @2) 
where 
= applied front tension 
2uPe. 
he 


o,’ is thus the effective front tension, and is used in calculations 
for the plastic zone 
up in the strip at exit due to elastic recovery. 

c) Effect on the Roll Torque. The effect of the elastic compres- 
sion zone at entry is to retard the roll due to the friction forces 
acting in the elastic arc, and thus makes a positive contribution to 
the roll torque given by wR Pe,. This effect is negligible. The 
effect in the recovery zone at exit is to help the roll to turn, thus 
A tension on the 


The 


Term (2uPes) /hz is the compressive stress set 
m 


making a negative contribution of uR Pes. 
strip is produced which opposes any applied front tension. 


AND METHODS 


UY 


torque due to the plastic zone is thus increased, but since the 
elastic friction forees make a negative contribution of uR Pes, the 
applied torque is little changed. 

The roll torque is thus, in practice, altered little by elastic 
forces. Modification to R' the deformed roll radius, however, 
has an indirect effect on this value. 

1) The deformed roll radius is directly affected due to the 
increase in the effective contact arc of strip and roll, It is quoted 


iis 
2P 


Ri=R| 1+ : 
[Va + V8] 


= draft hi — he 


h 20 9 Ao 


When elastic recovery is neglected, Equation 11] reduces to 


Hitchcock’s (9) well-known formula for deformed roll radius 
The complete theory outlined is illustrated by a fully wor 


‘ } 
tical ¢ 


check calculation shown in the Appendix, using the prac 
servations of Whitton (10 
The experimental roll force P is used in determining the 


formed roll radius R! 
Friction BETWEEN ROLLS AND Strip 


All the rolling theories make the attempt to assess the fric- 
tional contribution of the forces between roll and strip to the 
total roll force and torque. The roll force is made up of the 
force to deform the metal from its initial thickness to its final 
thickness, which is that due to the vield stress of the deformed 
metal, plus the force due to the friction between roll] and strip 


The determination of both the yield stress of the it each 


metal 
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point in the roll gap and the contribution due to friction, are thus 
essential for accurate comparison between theory and practice. 
Until recently, little was known of the frictional conditions 
through the arc, and it was necessary to assume a mean value for 
the coefficient of friction, and to choose a suitable numerical value 
to facilitate comparison. 

In 1953, following a suggestion of Bland in a discussion on a 
paper to The Institution of Mechanical Engineers (3), a new 
method was derived, and subsequently tested, for obtaining the 
mean coefficient of friction between strip and rolls under any 
lubrication conditions. The values under various practical con- 
ditions were reported by Ford and Whitton (6), and the possible 
variation of mw through the are of contact was examined by 
Whitton (10) using this method. 

At the present time, it is the only method known which gives 
the value of w occurring in cold-rolling under any conditions. 

In an unpublished paper, Orowan and Hoff in 1946 attempted 
to obtain the mean yu by calculation from the roll force and torque. 
The order of values they obtained was similar to those obtained 
using the foregoing method, but the values calculated from the 
roll force differed considerably from those due to the torque. The 
new method gives repeatable values of u within about 2 per cent. 


YreELD-Srress CuRVE For Meta ROLLED 

This is most accurately determined by the plane strain-com- 
pression method of Watts and Ford (11). The accuracy is esti- 
mated by them as within 1 per cent. When the roll force and 
torque are calculated, the yield stress at each required point in 
the contact are is taken from the yield-stress curve at the equiva- 
lent reduction (see Appendix). 

A typical yield-stress curve is shown in Fig. 2 for high-conduc- 
tivity copper obtained by this method. 

CONCLUSIONS 

The most accurate and simplest steps essential for the deter- 
mination of cold-rolling load and torque have been described. 
Much research by many workers has gone into the establishment 
of each part, and the practical results obtained over the past 50 
years have contributed to the excellent agreement that has now 
been attained. 

Although this stage has been reached, continued work is es- 
sential as the rolling of new materials becomes possible and 
higher production speeds desirable. In making any comparison, 
it is of the highest importance that every precaution be taken in 
the practical measurement of the rolling variables. 
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Appendix 


An example is given of the calculation of roll force and torque 
for a pass where back tension is applied. Formulas are as quoted 
in the text. 

The experimental data are taken from the work of Whitton 
(10), and are test No. 116 from Ford and Whitton (6). It is a third 
pass on copper strip, made with roughened rolls and using no 
lubricant. 

Mean value of u using the method outlined = 0.113 


Experimental data 

Initial thickness of strip = h, = 0.062 in 

Thickness of strip before pass = h; = 0.03 in. 

Thickness of strip after pass = hy = 0.023 in 

Mean width of strip = 6 = 2.01 in 

2.00 in. 

= 4.77 tons per in. width 
0.380 ton in. per in. width 


Undeformed roll radius 

Experimental roll force = Pex; 
Experimental roll torque = Texp = 
5. 


Applied back tension = 0; exp = 5.17 tons per sq in 


The yield-stress curve used for the copper is shown in Fig. 2 
The constants for the elastic Formulas [7], [9], [12] are 

Young’s modulus = E = 6250 tons per sq in 

Poisson’s ratio = v = 0.35 

These were selected from tables, and are sufficiently accurate 
for the calculation of elastic contributions. 


. F 0.032 ahd A 
Percentage reduction before pass = 0.062 = 51.6 per cent 
062 
0.039 


0.062 = 6§2.9 per cent 
062 


Percentage reduction after pass = 
Yield stress at entry = k,; = 28.8 tons per sq in. 
Yield stress at exit = k, = 30.4 tons per sq in 


X 0.023 X 30.4 
10 


neglecting o2 for this and inserting constants 
= 9.82 <X 1075 in. 
vil + pv) 
E 
7.57 L2F . 


— X 0.03 XK 5.17 = ~—me 
10° 10° 


(hed hyo;) 
This is negligible. 


Therefore 6’ = 6 + 6, + 6, = 0.007 + 0.000098 
= 0.0071 in. 


0.000012 


In Hitcheock’s formula (equation [11]) the constant C = 
1.67 * 10‘ for steel rolls. Deformed roll radius = R' = 2 
2 X 1.67 X 4.77 X 10~* 


1+——— = 
| (+/0.0071 + 9.82 x 10-5)? 


| and the experimental 
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value of roll force is used for this, i.e., 4.77 tons per in. 
Therefore R' = 2.358 in. 


Pe, ts Negligible 


Pe, 


Inserting elastic constants for FE and v, and 


2uPer 
a = 9.84 Pes 
he 


Trying a value for Pe, of 0.36 ton per in. gives 9.84 Pe, = 3.54 


tons per sq in. and checking 


1.842 : 
Pe, 30.4 + 3.54)°/? = 0.364 tons per in. 
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This is sufficiently accurate. Therefore 


Pe, = 


0.36 ton per in, 


02 3.54 tons per sq in. [10] 


angle of contact 


5’ 
= = 0.055 
? s R} as 


R} tondle R 
\ he tan y he 


= 10.28 


9 


do: 


r 


The integrals in Equations and [6] are then evaluated. 
To do this it is necessary to calculate the values of s and s@ at 
various points in the plastic are of contact. This is set out in 
Table 1. 

The yield-stress curve is used to obtain line 13 from line 12 
and Equation [4} to give sin lines 14 and 15. The values of s are 
then plotted against @ and the roll force and torque obtained using 
and [6 point-to-point summation. 


Fig. 3 shows the values of s plotted against @, the angle of con- 


tact. 
oi 
Pi sd@ = 1.837 


by graphical integration 


Plastic roll force = R' f, sd 
( 


2.358 X 1.837 


Equations [5 as stated, by 


From Fig. 3 


4.33 tons per in. 


TABLE 1 CALCULATION OI 


2 3 4 5 
0.0055 0.0110 0.0165 022 
0.167 222 


0.9566 0 


111 


0.0556 0.110 166 

3.34 

}.04 
378 
785 
46 
19 
0006 


0.910 
1.29 
2.81 2.48 
0.0001 0.0003 
2 + R'¢? 0.0231 0.0233 
) Total percent- 
age reduction 
13) & tons per sq in 
14) 8 exit 
(15) # entry 


62.4 
30.3 
44.0 


45.6 


62.8 
30.4 
38.7 


51.5 


ot 
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Therefore 


Calculated roll force = plastic roll force + Pe 


4.33 + 0.36 = 


1.77 1.69 


Error in roll force = 


4.77 


taken on the experimental value 


RR | 


Calculated roll torque 


2 2.358 | 0.0155 T 


Ww here 


0.0455 


| % sod = 
0 


by graphical integration. Therefore 


0.369 ton in 


Calculated roll torque 


0.38 0.369 


38 


Error in roll torque 
0 


experimental value. 


ROLL FORCE AND TORQUE 


( 7) 
0 0.0275 0440 


0.278 


0.543 
1.72 
0.0018 
0.0248 


60.0 
29.9 


$3.6 


PLo1 


> 


1.69 tons per in 


1.7 per cent low 


oyh oh 
sold + OR 6 


| 


5.17 X 0.03 


2x2 | 


358 


per in 


= 2.9 per cent low on the 


10 
0 0495 


500 


64 


1.00 
0.0070 
0.0300 





An Improved Nomogram for the Ratios 
of Octahedral to Maximum 
Shearing Stresses 


By O. P. KHARBANDA,' LONDON, ENGLAND 


NOMENCLATURE here is identical to the nomenclature in the paper cited.* 


The following nomenclature is used in the note: ?**A Simple Nomogram for the Ratios of Octahedral to Maximum 
Shearing Stresses and Its Physical Interpretation,”’ by G. A. Zizicas, 
S, = principal stress of maximum absolute value, psi JOURNAL OF AppLiep Mecuanics, Trans. ASME, 1954,p. 291. 
S., 8S; = two principal stresses of absolute value less than or 
equal to the absolute value of S,, psi 190, 
S:/S, = nondimensional parameter 
S;/S; = nondimensional parameter 
S, — S;/2 = maximum shearing stress, psi 
octahedral shearing stress 
Toct/max = nondimensional ratio of octahedral 
maximum shearing stress 


NOMOGRAM 


A nomogram recently published gives the ratio of the octa- 
hedral to the maximum shearing stresses for all possible stress 
distributions. The parameters used are the ratios of the two 
principal stresses (S., S;) to the one (S,) of maximum absolute 
value. 

The nomogram is a timesaver for design calculations. How- 
ever, its use in the present form is not very convenient and, par- 
ticularly, interpolation is rather difficult. The accompanying 
nomogram, consisting of three intersecting straight lines, is be- 
lieved to be more convenient to use and, in addition, interpolation 
is much easier. The result is readily obtained by a single setting 
of a straight ruler. 

The use and the physical significance of this nomogram as de- 
scribed by Zizicas remain unchanged. The nomenclature used 


1 Costain-John Brown, Ltd. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1956, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, January 3, 1955. 
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Brief Notes* 


On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
longer than 750 words (about 2'/, double-spaced type- 
written pages, including figures) and will be subject to the 
usual review procedure prior to publication. After ap- 
proval such notes will be published in the next issue of 
the Journal. The notes should be submitted to the 
Secretary of the ASME Applied Mechanics Division. 


Transient Temperature Rise in a 
Semi-Infinite Solid Due to a 
Uniform Disk Source 


ATALLA! anv K. PRESTON, JR..,' 
NEW YORK, N. Y. 


By M. M 


A transient solution is presented for the temperature rise 
in a semi-infinite solid due to a circular-disk source witha 
uniform and constant rate of heat flux. The solution is 
obtained only along the axis of the disk. It is shown that 
the temperature-time relation at any point along this axis 
is obtainable from the corresponding well-known one- 
dimensional solution for a semi-infinite rod by the relation 


(Az, t ]s-4 mensional = (A(z, t)— 6( V2? + a’, t)| 1-dimensional 


where 0, z, a, and t are the temperature rise, distance from 
the surface, radius of the heat source, and time, respec- 


tively. 
INTRODUCTION 


N THE course of a study of the mechanism of the electric arc, 
the following idealized heat-conduction problem was in- 


| 


volved: A plane surface (the anode) is bombarded by a circular 
It was desired to 


beam of electrons of uniform power density 
obtain the transient temperature distribution in the anode during 
the electron bombardment. This was done by replacing the elec- 
tron bombardment by an equivalent heat source on the surface of 
the anode and by neglecting the variations with temperature of 
the physical properties of the solid. This solution should be useful 
for a number of practical applications having the same boundary 


conditions. 
SOLUTION 


Consider a semi-infinite solid with thermal conductivity k; 
specific heat c; and density p. Let a circular disk source of radius 
a and uniform power density Q be suddenly applied on the surface 

1 Bell Telephone Laboratories. 

* Discussion of papers in Brief Notes should be addressed to the See- 
retary, ASME, 29 West 39th Street, New York, N. Y., and will be 
accepted until July 10, 1956, for publication at a later date. Dis- 
cussion received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, June 9, 1955. 
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NOTES 


of the solid. The solid is initially at a uniform temperature. The 
resulting temperature rise is determined by integrating the ap- 
propriate Green’s function over the disk source. This function 
gives the temperature rise produced at a point (z, y, z, 0) o1 
¢, 2 
to a unit heat source at the point (z’, y 


In C 


infinite solid is given by 


for Cartesian or cylindrical co-ordinates, respectively, dus 


2’, t') or (r’, g’, 2’, 


irtesian co-ordinates the Green’s function? for a semi- 


pel| trait 


where a k/pe and is the thermal diffusivity of the solid 


In evlindrical co-ordinates this function becomes 


‘ ' 
2 exp } 


+ 


peldrait 


The expression for the desired temperature rise 6 is o'ytained 


ntegrating Green’s function over time and space 


ot We os 
eo time space 


Unfortunately, an integration for the general solution results in 
inte grals that cannot be evaluated in terms of tabulated functions 
The special solution for temperature rise along the z-axis, however, 
This is done 


0 in the foregoing integral and choosing limits 


can be obtained readily in terms of error functions 


by setting r = 


corresponding to the disk source. This gives 


[ {4rra(t t */2 dt’ 
0 0 
rt? 4 
exp - 
tal 


where Q is the power density at the disk sources 


20 


pe 


By integrating, the following expression for temperature rise is 


a? + 22\'/2 
z erfe a* + 2*)’'* erfe ) 
fat) ‘* dat 


It is of interest to compare this solution with the corresponding 
In this latter 


obtained 


one-dimensional solution for a semi-infinite rod. 


~«(2)"1 


From the two fore- 


case the temperature rise 6 is given by* 


i/s ne z 
9 ( at) ¢ dat S 
T 
where z is measured from the end of the rod. 
t that 


going equations it is evide 


(0(z, t) |s-dimensionat = [O(z, t) — 0 (4/a? + 2, £)] :-dimensions 


This states that the temperature distribution on the z-axis in a 
semi-infinite solid heated by a disk source of radius a and uniform 
power density Q is equal to the temperature difference between 

?“‘Conduction of Heat in Solids,”’ by H. S. Carslaw and J. C 
Jaeger, Oxford University Press, 1947, p. 291. The Green's function 
herein is for an ‘‘infinite’’ solid which was multiplied by a factor of 2 
for the semi-infinite solid 

*“*Heat Transfer,’’ by M. Jakob, John Wiley & Sons, Inc 
York, N. Y., vol. 1, 1949, p. 258. 


. New 





314 


the two points z and (a? + 2*)'/? in the one-dimensional case of 
heating a semi-infinite rod. 

The maximum temperature rise at any point along the axis of 
the heat source is reached asymptotically and is given by 


¢ 
O(z, ©) = : [(a? + 22)'/? — z] 


The Mean Stress Around a Small 
Opening of Any Shape in a 
Uniformly Loaded Plate’ 


By J. S. BROCK,? WASHINGTON, D. C. 


This paper proposes a theorem concerning the mean 
stress around an opening in a uniform stress field. The 
theorem states that the mean stress along the free bound- 
ary of an opening of any shape in a uniformly loaded plate 
is equal to the sum of the co-ordinate normal stresses 
applied to the plate at a great distance from the opening. 
The theorem is proved by using well-known properties of 
harmonic functions in conjunction with Green’s theorem. 


MEAN-StTREss THEOREM 


HE object of this note is to propose and prove a theorem 
concerning the mean stress on the boundary of any hole in a 
plate which is subjected to a uniform stress field at regions remote 
from the hole. 
Consider an opening of arbitrary shape in an infinite, uni- 
formly loaded plate. Define the mean tangential stress, &,, 
along the free boundary of the opening as 


o dp 


where o, is the tangential stress at any point on the boundary 
and 8 is the curvilinear co-ordinate which takes one around 
the boundary of the opening. Then the mean stress on the free 
boundary of any opening (which may be mapped by a rational 
function) is equal to the sum of the applied normal stresses in 
mutually perpendicular directions. This theorem may be ex- 
pressed as follows 


1 2r 
~~ eee) 
27 Jo 


where S, and S, are the applied normal stresses at infinity. It 
will be noted that the theorem requires the stress to be averaged 
with respect to 6 rather than the arc length of the opening. This 
is a convenience since the solution to boundary-value problems 
in the theory of elasticity gives the stresses as a function of the 


curvilinear co-ordinates used in the solution. 

The theorem can be proved by using the properties of harmonic 
functions. It is well known that the sum of the normal stresses 
satisfies Laplace’s equation. By using this fact in conjunction 
with Green’s theorem in the plane it can easily be shown that if 


1 The opinions or assertions in this paper are the author’s and 
do not reflect the views of the David Taylor Model Basin or the 
Navy Department. 

? Structural Research Engineer, David Taylor Model Basin. 

Manuscript received by ASME Applied Mechanics Division, 
July 1. 1955. 
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¥ is the boundary of a hole in an infinite plate in which ¢, + 
o, has no singularities 


d(o, + a,) , i d(a, + ay) i ae (2) 
dn . dn 
7 I 


where d/(dn) denotes the derivative normal to the boundary; ds 
is an element of are length along the boundary; and T is the 
circle at infinity. Now d(o, + a,)/dn is zero at infinity and the 
right-hand integral vanishes; therefore Equation [2] becomes 


d(o, + g,)ds 
= 0 [3] 
dn 
s 


which holds when ¥ is the boundary of the opening and for any 
boundary which completely encloses the opening. 

Assume a curvilinear orthogonal system of co-ordinates as 
defined by the following mapping function 


k 
mf Cm 
z=ct + ) - 
‘aud 
0 «(CS 
where 


z=a2r+iy; ¢ =e*%t8: m=O0,1,2,...k 


Since the mapping function is rational this may appear to be 
too restricted. However, owing to the freedom in the choice of 
Cm, it is possible to map regions of arbitrary shape to any desired 
accuracy. The transformation from the z-plane to the [-plane is 
conformal and isometric, i.e. 


Equation [3] becomes 


d(o, + a,) dn d8 = 
4 dn da da 


f (o, + o,) dB =0 [6 j 
‘ 
therefore 
f (0, + o,)dB = f (Ga + og)d8 = const . [7] 
¥ ¥ 


The value of this constant is evaluated on a circle of large radius 
where the stresses are everywhere S,, S,, T,,. Since the shear 
stress does not affect the sum of the normal stresses, gg + 
gg = S, + S, along the circle so that the value of the constant 


is 27 (S, + S,). Then Equation [7] becomes 


1 2r 
(oq + Gg) dg = S, + S, [8] 


9 
“7 0 


On the free boundary of the opening this reduces to Equation [1 }. 

The theorem indicates that a pure shearing stress applied at 
infinity contributes nothing to the mean stress around the 
opening. This is evident since a state of pure shear is defined 
by two normal stresses of equal magnitude but of opposite sign; 
i.e., S, = —S,. 

Consider the case of pure tension in which S, = 7,, = 0,8, = 
T. The theorem becomes 


1 2r 
¢d4B8 = T [9] 
2r 0 


This simply signifies that the mean stress around an opening in a 
field of pure tension is equal to the magnitude of the applied stress. 
Since the mean stress around an opening is the same regardless 
of its shape, it is impossible to have an infinite stress concentra- 
tion except on an infinitesimal length of boundary. 
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The validity of the theorem may be demonstrated by means of 
the results of previous solutions for the stresses around common 
openings. Finally, the theorem, Equation [1] or [9], may be 
used to check new solutions to boundary-value problems in the 


theory of elasticity 


Note on Torsion With Variable 
I wist' 
By ERIC REISSNER,? CAMBRIDGE, MASS. 


In a recent paper (1)* the author considered anew the 
problem of determining corrections to the Saint Venant 
theory of torsion, induced by restraint against warping at 
the end section of the beam. The present note is in- 
tended to furnish some further discussion of these earlier 
results. 
rods of doubly 


evlindrical 


ESTRICTING 


svmmetric cross section, the following alternate differen- 


attention to 


tial equations and boundary conditions were obtained 


GCB ETS’ = T, B'(O 


I 
GCs’ ET — 8 B'(0 
D GI 


In Equations [1] and [2] primes denote differentiation and the 


meaning of the symbols is as follows: 


G = modulus of rigidity 
E = modulus of elasticity 
’ = torque applied at end z = L 
= angle of rotation of beam section 
p= J, D = torsional rigidity 
= By x? + y*)dA = polar moment of 
sectional area A 
D = f'[(0¢/dzr)? + (O/dy)?]dA = 
Saint Venant warping function ¢ 


T= ford 


Equations [1 
(3) by a different approach and prior to that by Timoshe..ko (4) 


inertia of cross- 


Dirichlet integral over 


had been obtained by Wagner (2) and Goodier 


for the special case of certain thin-walled open sections. 

It was indicated in reference (1) that Equations [2] appear to 
The following observa- 
For the case of thin- 


be more accurate than Equations [1]. 
tion is to be added to this general remark. 
walled open sections we have the fact that the torsional rigidity 
C is small compared to either one of its two components J, and 
D. Accordingly, we have for this class of cross sections I,~D 
and Equations [2] reduce effectively to Equations [1]. This 
means that for thin-walled open sections the practical improve- 
ment gained by working with Equations [2] instead of with 
Equations [1] will in general be negligible. This observation 
is in agreement with certain interesting results which were re- 
cently obtained by Fliigge and Marguerre (5). These authors 
also point out that results equivalent to Equations [1] are not 
adequate for the treatment of thin-walled closed sections, without 


1Supported by Office of Naval Research under Contract N5- 
ori-07834, with Massachusetts Institute of Technology, Cambridge, 
Mass. 

? Professor of 
nology. 

3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Manuscript 
September 22, 


Mathematics, Massachusetts Institute of Tech- 


ASME Applied Mechanics Division, 


received by 
1955. 


however offering an alternative such as Equations [2 Results 
for closed-section beams with rectangular cross sections wert 
Reissner (6), H. Ebner (7), 


given earlier by H and others 


APPLYING Equations [2 

To illustrate the use of Equations [2] we shall evaluate in 
what follows the appropriate coefficients for the special case of 
the thin-walled rectangular section with corner flanges. This 
case is also considered in [5 Let a and b be the lateral dimen- 
sions of the section, and let the wall thicknesses be ¢. Let / 
be area of each of the four corner flanges The Saint Venant 


warping function for this case is 


} 


b 
ilong the a-sides 
a 


4, along the b-sides 


further have 


abla + bjt 
> 


J sal 


h |}? l 
F + (b+ apt 
- a 6 


In first approximation we have D< J/,. If we set C ~ J, 


then according to Equations [2 


ET 


8 
GD 


and according to Equations [5] and [6] 


, 
~ GI, 


l 
F+ - t(b + a) 


6 ah(b -a)\? 
th+a (bh + a)? 


with 
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For the sake of comparison we note that when @ = 26, then 
the value of I'/J, of Equation [8] is only */s of the value of 
I'/D of Equation [7]. This shows, as it was intended, that for 
thin-walled closed-section beams the more accurate System [2] 
leads to results which are quite different from what would follow 
from a use of the System [1]. 

Wherever the System [1] is applicable there it furnishes 
effectively the same results as the no more complicated System 


[2]. 
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Circular-Symmetric Vibrations of 
Infinitely Long Cylindrical Shells 
With Equidistant Stiffeners' 

By M. L. BARON, NEW YORK, N. Y. 


symmetric free vibrations of an infinitely long cylindrical 


’ I ‘ABLES for the determination of the frequencies of circular 


shell with equidistant stiffeners are presented. It is assumed 
that the stiffeners are closely spaced with the result that motion of 
the shell parallel to the axis of the cylinder can be neglected, Fig. 1. 
Only those oscillations in which the space configuration has the 
period | (1 = spacing of stiffening rings) in the direction of the 
axis of the cylinder are considered. The results apply for the 
case where the radii of the ring and of the shell are alike. 
Allowance was made in the analysis for an additional uniformly 
distributed mass attached to the shell, but having no elastic 
resistance, like an insulation. Under the foregoing assumptions, 
the frequency equation for the free vibrations is obtained in terms 
of just two parameters x and @ which are functions of the prop- 
erties of the stiffened shell and the added mass. 

Considering radial motions only, the equation of motion of the 
shell carrying the additional mass Am per unit of area is 

a is -_—— = w — (m + Am) ~~ vexed 
12(1 — v?) Oz* a’ ot? 

1 The material is an extract of that presented in ‘Circular Sym- 
metric Vibrations of Infinitely Long Cylindrical Shells With Equi- 
distant Stiffeners,"’ by M. L. Baron, Tech. Report No. 11, Office of 
Naval Research Contract Nonr 266(08), AFSWP 871, Columbia 
University, 1954. 

2 Assistant Professor, Department 
Engineering Mechanics, Columbia University. 

Manuscript received by ASME Applied Mechanics 
June 3, 1955. 
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y—Mass of Stiffener = am 2 
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- = 3 - 
pa ti i P= Po 
\ 


‘. Moss of Shelli + Insulation = m+ 4m 


Fic. 1 Gromerry or Prosiem 


where w(z, t) is the radial displacement of a point on the shell. 
Its free vibrations of frequency 2 are of the form 


w(z, 4) = W(z) sin Qt [2] 
where for vibrations in which the space configurations have the 
period / in the direction of the axis of the cylinder 


W(z) = C, cos Bz + C2 cosh 8z.. 


(m + Am) Q? — Eh/a? 
Eh’ 


12(1 


Bt = 
—_ py?) 


The boundary conditions of the shell require that the slope of the 
deflection curve vanishes at the stiffening rings 


dw 


. [4] 
dz ; 


and that the shear at the stiffening rings is in equilibrium with 
the inertia forces of the stiffener and the forces due to the elas- 
ticity of the stiffening ring 


Eh’ O*w aml O%w aEhl 
=— - — w ; 


12(1 — v?) Oz? 2 Ol? 2a? 


Substitution of Equations [2] and [3] into Equations [4] and 
[5] leads to two homogeneous algebraic equations, the deter- 
minant of which when equated to zero gives the frequency 


equation 


,(at\ ai \* ey» eee 
4 2 +k ry iy! cot > coth > 0 {6] 


Once 8; has been determined the shape of the particular mode 
of vibration may be determined from the relation 


sin 6; 1/2 
? cosh 8 2 


W, =C, 


cos B;z + 
sinh — 
9 


am 


The tables of values of Bol/2 and 8,//2 permit the computation 
of the frequencies 2, and Q, of the fundamental and second 
lowest modes of vibration of the stiffened shell. The value of 
81/2 depends on the two parameters x and @ 

0.75 Am l4(1 — v?) mee 
os -_—— - [8] 
m ath? 


where 


l = spacing of stiffener rings 
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Fic. 2 Frequency ParamMerer 89/2 
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Fic. 3 Frequency PARAMETER §,//2 





JOURNAL OF APPLIED MECHANICS 


= mass per unit of area of cylindrical shell 
= additional mass per unit of area of materials carried 
by shell 

= shell thickness 

= mean radius of shell 
1p 
hl 

= Poisson’s ratio 

= circular frequency of vibration of stiffened shell 


= where A pis the cross-sectional area of ring stiffener 


Tables 1 and 2 give the values of 8)//2 and @,//2, respectively, 
for each value of x = 0.05(0.05) 0.30 as @ varies between 0 and 
1000. The values are plotted in Figs. 2 and 3. 


TABLE 1 VALUES OF £l/2 
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TABLE 2 VALUES 


| 


« 


tra) f 0.15 
0 K ¢ 2.962 
3.146 
3.327 
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The frequencies Q, and Q, of the fundamental and second 
lowest modes of vibration may be determined by substituting 
values of @//2 in the appropriate frequency equation. The 
parameter @ differs from zero if the shell carries an additional 
uniformly distributed mass Am, i.e., insulation. The frequency 
2 is in this case obtained from 


1 | Eh 4 am (4 
a y m + Am q om 2 


For shells with no additional mass, Am = 0, the parameter ¢@ = 0” 
and the frequency of the fundamental mode is for all values of x 


2 = [10] 


| Eh 


m 


(11) 


while the frequencies of the higher modes are obtained from 


1 |/Eh | ath? (4 ) 
a \ m : + 075 a —v)I*\ 2 

The assumption has been made that the motion of the shell 
parallel to the axis of the cylinder can be neglected. This as- 
sumption is reasonable only if / < a since for these cases the 
longitudinal motions are very small and contribute very little 
to the kinetic energy. For the case of the unstiffened shell,* 
the longitudinal motion affects the fundamental frequency by 
no more than 0.6 per cent if! <a. The present theory therefore 
is likely to give excellent values of the frequencies for 1 < a. 


«= [12] 


'**Tables for the Frequencies and Modes of Free Vibrations of 
Infinitely Long Thin Cylindrical Shells,’’ by M. L. Baron and H. H. 
Bleich, JourNAL oF AppLieD Mecuanics, Trans. ASME, vol. 76, 
1954. Table 1, p. 171. 
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The Orthogonal Property—A Proof 
rT? y 
by Virtual Work 
By R. P. N. JONES,' SHEFFIELD, ENGLAND 
( Pian a conservative linear system executing free 

vibrations in one of its principal modes. It is known that 
all points vibrate in the same phase, so that all points reach 


their maximum deflection The 
inertia forces occurring in the system define a set of 


simultaneously maximum 
forces 
which we may call a “‘natural-foree system,’ and since these 
forces occur at the instant of maximum deflection they must be 
in equilibrium with the elastic forces resulting from those de- 
flections. In other words, the static deflections produced by a 
natural-forece system are equal to those of the corresponding 
natural mode. 

If the system has n-degrees of freedom, with deflection co- 
ordinates y;, Ye... Y,, then the rth principal mode will be defined 


by aset of deflections 


and if the co-ordinates are suitably chosen to eliminate dynamic 
coupling, the associated natural-force system will consist of 
corresponding forces 


w,? [7mAy”, moAe"” nA,” |} 2 


A theorem in statics (Betti’s theorem) states that if two sets 
of forces, P; and P2, say, are applied to a linear elastic system, 
the work done by the set P; over the displacements due to P, equals 
the work done by P, over the displacements due to P,. 

Suppose P; and P: are taken equal to the natural-force syste m, 
for the rth and sth modes, respectively. Then the work done 
by P,; over the displacements due to P2 is 


+ mA2A2® +.... + m,A,'PA,” 


w,? (mA, A, 
while that done by P2 over the displacements due to P, is 


w,? [m,A,AL + meAeAe™ +... + m,A,A,” |] } 


According to Betti’s theorem, Expressions [3] and [4] are equals 
and, if w, ~ w,, it follows that 


+ mAoAs . + m,A," 


mA, Ay . 


which is the well-known orthogonal property. 

This proof is more direct than that usually found in textbooks, 
in which the orthogonal property is derived by a manipulation 
of the equations of motion, and the author has found the presenta- 
tion given here useful in bringing the orthogonal property within 
the scope of more elementary teaching courses. The method of 
proof is equally applicable to continuous systems in which the 
natural-force systems become distributed ‘‘natural loading 
functions.” 

It is evident that the orthogonal property also may be ex- 
pressed in an invariant form in terms of virtual work as follows: 

“The work done by a natural-force system in the displacements 
of any other principal mode is zero.”’ 

This form of the orthogonal property is valuable in problems 
dealing with complex systems involving dynamic coupling—such 
as the coupled flexural-torsional oscillations of beams—-since it 
enables the property to be written directly without the need for 


a lengthy derivation. 


! Lecturer in Applied Mechanics, Post Graduate School in Applied 
Mechanics, University of Sheffield. 

Manuscript received by ASME 
May 31, 1955. 
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BRIEF NOTES 


Symmetric Flexural Vibrations of a 
Clamped Circular Disk’ 
By H. DERESIEWICZ,? NEW YORK, N. Y. 


The frequency spectrum is computed for the case of free, 


axially symmetric vibrations of a circular disk with 


clamped edges, using a theory which includes the effects of 


rotatory inertia and transverse shear deformation. 


HE high-frequency spectrum for symmetric flexural vibra- 
tions of a circular disk has been given for the case of a trac- 
tion-free boundary.’ The purpose of this note is to present the 
analogous spectrum for a circular disk with a clamped edge. 
The appropriate solutions of the equations of motion are given 
by Equatious [7], [9], and [10].* On the clamped boundary r = a 
these solutions must satisfy the conditions 


= 0 
a requirement which leads to the frequency equations 


(1 g3?)T; + Bla 8)r, =0 p>p 
(1 + g8.2r Big + B,2)G, = 0 p <p 


The quantities appearing in Equations [2] are defined in the 
paper cited.* 

The complete solution to the problem of a clamped disk is given 
by Equations [2] of the present note and Equations [14] and 
15}.8 

The results of a numerical computation are shown, for the range 
0.80 < p/p 
plotted as a function of the diameter-thickness ratio. 


1.20, in Fig. 1 in which the frequency ratio is 
It is seen 
that, as in the case of a free disk, the curves are characteristic of 
a frequency spectrum arising from the coupling of two infinite 
systems, namely, the flexural modes and the first thickness-shear 
mode and its overtones. 

The uncoupled modes may be arrived at by considering the 


boundary conditions 
y¥ =Q, =0 at r=a [3] 


i.e., those which must be satisfied at a ‘‘guided’’ or “lubricated’’ 
10}8, Ao, A; = 0, the condi- 


3] lead to the frequency equations 


edge. Ii we set, in turn, in Equation 


tions 


Ji(y) = 9, J\(By) = 0 [4] 


respectively. These, together with Equations [14] and [15]', 
yield the curves which represent the flexural and thickness-shear 
families, respectively. 


This investigation was supported by the Office of Naval Research 
under Contract Nonr-266(09). 

? Assistant Professor of Mechanical 
versity. Assoc. Mem. ASME 

}**Axially Symmetric Flexural Vibrations of a Circular Disk,'’ by 
H. Deresiewicz and R. D. Mindlin, JourNaL or AppLiep MECHANICS, 
; ASME, vol. 77, 1955, pp. 86-88. 
ASME Applied Mechanics Division, May 
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OF SYMMETRIC FLEXURAL VIBRATIONS 
ILLUSTRATING Resutts or Covt 
AND THICKNESS-SHEAR 


1 FREQUENCY SPECTRUM 

1 CLrampep Crircvutar Disk 
LING OF FLEXURE 

ratio of diameter to thickness ratio of resonant frequency 


p 
imple thickness-shear vibration of an infinite plate of th 
vy = 0.312 


kness | 


d/h 
2 FreQueNcY SpPecTRUM OF SYMMETRIC FLEXURAL VIBRATIONS 
or A Crampep Crrcevtar Disk AccorDING TO THE CLASSICAI 
THEORY OF FLeEXuRE OF Plates (vy = 0.312 


The complete spectrum in Fig. | is to be compared with that 
depicted in Fig. 2, which was computed from the relation given 
by the classical theory* 


d/h = y( p/p) ?|8/3r*(1 y)|'/* 5 


Here the values of y are given by the rootsof the secular equation® 


r = b 


‘Theory of Sound,” by Lord Rayleigh, Dover Publications, New 
York, N. Y., 1944, article 217, equations [1] and [4 


§ Ibid., article 22la, equation [5 








Discussion 


Integral Methods in Natural- 
Convection Flow' 


E. M. Sparrow.’ The analysis given by the author represents 
a significant advance over previous investigations of free-convec- 
tion on nonvertical surfaces, in that the pressure gradient across 
the boundary layer for the first time is taken into consideration. 
In all previous analyses,* the modification, due to surface inclina- 
tion, of the buoyancy term in the momentum equation for the z- 
direction has been made; but the pressure variation across the 
boundary layer has been ignored. 

It is of interest to study the physical meaning of Equations [9] 
and [42] of the paper and to show their relationship to the con- 
servation-of-momentum principle. To make this study, the full 
set of boundary-layer assumptions is applied to Equations [1] and 
[2]; with the result that 0%u/Oz? is deleted from Equation [1], 
and Equation [2] becomes 

1 Op 


re = 98(T —T;) cos¢.... ated 


From Equation [1], herewith, it follows that 
and, in particular 


1 D ra) . 
or = 98 EE (T —T,; dy | 
Or pA J 
1 Op 


p Ox 
- Fe 
=—gBs a T — T;)d 
re 9 ee 9 aa fi ijay 


8 i. wy 
+ gB(cos >) a ut? dy Se 
0 Ox 


Using this last equation, Equation [9] of the paper may be re- 
written as follows 


O2u 
Oy? y=s 


oO 1 0 
—~T,)sng+v . — = 


= g8(T, 
Oy? y=0 p Oz 


y=0 
. [4] 


Equation [4], and hence Equation [9] of the paper, state that the 
net shear force acting on an infinitesimal fluid element located at 
the edge of the boundary layer equals the net force acting on an 
infinitesimal fluid element located at the wall. Under the condi- 
tion that 


(Ou Ay) | = 


is zero, Equation [4] requires that the net force acting on a fluid 
element at the wall be zero. But these same conditions are ob- 
tained by imposing the z-momentum equation (Equation [1] of 

! By Salomon Levy, published in the December, 1955, issue of the 
JouRNAL OF AppLieED Mecuanics, Trans. ASME, vol. 77, 1955, pp. 
515-522. 

* NACA, Lewis Laboratory, Cleveland, Ohio. 

3**Thermal Convection in Laminar Boundary Layers,”’ by H. J. 
Merk and J. A. Prins, App. Sci. Res., section A, vol. 4, 1953-1954, 
part I, pp. 11-24; part II, pp. 195-206; part III, pp. 206-221. 

‘‘Heat Transfer by Free Convection From Horizontal Cylinders in 
Diatomic Gases,’’ by R. Hermann, NACA TM 1366, 1954. 


the paper), at the edge of the boundary layer and at the wall. So 
the use of Equation [4] of this discussion with 
! 
(O%u/Oy*)|\y = 

equal to zero is identical to satisfying the z-momentum equation 
at two places, at the wall and at the edge of the boundary layer. 
However, no restriction whatsoever is imposed on the momentum 
at all other points in the boundary layer by the use of Equation 
[4] of this discussion. Under the circumstance that 


(O7u, dy?)|, =8 


is not zero, Equation [4] actually is a contradiction of the z- 
momentum equation at the wall and at the edge of the boundary 
So it seems plausible that velocity profiles with 


Q%u/dy*)|y=s 


layer. 


different from zero should yield poor results. 

Equation [42] is obtained from an integral equation into which 
the polynomial Expressions [11] and [12] have been introduced. 
This integral equation may be derived in a direct manner by in- 
tegrating Equation [1] of the paper (with (0%/dz*) deleted) 
from y = 0 to y = 6, and by using Equations [2] of this discus- 
sion and Equation [4] of the paper. The result is 


aq f* . %) 
f urdy = g8 sin of (T —T, \dy mel ( “) 
dx Jo 0 oy J \y=0 
d : y 
+ — dy g8(T — 7.) cos ¢dy 
dx 0 Fy 


Inspection of foregoing Equation [5] shows that it is an expres- 
sion of conservation of momentum for an element of boundary 
layer of dimensions 6 by dz. So Equation [5] requires that 
momentum be conserved across the boundary layer as a whole, 
but does not require that momentum be conserved locally at any 
position within the boundary layer. 

As is pointed out by the author, the superiority of Equation [5] 
of this discussion as compared with Equation [4] lies in the fact 
that the former takes account of momentum changes, while no 
momentum terms appear in the latter. 

It may be noted that the pressure p, which is used throughout 
the paper, is not the static pressure. Rather, it is the static pres- 
sure minus the ambient pressure. 


Cart Waaner.‘ In addition to the author’s solution for heat 
transfer from a heated plate facing upward, a solution for 
heat transfer from a heated plate facing downward seems to be of 
interest. In accord with the author, the width of the plate is as- 
sumed to be smail in comparison with its length. At the upper 
side of a heated plate, fluid flows from the edges to the middle and 
finally flows upward, whereas at the lower side, fluid approaches 
the plate from below and passes along the surface of the plate 
toward the edges. Thus the flow velocity u, of the fluid moving 
along the plate vanishes at the mid-line of the plate 


u, = Oatz = 0 16 


where z is the distance from the mid-line of the plate. 


‘Department of Metallurgy, Massachusetts Institute of Tech- 
nology, Cambridge, Mass. 
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DISCUSSION 


Beyond the edges of the plate, the pressure is independent of z 
and the pressure distribution in the vertical direction is given by 
the bulk density of the liquid. In view of continuity, the same 
pressure distribution must be found underneath the plate in the 
vicinity of the edges. This is possible only if the thickness 6 of the 


boundary layer decreases sharply at the edges 


6=>Oatz = +a 


where a is half the width of the plate 
Upon substituting Equation [13] of the paper for ¢ = 0 in his 
Equation [14] and introducing the auxiliary variables 


LOSO0ava?|'/* 


2: = 5(B9(T, — T 
a 


where the symbols have the same meaning as in the paper, it 
follows that 
‘/4d*z/d&? + 1 [10] 
In view of Equations [6] to [9] of this discussion the boundary 
conditions are 
rn) 
z=Oaté [12] 


Integrating Equation [10] once and using Equation [11], here- 
with 
32 (zo 


where 2» is the value of z at & = 0. 
Substituting the auxiliary variable 


15 
where F(k, g) is Legendre’s standard form of the elliptic integral 
of first kind’ and 
sin 75 deg 


= 0.96593 = 


1 according to Equations [12] and | 
that 


Since t = 0 for E = 
this discussion, it follows from Equation [15 


«0 


1.824 [18] 
In view of the foregoing Equations [8] and [9] and Equation 
[17] of the paper, the local value of the Nusselt number is found 
to be 

Nyu = 2a 6 = §.426(2/z ‘(N iN pr . [19] 
where half the width of the plate a is used as the characteristic 
length for the definition of both the local Nusselt number and the 
Grashof number. The value of (z/z)/‘ determined by Equa- 
tions [14] and [15], herewith, varies only slightly except for the 
vicinity of the edges 


0 0.2 } 
00 1.01 1.03 


5‘*Tables of Functions,”’ by E. Jahnke and F. Emde, B. G. Teub- 
ner, Leipzig, Germany, fourth edition, 1938, p. 59. 


The average value of the Nusselt number is found to be 


Vwuravey = 0.50(NoaeNpr) /* [20 

expe rimental data compile d by Fishenden and Saul ders® ire 
in accord with the general result that the rate of heat transfer at 
the lower side of a heated horizontal plate is proportional to the 
fiith root rather than the fourth root of the product NorNpr. At 
he upper side of a heated plate, the rate of heat transfer increases 
somewhat more rapidly for, even at low values of the Grashof 
number, eddies are formed owing to the instability of a boundary 
layer having a lower density than the bulk fluid above The 
occurrence of eddies under these conditions has been shown es- 


pec illy by Weise.” 
AvuTHOR’s CLOSURE 


The author wishes to thank Mr. Sparrow and Dr. Wagner for 
their valuable comments. Mr. Sparrow’s discussion leads to a 
better physical understanding of the fundamental equations and 
boundary conditions. Dr. Wagner gives another example of the 
value of integral methods by solving the case of a heated horizon- 
tai plate facing upward. His solution can be extended to low 
Prandtl number fluids by numerical methods. 

\s an additional closing comment the author wishes to point 
out that Equation [28] assumes that the surface heat flux varies 


as Np, Prandtl 


opent d to question 


and its application to low numbers may be 


Some Solutions of the Timoshenko 
Beam Equations’ 


H. N. ABramson.? The authors have rendered a valuable serv- 
ice by providing “building blocks 
large number and variety of solutions of the Timoshenko beam 


The availability of this information will be welcomed 


’ which may be used to form a 


equations, 
by all those who are working with such problems 

Because of the great interest currently being shown in the 
come 


some 


general problem of transverse impact on elastic beams, 


ments of a general nature may be in order. Investigations con- 


cerned with this problem seem to be concentrated largely ilong 


a) experimental investigations and (4) solutions of 


the paths of 
the Timoshenko beam equations, both approximate and exact 
\ crossing ol these two paths was presented In a recent paper by 
Goland, Wickersham, and Dengler,* and the resulting discussions* 
brought forth many succulent comments. These discussions serve 


to point out that there is yet a third path to be followed; that 18, 


investigations also must proceed from the general theory of elas- 
ticity to an exact analysis of the problem 


A critical appr 1isal of the Timoshenko theory, on this basis, was 


Fishenden and O 


An Introduction to Heat Transfer,’’ by M. 
950, pp. 95-97 


4. Saunders, Clarendon Press, Oxford, England, 
‘Wirmiihergang durch freie Konvektion an 
latten,”’ by R. Weise, Forschung auf dem Gebiete 
esens, vol. 6, 1935, pp. 281-292. 
§ ‘‘Liquid-Metals Handbook, Sodium-NaK Supplement,” Atomic 
July, 1955, p. 54. 
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2 Department of Engineering Mechanics, The University 
Austin Assoc. Mem. ASME 

Propagation of Elastic Impact in Beams in 

Goland, P. D. Wickersham, and M. A. Dengler 
Mecuanics, Trans. ASME, vol. 77, 1955, pp. 1-7. 

‘Ibid., discussion in JouRNAL OF APPLIED MecHANICS 
ASME, vol. 77, 1955, pp. 608-610 
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given in the now well-known paper of Cremer; however, it must 
be emphasized that the exact solutions used for this comparison 
were those for the elastic plate rather than the beam. On the 
other hand, the exact solution for the case of a beam of solid cir- 
cular cross section was given by Hudson* on the basis of the Poch- 
hammer-Chree solutions of the elastic equations of motion. 
Hudson purported to show that the resulting frequency equation 
for flexural wave propagation has only one root so that only one 
mode of transmission is possible; this result has been carried 
over into the work of other authors.? Here, then, is an area of 
fundamental disagreement, for the Timoshenko theory predicts 
not one, but two modes of transmission. 

The writer has recently reinvestigated the exact theory in an 
attempt to reconcile this difference.’ It has been found that, con- 
trary to Hudson’s work, the frequency equation for the Poch- 
hammer-Chree solutions possesses an infinite number of roots and 
that therefore an infinite number of transmission modes are pos- 
sible. The lowest mode from the Timoshenko and exact theories 
show excellent agreement; however, in the second mode, the 
agreement is not nearly so good. On the basis of both phase and 
group-velocity studies the two theories show good agreement in 
the second mode for a rather wide range of wave lengths, extend- 
ing from infinitely long wave lengths down to those about two or 
three times the cross-section radius. For shorter wave lengths, 
the disagreement becomes large since the exact result appears 
to approach the shear velocity +/G/p while the Timoshenko result 
approaches the bar velocity 1/£/p; the general shape of the dis- 
persion curves (on the basis of both phase and group velocities) 
are, however, very similar. 

Thus it may be concluded that the Timoshenko theory pro- 
vides a rather good description of the transverse impact problem, 
except for extremely short waves, even though all transmission 
modes above the lowest two are ignored. This agrees with the 
experimental evidence. 

Therefore the range of validity of the Timoshenko theory has 
been somewhat more clearly defined than heretofore and conse- 
quently the results of that theory, such as provided by the present 
authors, may be employed with fuller knowledge of their ap- 
plicability. 

It is anticipated that the results from the exact theory men- 
tioned briefly in the foregoing, and the accompanying discussion 
and comparison of the two theories, will be published at an early 
date. 


Thin Circular Conical Shells Under 
Arbitrary Loads' 


F. V. Ponte.*? In this paper the author has established, for 
the conical shell, equations which are similar in form to those for 

5‘*Bemerkungen zur Ausbreitung von ‘Biegewellen’ in Staben and 
Platten,’’ by L. Cremer, Zeitschrift fiir angewandte Mathematik und 
Mechanik, vol. 23, October 5, 1943, pp. 291-295. 

6 **Dispersion of Elastic Waves in Solid Circular Cylinders,’’ by 
G. E. Hudson, Physical Review, vol. 63, 1943, pp. 46-51. 

7“Stress Waves in Solids,’’ by H. Kolsky, Oxford University 
Press, 1953, pp. 68-73. 

8**The Propagation of Flexural Elastic Waves in Solid Circular 
Cylinders,’’ by H. N. Abramson, PhD Dissertation, The University 
of Texas, Austin, Texas, June, 1956. 


1 By N. J. Hoff, published in the December, 1955, issue of the 
JOURNAL OF AppLieD Mecuanics, Trans. ASME, vol. 77, pp. 557- 
562. 

* Associate Professor of Applied Mechanics, Department of Aero- 
nautical Engineering and Applied Mechanics, Polytechnic Institute 
of Brooklyn, Brooklyn, N. Y. 
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the cylindrical shell given by him.’ In the form presented here, 
there is an 8th order equation in w alone, Equation [40], and there 
are two equations each of the 4th order, Equations [32] and [36}. 
In the latter two equations only v and w, and u and w, respec- 
tively, are involved. Since the equations for the cylindrical shell 
have been shown to be useful in many practical problems (such 
as vibration, stress analysis, and stability) the present equations 
also should prove to be most useful in applications. 

The work of Wenk and Taylor‘ may be used as an indication of 
the utility of the equations. In their work a simplified differen- 
tial equation was used in the case of axial symmetry. This 
equation was obtained from a more accurate one, due to Dubois, 
by dropping one term in the equation. Such an approximation 
yielded a much more tractable equation for purposes of numerical 
analysis. It is of interest to observe that this simplified equation 
is precisely the one which results from the present paper in the 
case of axial symmetry. Therefore the simplified equation 
which results from the present paper is placed upon a much firmer 
theoretical ground since the author has derived his results from 
clearly stated assumptions. It also should be mentioned that the 
inclusion of appropriate boundary conditions is essential for 
applications. 

It is unfortunate that the series solution attempted in the 
paper is not useful in any numerical sense. This is at 
evident if any values are substituted into the series; although 
there is no mathematical question of convergence, there is a very 
The absolute values 


once 


strong practical question of usefulness. 
of the successive terms in the series increase for many terms and 
no practical use can be made of the series in the form given. 
The behavior of the series can be understood more clearly if 
reference is made to the case of axial symmetry, where it is known 
that the solutions can be expressed in terms of Bessel functions 
of (large) complex argument. Since the power-series represen- 
tation in these cases is known to be inadequate it is not surprising 
that the series solution obtained converges too poorly for use in 
applications. Inthe theory of Bessel functions there are basically 
three types of expansions: (a) Series expansions for reasonably 
small values of the independent variable; (b) asymptotic expan- 
sions for large values of the independent variable; and (c) ex- 
pansions for the case when both independent variable and the 
order of the Bessel function are large in some definite sense. 
Since the series solution has proved to be impractical it is 
natural to attempt the asymptotic expansion and this has been 
done at the Polytechnic Institute of Brooklyn by the author and 
The results are essentially the same as those ob- 
The asymp- 


the writer. 
tained by Love,’ and with the same shortcomings. 
totic solution as given by Love is not numerically useful for any 
reasonable range of the parameters involved. This behavior 
is due to the presence of a parameter (n/sin a)? which occurs in 
the numerators of the successive terms; n is an integer and @ 
is the half-cone angle. Owing to the presence of this parameter 
the successive numerators increase much more rapidly than the 
terms which arise from the largeness of the independent variable. 
The result is that the asymptotic expansion in this form is also 
of no use. However, it should be noted that for n = 0 the solu- 
tions do reduce to the appropriate expansions for the Bessel 
functions. 


***Boundary-Value Problems of the Thin-Walled Circular Cyl- 
inder,’”’ by N. J. Hoff, Journat or Appiirep Mecuanics, Trans. 
ASME, vol. 76, 1954, pp. 343-351. 

‘ “Analysis of Stresses at the Reinforced Intersection of Conical 
and Cylindrical Shells,”” by E. Wenk and C. E. Taylor, Navy De- 
partment, David Taylor Model Basin Report 826, NS 731—038, 
March, 1953, Eq. (11), p. 3. 

5“‘A Treatise on the Mathematical Theory of Elasticity,”’ by 
A. E. H. Love, Dover Publications, New York, N. Y., fourth edition, 
1944, p. 612. 





DISCUSSION 


Although Love states* that the problem of the conical shell 
may be considered as completely solved, the present remarks 
show that this is certainly not the case. It is also of some mo- 
ment to point out that Love has obtained only four of the re- 
quired eight solutions. The solutions which have been 
from four values obtained from 
However, there are four 


four 
obtained aris¢ a characteristic 
determinant ;> these values are distinct. 
additional values which correspond to m = 0 as a root of multi- 
plicity 4 and these are not discussed. It is still possible to obtain 
the appropriate solutions in this case by other methods;’ the 
practical results are still the same. 

In the search for an appropriate method there are two guides, 
one of which is physical and the other mathematical. As to 
the latter it is known that if the limit case of the cylinder is ap- 
proached correctly the results should reduce to the known results.* 
In the former case it is known from the case of the cylinder that 
four solutions decay exponentially from each edge and this be- 
havior also should appear in the case of the cone. It is true that 
the effects do not decay equally away from the edge but the de- 
caying behavior in general is the important fact in the present 
discussion. 

When the three types of solutions to the Bessel equation were 
discussed it was clear that each of them could be used to clarify 
the present problem. In the third case both the argument and 
the order are large and it is to this possibility that we must now 
turn. It isthe most difficult of the three cases and the difficulties, 
in the case of the Bessel equation, stem from the fact that care 
must be taken to specify precisely how the independent variable 
and the order become “large.’’ The parameters in the cone 
problem are really two. If the displacements are expanded into 
Fourier series in the circumferential direction the integer n 
is introduced into the three ordinary differential equations which 
result; in addition to n, the half-cone angle a alsoenters. From 
the form of the equations it can be shown that wherever n occurs it 
occurs in the form (n/sin a)? but a occurs without n in the form cot 
a. It is necessary to distinguish between the two parameters and 
of the two, a is clearly the important one since n usually will assume 
only the first few integral values, but @ can range over a significant 
set of values, including zero. If an expansion is made with 
respect to the parameter a, then the limit case of a = O corre- 
sponds to the case of the cylinder. For that case all eight solu- 
tions are known and in the case of the cone the form of the 
solutions will be the same. The solutions will then have the 
correct behavior. Such expansions are now being carried out 


at the Polytechnic Institute of Brooklyn. 


On the Nonlinear Oscillations of 
Viscoelastic Plates’ 


J. Martinek.?. Dr. Yeh? and the writer have been faced with 
a problem somewhat similar in nature to the one treated by the 
author. We have used a different approach toward establish- 
ing the plate equations for small oscillations whereby we also 
included internal viscous-damping effects as well as the effects 
of thermal damping and the surrounding fluid media. As we 
are now in the process of studying a similar problem as that of the 


Treatise on the Mathematical Theory of Elasticity,” by 


6A ’ 
Love, Dover Publications, New York, N. Y., fourth edition, 


A. E. H. 
p. 613. 

7“Uber die Asymptotische Integration von 
ungen,”’ by W. Sternberg, Mathematische Annalen, vol. 81, 
119-186. 


1 By A. C 
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2 Staff Scientist, Reed Research Inc., Washington, D.C. 


Differentialgleich- 
1925, pp. 


Eringen, published in the December, 1955, issue of the 
AppLiep Mecuanics, Trans. ASME, vol. 77, pp. 563 


author, the writer believes it to be worth while to present our 
reasoning, which differs considerably from his basic assumptions 

It is indeed a pleasure to observe that the analysis in the field 
of mechanics of continuum is carried out to an ever-increasing 
amount on the basis of rheology The writer will refer to the 
basic equation, a generalization of Alfrey’s stress-strain relation 
used here by the author At the beginning, the initial state of 
rheology was characterized by the establishment of relationships 
among stress, strain, and their time derivatives in form of a series 
This 


reminds us particularly of the theoretical investigations of the 


with a number of elasticity and viscosity coefficients E,, Li 


nineteenth century, where the discussions over the number 
of elastic constants extended over decades, while later it became 
apparent that the difficulties were located in an entirely different 
direction, namely, the formal and mathematical complexities en- 
countered during the treatment of practical important problems 
On the other hand, the physical meaning of the ever-increasing 
number of coefficients can only be understood with the greatest 
difficulty; much less can they be found by experimental investi- 
gations. The question after the could then 


finally be limited to two, which according to Lamé was by all 


elastic constants 
means sufficient. 

The important question to answer is first of all which one of the 
two following bodies 


The Maxwell be nly 


Jeffreys-Voigt body 


S. = 2GE, + WE, 


where Equation [1] renders for the simplest one-axial case 


mG 


m+ 1 
with 


18 Ace eptable as a basis for the analysis 

In a dual material the Maxwell hypothesis states that to one 
stress correspond two different strains in one volume el ment, 
whereby Equation [2] for the simplest one-axial case states that 


(Qu + Ade, 


in which 


= o tT Orvine 


that is, that to one strain € correspond two different stresses in a 
dual-system body. It is now of importance to investigate which 
one of these two hypotheses complies more to physical reality 
and which one is more idealized. For this purpose, let us con- 
sider the equation of motion of an infinitesimal tetrahedron ele- 


ment which reads in z-direction 


o*r, ‘ — 
pdV ( = — x) = dF a \Pas 
ol? 


Tos 


ete., in y and 2-directions 


As we have on the left side of Equation [5] a smallness of 


magnitude of one order higher (third order) than on the right 
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side where a number of terms of second order (dF) appear, we 
are entitled to neglect the left side and arrive so at the surface 
conditions of the infinitesimal tetrahedron 


Paz = 0, cos (4, n) + 7,, cos (y, n) + T,, cos (z, n).. [6] 


etc., in y and z-directions. This equation is valid for elastic as 
well as for viscous materials and any material which lies in be- 
tween elastic and viscous. This, however, indicates that the 
stress relations are almost independent of density and strain 
velocities. It proves that we have to give our preference to the 
Maxwell body since two different stresses belonging to a dual 
material which is elastic and viscous can hardly exist; that is, 
because of dealing with a material having two characteristics 
like elasticity and viscosity, we cannot have two different 
stresses at the same time. So, Equation [3] appears to us 
physically possible; whereas, the second hypothesis, Equation 
[4], is physically too much idealized. 

It is also interesting to note here that the transition from the 
Maxwell body (Equations [1] and [3]) and the Jeffreys-Voigt 
body (Equations [2] and [4]) to bodies of only elastic or only vis- 
cous characteristic is quite revealing. While in the case of pure 
elastic material, Equations [1] and [3], uw has then to go toward 
infinity (u — ©); in Equations [2] and [4], ~ must go to zero 
(u = 0). Now the question arises whether a pure elastic material 
is viscorigid (Maxwell 4 — ©) or viscoless (Jeffreys-Voigt 
u = 0). Also for the case of pure viscous materials, Maxwell's 
hypothesis predicts elastorigid (E — ~) and Jeffreys-Voigt a 
material without elastic characteristic (EF = 0). In the light 
of the foregoing description and with additional tests, Fromm has 
convinced himself that the Maxwell equation, i.e., elastorigid 
and viscorigid materials (E — ©, u — ~) deserves priority. 

So it is worth while to consider the proposal by C. Torre which 
suggests we confine ourselves first of all to the Maxwell body of 
three-tensor relation 


F(S, 5: £) =0 


or in linear form 


% a+i1_ 
where , - ——w (J 
3m—2 


yl 
3 # 


5... . stress tensor 
5S, = S5—a,,J ... deviator of stress 


. spherical tensor 


He. — Gn) + tte, +-.-> 
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and to postpone the more complicated cases to a later date. 
In the Maxwell hypothesis, however, the derivation after the 

time is of importance since, according to Fromm and Torre’s 

investigations, it gives a rotation of the stress tensor 


om 
ry =wxs Ty 


and the rate of strain as a function of the shearing stresses [with 
(Vo, — ¢,,) = 0a quadratic term if taken with equation] 
. ov, 1 o( a Om) 
é.= — = - _— 
si or 2G 


+ (Tafa — Tally | 


ol 


+= ~ =? + 
Sled 
with w angular velocity. 

That is, even if we consider a pure elastic material (u —~ =), 
Equation [8] is of importance. This was indicated by Torre when 
he proved that, in case of torsion of a round bar, an elongation of 
the axis of the bar due to shearing stresses and a change of the 
cross section of the bar must take place. 

Deformation in axial direction 


l 
> = 3 J (iB) (A sin B’z + B cos B’z) (1 — cos B,ct) 
1€ 


= propagation velocity of shear waves 
= integration constant which appears when separating vari- 


ables 


whereby the Navier hypothesis about the circular cross section 
has been improved, which proves that a two-tensor theory 
F(S, E) = 0 differentiated after time already renders an im- 
provement of the classical linear theory of elasticity. These 
results have been experimentally confirmed in Germany, France, 
and Austria. So in the case of copper bars of circular cross 
section (Paris), an elongation of a maximum of 7 per cent of the 
original length is observable—which is a first-order effect. 

In the spirit of what has been said here, the small oscillations 
of a plate with internal damping have been investigated by Dr. 
Yeh and the writer. In addition to viscous damping, we also 
took into account the heat-conduction effects (thermal damping). 
Here should begin the final plate equations developed from 
a body of three tensor form, F(5, 5. &) = 0(Maxwell), without 
thermal damping, shearing deformation, or rotary inertia, but 
being elastic and viscous 


GD, ( D, Dy (= 2 ; 
palm — + — + — w 
mw \3K, Me Oz* = Oy? 
otw 


( 2D, Do ( 2 o? ) 
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DISCUSSION 


Equation [10] reduces for pure elastic material with w,=0 to 
the well-known dynamic equation of motion of a vibrating plate 


O*w 


DAAw + 7 =p 
Eh 


)= ae [11] 
12(1 — yp?) 


where 

In conclusion, it should be pointed out that, besides the fore- 
going reasons which speak in favor of Maxwell material, another 
fact that, after Duhem in (8), Maxwell 
waves, whereas Jeffreys-Voigt material 


advantage is the 


material propagates 


does not. 
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AvuTHor’s CLOSURE 


The author appreciates the interest of J. Martinek in his paper. 
Even though it is hard to draw a close connection between these 
comments and the present paper it is believed that the following 
observations are appropriate: The stress-strain relations of the 
present paper contain the simple Voigt and simple Maxwell type 
of models with which he is concerned. It is well known, however, 
that both of these models are unsatisfactory from the experimen- 
tal point of view. (See, for instance, ‘‘Stress Waves in Solids,” 
by H. Kolsky, Oxford Press, 1953, pp. 111-112.) 

The author is doubtful about the validity of the arguments 
advanced in favor of Maxwell model based on boundary condi- 
tions, Mr. Martinek’s Equation [6], and about the concluding 


paragraph of these comments 


Forced Vibration of a Clamped Rec- 
tangular Plate in Fluid Media’ 


M. C. Juncer.* It is of interest to relate the results of this 
analysis to some of the general principles of acoustics. Thus the 
much greater value of the transmission coefficient for the case of 
the plate exposed on both sides to water, as compared to the case 
where one side is exposed to water and the other to air, is an illus- 
tration of the principle of “impedance matching’’ which is of 


The 


great practical importance in coupling acoustic systems. 
1 By G. C. K. Yeh and Johann Martinek, published in the Decem- 
ber, 1955, issue of the JouRNAL oF ApPpLieD Mecuanics, Trans. 
ASME, vol. 77, pp. 568-572. 
2? Partner, Cambridge Acoustical 
Assoc. Mem. ASME, 


Associates, Cambridge, Mass. 


fraction of the sound energy which is reflected at the interface | 
tween two media varies with the difference between their 
spective acoustic impedances. 

The present analysis suggests that the plate modes which are 
excited near their resonant frequencies are mostly responsible for 
transmitting energy [36] of the paper 
This is related to the “coincidence effect’’ by virtue of which an 


sound (see equation 
extended thin plate does not appreciably oppose the transmission 
of an obliquely incident sound wave if the trace velecity of the 
sound wave on the plate coincides with the phase velocity of the 
flexural wave at the frequency in question.’ It recently has been 
found that the transmission of sound into a cylindrical shell is 
also largely dependent on the excitation of the natural modes of the 
shell. The governing principle which may be formulated is that 
a thin elastic plate, either flat or curved, of finite or infinite ex- 
tent 
cited in a resonant fashion, ie 
for es D 
problem might be carried further by extending Cremer’s analysis 
of the 


system here 


offers little opposition to the transmission of sound if ex- 
at a frequency where the inertia 
| 


ilance the elastic forces, The investigation of this general 


transmission of obliquely incident sound waves to the 


inalyzed, i.e., to the case where the plate separates 
two different media 


AvTHORS’ CLOSURE 


The authors wish to thank Dr. Junger for his contribution to 
the paper in relating the results of their analvsis to some of the 
general principles of acoustics. Extension of Cremer’s analysis 
of the 


system in this paper would be a 


transmission of obliquely incident sound waves to the 
n interesting topie tor future re 


search in which we hope to participate 


Stress Distribution in Square Plates 
With Hydrostatically Loaded 
Central Circular Holes’ 


G. Mesmer.? As the authors clearly state in their discussion of 
the neighborhood of the corners, it is only of academic interest to 
very 


know the real distribution of stresses as they are small in 


this region. For completeness, however, some remarks may be in 
order. 

As indicated in Fig. 5 of the paper, there is always one singular 
point at the external edge at about 60 deg. At this point the 
stress trajectories must have two singular lines as indicated in 
Fig. 9. Taking the line y = 0 as extreme edge, it follows from 
the equation of equilibrium that in the immediate vicinity of the 
singularity the stresses must be of the type 7,, = c, y, a, = 0, 
The inclination of the stress trajectories is 


- = eC 
G, id 


then given by 


+- Col 


2r 
tan 2¢ = 
C, 
(see Fig. 1 of this discussion ). The free parameter a may have 
any value, describing the different possible types of singularities 
y/zx are 


at the straight edge. The two singular lines tan g@ = 


given by tan g@ = —a +V a? + 2, one sees that the angle 28 
“Theorie der Schalldaemmung duenner Waende bei schraegem 
Einfall,"’ by L. Cremer, Akustische Zeitschrift, vol. 7, 1942, p. 81 

‘Sound Transmission Through Thin Cylindrical Shells,’’ by 
P. W. Smith, Jr., Paper No. L-5, was presented at the Spring 1955 
Meeting of the Acoustical Society of America, The Pennsylvania State 
University, University Park, Pa. 
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vol. 77, 1955, pp. 539-544 

? Head, Department of Applied Mechanics, Washington University 
St. Louis, Mo. 


Barriage, published in the December 
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between the two singular trajectories must be at least 70.3 deg 
(ease of symmetry a = 0) or more, up to 90 deg. More difficult 
however, is the description of the free corner, It seems to be im- 
possible to describe the vicinity of this point by elementary 
means, and the singularity at this point must be of higher order, as 





Fig. 1 


the curves of o along the edge (Fig. 5 in the paper) must have 
horizontal tangents at the corner. Calculations of this point 
seem not to have been performed as yet. Airy stress functions of 
the type x”y" or of the type r" cos Ag cannot fulfill the boundary 
conditions along the two free edges. 

There is some doubt whether the fourth singularity apart from 
the corner is necessary, and additional thoughts about these 
“academic” questions would be interesting indeed. 


AvuTHors’ CLOSURE 

The authors are very grateful to Professor Mesmer for his 
pertinent observations. The reasoning behind his considerations 
about the angle between isostatic asymptotes at singular points 
on free straight boundaries is correct and can be found developed 
in detail in Professor Mesmer’s book “Spannungsoptik”’ (Springer, 
Berlin, 1939), page 33. The authors pointed out that the brittle- 
coating results near the corner of the square plate may not be very 
accurate because of the very low state of stress present in the 
whole region. The sketch of Fig. 9 should be redrawn allowing 
for larger angles between the asymptotes at the singular points. 

In respect to the fourth singular point, the authors wish to state 
that they cannot visualize the isostatic pattern without this point 
on the diagonal. 


JUNE, 1956 


Steady-State Behavior of Systems 
Provided With Nonlinear Dynamic 
Vibration Absorbers’ 


N. J. DaBrowsk1.?- The existence of only one resonant fre- 
quency is intuitively correct. It is well known that a linear two- 
degree-of-freedom system has two resonant frequencies, one in 
which the masses are both in phase with the forcing vibration, 
the other in which one mass is out of phase. With a nonlinear 
spring between the masses, one would expect the two masses to 
be at corresponding points of their cycles only momentarily; 
that is, their phase relationship would continually be changing. 
If that is the case, then the distribution of vibrations of the second 
mass with respect to the first is random, and the resonant fre- 
quency of the system is the (suitably modified) resonant frequency 
of the first mass. That this frequency turns out to be the same 
as that for a single mass equal to the sum of the two given 
masses is also reasonable. 


AUTHOR’s CLOSURE 


The author wishes to invite attention to two possible points 
of misinterpretation which Mr. N. J. Dabrowski has kindly 
noted in a personal communication relating to this paper. It 
was noted that the Conclusions as stated applied to the particular 
type of systems generally described by Fig. 2 and not to those of 
Fig. 3 or Fig. 4 An inspection of the latter figures reveals a 
somewhat different behavior from the apparently general remarks 
made by the author. 

The second point is the use of terms “‘positively’’ and “nega- 
tively’’ when discussing the results of Equations [16] and [24]. 
These terms were intended to convey the meanings “positive 
value’ and “negative value,’’ respectively. I agree with Mr. 
Dabrowski that in discussing limits it is important that ambiguity 
regarding the direction of change be avoided. 


issue of the 
pp. 487 


1 By F. R. Arnold, published in the December, 1955, 
JouRNAL oF AppLieED Mecnanics, Trans. ASME, vol. 77, 
492. 

2 Research and Development Department, Electric Boat Division 
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Book Reviews 


Servomechanisms 


SERVOMECHANISMS AND REGULATING System Desicn. By Harold 
Chestnut and Robert W. Mayer. Vol. 2. John Wiley & Sons, 
Inc., New York, N. Y., 1955. Cloth, 6 X 9 in., xiii and 384 pp., 
illus., $8.50. 


REVIEWED by Jonn A. Hrones! 


N their preface the authors state: ‘Volume II is devoted to 
the needs of the practicing designer and the advanced graduate 
student...design steps required to convert the control system 


! Professor of Mechanical Engineering, Massachusetts Institute of 
Technology, Cambridge, Mass. Mem. ASME. 


parameters into suitable hardware terms are stressed so that 
dependable, serviceable, and reliable equipment can be obtained.”’ 
They, however, also indicate in their preface the absence of any 
treatment of system components as such. Volume 2is, therefore, 
concerned with the important analysis considerations leading to 
some necessary important design decisions where at least some 
of the realities of the character of the input, power requirements, 
and the presence of certain nonlinearities have been considered. 

Early chapters are devoted to measurement of system char- 
acteristics, the influence of the nature of the input on system 
design, and the selection of the power element, and include a 
brief and simplified presentation of methods for handling noise. 
Chapter four deals with compensating networks, Schematics 
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of a considerable number of circuits in wide usage are listed in 
tabular form accompanied with their frequency-response attenu- 
ation characteristics and transfer characteristics. 

Chapters five and six dea, with the design of the electronics 
for both d-c and a-c servo systems. Chapters seven through nine 
are concerned with analysis techniques for systems in which 
nonlinearity occur. The following subject 


certain types of 


matter is discussed: 


1 Linearization of with small departures from 


linearity. 
2 Linearization of nonlinear elements in which large depar- 


systems 


tures from linearity occur. 


Included in the discussion of nonlinearities are saturation, 
deadband, hysteresis, backlash, and time-varying parameters. 

The book is well written and obviously represents the result 
of mature experience in actual design work. The book is 
heavily weighted in the direction of frequency-response tech- 
niques. It includes illustrations from a number of fields of interest. 
An excellent bibliography is included. There are no problems. 
Valuable as the book is, it does not come to grips with the com- 
prehensive problem of design of a complicated system. It leads 
the way to a block diagram with certain specifications established 
apparently with the hope always firmly fixed in the mind of the 
servo man that the boxes can be bought off the shelves of some- 
body’s stockroom. 


Hydrodynamics 


By C. C. Lin. Cam- 
Applied Mathematics. 
Cloth, 5'/« 


Tue THeory or HyprRopYNAMIC STABILITY. 
bridge Monographs on Mechanics and 
Cambridge University Press, New York, N. Y., 1955. 
xX 8!/2in., xi and 155 pp., fig., $4.25. 


RevIeEweED By S. I. Par? 


NE of the most interesting problems in fluid dynamics is the 
problem of the stability of a laminar flow and its transition 
to turbulence. This problem is also well known for its controver- 
sial nature and there are still many points unsettled, particularly 
about the relation between the stability of a laminar flow and its 
transition to turbulence. However, the investigation of the sta- 
bility of a laminar flow due to infinitesimal disturbances has made 
great advances both in theory and in experimental results during 
recent years. It should be welcome by all of the scientists to see 
a definite survey in book form of this part of the problem by one 
of the most active workers in this field, Prof. C. C. Lin. 
After a general discussion of hydrodynamic stability in chapter 
J, the author gives the detailed treatment of the stability of two 
simplest types of flow by solving the eigenvalue problem asso- 
ciated with the linearized equation governing the disturbances of 
the exponential time factor. These flows are the Couette flow 
(chapter 2) which was first solved by G. I. Taylor and the plane 
Poiseuille flow (chapter 3) which represents the most extensive 
investigation of stability of parallel flows and which is based on 
the well-known Heisenberg-Lin theory. 
The physical mechanism of instability is discussed in chapter 4 
together with a brief account of the behavior of finite disturbance. 
The theory of stability of parallel flows (chapter 3) is applicable 
to the flow which is essentially parallel to one direction such as 
boundary-layer flows. Thus the stability of flows of many prac- 
tically important problems may be analyzed. 
6, the results of stability theory of boundary-layer flow over a flat 


In chapters 5 and 


plate and other nearly parallel flows are discussed including such 


2 Associate Research Professor, Institute for Fluid Dynamics and 
Applied Mathematics, University of Maryland, Coliege Park, Mary- 
land. 


factors as compressibility, cooling and heating, pressure gradient, 
suction and injection, and curvature of the boundary. 

Chapter 7 givessome examples of stability problems of interest in 
astrophysics and geophysics such as stability of zonal minds in the 
atmosphere, convective motion of a fluid heated from below or in 
the presence of a magnetic field 

Another interesting aspect of problems of hydrodynamic sta- 
Many 


of the controversial issues in this subject have been mathematical 


bility is attributable to the mathematical problems raised. 


The author made many valuable contributions to clarify these 
controversies. 

In the last chapter the author gives a valuable analysis of the 
mathematical aspects for the stability of parallel flows 

There is an extensive bibliography at the end of this book 
which contains 258 items and which would be of great value to 
those who want to study further the stability problems or to 
know many other stability problems which have not been dis- 
cussed in this book. 

In reviewer’s opinion, this book is an excellent review of sta- 
bility theory of laminar flows and is recommended to all engi- 
neers and scientists working in the field of fluid dynamics 


Testing of Materials 
Die PrtruNG DER METALLISCHEN WerkstTorre. By E. Siebel and N. 
Ludwig. Vol. 2 of Handbuch der Werkstoffprifung, edited by 
Erich Siebel. Springer-Verlag, Berlin, Géttingen, Heidelberg, Ger- 
many, 1955. Cloth, 9%/4 K 6'/: in., xv and 754 pp., 960 figs., DM 
118.50. 


Reviewep spy A. Aut Kuerrauia® 


HE book under review is volume 2 of the Handbuch der 
Werkstoffpruefung (Second Edition) and consists of 11 sections 
written by 19 authorities in the field of mechanical testing. 

An introductory section by U. Dehlinger summarizes the micro- 
structural properties of metals and alloys and discusses briefly 
crystal lattices, transformations, polycrystalline materials, and 
the atomistic theory of strength. 

Then follows a 104-page section on static strength testing by 
F. Koerber and A. Krisch. Included are the tensile test, the com- 
pression test, the buckling test, the bending test, the torsion test, 
shear and piercing tests, and the testing of materials under multi- 
axial loading. 

The next section by K. Fink, Chr. Rohrbach, and R. Mailaen- 
der deals with strength testing under impulsive loading. Homo- 
geneous uniaxial testing as well as inhomogeneous multiaxial im- 
pulsive loading is presented. 

Fatigue testing forms the subject of section 3 (72 pages) which 
is divided into three parts dealing with fatigue strength as a ma- 
terial property, influences on technical fatigue strength, and 
durability of constructions. Included in the discussion are micro- 
stresses, damping, fracture characteristics, cold-working, heat- 
treating, multiaxial loading, size effects, prestressing, residual 
stresses, understressing, damage, influence of frequency and tem- 
perature, notch effects, surface finish, and corrosion. 

A section by A. Pomp and K. Bungardt treats of strength test- 
ing at high and low temperatures. Tensile, drop, and fatigue as 
well as hardness and impact testing are discussed. 
the subject of 


determination is section 5 by 


Spherical, conical, and pyramidal indentors, 


Hardness 
W. Hengemuehle. 
dynamic hardness testing, and hardness at elevated temperature 
are dise ussed, 

The techniques of 
K. Wellinger in the sixth section while the testing of welds is pre- 
sented by N. Ludwig in section 7. 


technological testing are covered by 


3 Lessells and Associates, Inc., Boston, Mass 
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H. Mueller gives a short section on the testing of wire and cable, 
while miscellaneous tests form the subjects of section 9. Included 
in the latter are wear, bearing materials, machinability, erosion 
and corrosion testing. 

Section 10 by F. Wever deals with the measurement of physical 
properties such as specific heat, thermal expansion, thermal con- 
ductivity, electrical conductivity, and so on. 

A final section by A. Eichinger treats investigations connected 
with theories of strength. 

Altogether, the material is well organized and presented. In 
some places there is a noticeable paucity of references to relevant 
American research. This is presumably due to poor liaison in the 
postwar period. In any case, the book can be well recommended 
for engineers in industrial research and testing laboratories. 


Compressible Fluid Flow 


THe DyNamics AND THERMODYNAMICS OF COMPRESSIBLE FLUID 
Firow. Vol. 2. By Ascher H. Shapiro, Ronald Press Company, 
New York, N. Y., 1954. Cloth, 6 X 9 in., xi and 1185 pp., figs. 
580, $16. 


ReEvieEweD by WituiaM R. HawTHorRNE* 


HIS is the second of two volumes on the subject of compres- 
sible flow. The first volume, which was reviewed earlier in 
the Journal,’ contained four parts dealing with basic principles, 
one-dimensional analysis, and introduction to two and three- 
dimensional compressible flow. Volume 2 contains four more 
parts, devoted to supersonic flow, mixed flow, unsteady motion 
in one dimension, and boundary layers. The volume maintains 
the high standard of presentation and clarity shown in Volume 1. 

Part 5, on supersonic flow, contains a chapter on axially sym- 
metrical supersonic flow, giving the solutions for flow past a 
cone and developing the linearized theory. The method of 
characteristics is also explained for both external and internal 
The chapter contains useful summaries and 
comparisons of theoretical and experimental results. Chapter 
18 deals with supersonic flow past wings of finite span. There 
is a discussion of the behavior of the flow over wings of different 


axisymmetric flow. 


planform; a similarity rule is derived; linearized solutions are 


outlined using the method of supersonic source distributions and 
Biisemann’s method of conical fields. Many theoretical results 
for differing planforms are quoted and some experimental results 
for comparison with the theory are given. Inevitably this 
chapter is highly condensed, so that it tends to be more of a 
summary than a text. However, large numbers of diagrams and 
references make it a useful chapter. Chapter 19 deals with 
hypersonic flow and is particularly valuable as a survey of up-to- 
date work. Similarity laws are derived, oblique shock and simple 
wave-expansion relations are given, the performance of two- 
dimensional profiles and bodies of revolution is covered. The 
chapter is noteworthy for the comparison between the approxi- 
mate and exact theories and the summary of available experi- 
mental results. 


* Hunsaker Professor of Aeronautics, Massachusetts Institute of 
Technology, Cambridge, Mass. 

’ The Dynamics and Thermodynamics of Compressible Fluid Flow 
(review by W. R. Hawthorne), JourNaL or AppLiep MECHANICS, 
Trans. ASME, vol. 77, March, 1955, pp. 159-160. 
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Part 4 starts with chapter 20 in which the hodograph method 
for mixed subsonic and supersonic flow is presented. The author 
applies the hodograph method formally and carefully to source 
and source vortex flows. He gives Ringleb’s 180-deg turn flow 
in detail. The remainder of the chapter is devoted to a dis- 
cussion of the limit line. It would have benefited the reader of 
this discussion if the geometrical and physical interpretations had 
been presented first. Chapter 21 deals with transonic flow and 
starts with an exposition of the similarity law which is then ap- 
plied to shocks, expansions, and airfoils. The flow in nozzles is 
next examined and Emmons’ solution by the relaxation method 
The chapter also includes a summary of behavior 
Chapter 22 starts with a 


is presented. 
of airfoils at Mach number unity. 
survey of the experimental confirmation of the transonic similar- 
ity law and then deals with the characteristics of wing profiles 
in the transonic range. There is a section on detached shocks, 
followed by a section on flow without shocks. The develop- 
ment of shocks is also described. 

Part 7 contains three chapters devoted to unsteady one- 
dimensional flow. Chapter 23 deals with waves of small ampli- 
tude and develops solutions by the method of characteristics. 
This serves as an introduction to chapter 24 in which the solu- 
tions for finite disturbances by the method of characteristics 
are outlined. The presentation is detailed and elegant and 
includes examples showing the effect of intersections and reflec- 
tions at open ends with and without flow. Changes in area, 
fixed and moving boundaries, and temperature discontinuities 
are also covered. This chapter gives 
summary of the methods of calculation and is likely to be of 
considerable value to the engineer. Chapter 25 with 
Analytical and graphical (the shock 


a useful and adequate 


deals 
moving shock waves. 
polar) methods are described for both weak and strong shocks. 
The effects of interferences and various types of reflections are 
included. There is an analysis of the shock tube and some com- 
parison with experiment. 

Part 8 deals with boundary-layer problems, chapter 26 giving 
the equations and a number of solutions for the laminar boundary 
layer. Chapter 27 deals similarly with the turbulent bound- 
ary layer. The author has achieved a reasonable balance between 
coverage of theory and experiment, although in the chapter on 
turbulent boundary layer the theory may occupy more 
than it deserves! The volume finishes with chapter 28 which is 
devoted to a discussion of flow in tubes and to a well-illustrated 
survey of what is known about the interaction between shocks 


space 


and boundary layers. 

A volume which is intended to acquaint engineers with the 
latest developments in compressible flow is inevitably likely to 
arouse some criticism of its Some might prefer 
a fuller treatment of wings, others might wish that more attention 
had been paid to internal aerodynamics; e.g., the flow in turbine 
and compressor blading. The author has, however, managed 
to preserve a satisfactory balance and has generally succeeded in 


coverage. 


maintaining the clarity of his presentation of theoretical material 
in spite of its condensation. As a reference book for engineers 
it is likely to be extremely useful. 
for general use, but for those who have mastered Volume 1, or 


It is not of course a textbook 


who are already familiar with some aspect of compressible flow, 
it is eminently useful and stimulating further reading. 
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